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PREFACE

The Conference of Mathematics and Mathematical Physics was held in Fez,
Morocco during the period 28-30 October, 2008. It was part of the 5th
Congress of the Scientific Research Outlook and Technology Development
in the Arab World.

The present volume contains the texts of a selection from among the
many interesting presentations delivered at the conference.

The main objectives of the conference were to promote exchange of
the most recent results and emerging ideas and also to merge expertise of
researchers in the field not only from the Arab countries but from around
the World.

The conference covered in a broad and balanced fashion both the theo-
retical and applied parts of modern nonlinear analysis.

Both the Local Organizing and Programme Committees deserve great
thanks in creating a well-run and very productive conference, with an ex-
citing programme of keynote lectures and contributed talks. It is a pleasure
to thank all of them for their hard work. The support of the Arab Science
and Technology Foundation and its president Dr. Abdalla A. Alnajjar are
also gratefully acknowledged.

August 6th, 2009

H. Ammari Ecole Polytechnique, France
A. Benkirane and A. Touzani Faculty of Sciences of Fez, Morocco
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M/v

A. Bahri

Department of Mathematics
Rutgers University, New Brunswick, NJ 08903, USA
E-mail: abahri@math.rutgers.edu

Given a three dimensional closed contact manifold (M3,a) and a nowhere
singular Morse vector-field v in its kernel, we sketch the construction of the
space M /v discussed in [4]. We also introduce spaces of immersed curves in
M /v and an action functional on these spaces. This is the first step in the
completion of a program aimed at computing the homology for contact forms
defined in [2] and [7].

Keywords: M /v; Homology for contact forms.

1. Introduction

We consider in this paper a three dimensional closed manifold M and a
contact form a« on M. We assume that there is a nowhere zero vector-field
v in kera, which we also assume to be Morse-Smale. v might have some
hyperbolic orbits around which kera ”does not turn well”, see [1], 1.11,
[2]. We sketch in what follows a method in order to compute the contact
homology that we have defined in [2], [3]. As we have indicated in earlier
papers [3], [4], this computation requires the use of the space M /v, a highly
pathological, non Hausdorff space. We thus have to devote some time to
define such a space, or subsets of this space in a manner that suits our
purpose.

The idea here has two sides: on one hand, a proper, acceptable defini-
tion of the space of orbits mod v, M /v, cannot be given. But a ”hybrid”
representation of this space, using partly a section to v and partly periodic
orbits can be provided.

The next step is then to consider the Z-structure over such a ”section”
provided by the contact structure; namely, our ”section” will be defined in
a v-invariant subset of M, where a ”turns well” along v. Accordingly, every
point x on a v-orbit originating in our ”section” will have infinitely many



”coincidence points”, see [1], Definition 0.1, p. 1.7 ,[2], Definition 9, p. 196
(a ”coincidence point” of [2] is an ”oriented coincidence point” of [1]; the
discrepancy is unfortunate, but meaningless); these are points zj such that
kera has rotated km from x to zx, k € Z (2k7 for [2]. We will use here the
original terminology of [1]).

Let & be the Reeb vector-field of a. Assume that § = da(v,.) is, in this
subset of M defined by the v-orbits originating at this "section”, a contact
form with the same orientation as «.

We define in what follows path spaces adjusted to this Z structure.
These path spaces are the natural generalization of the space of immersed
curves in S? of Maslov index zero. This space of immersed curves appears
in a natural way [1], [2], when we study the standard contact structure of
S3 and we take for v a vector-field defining a Hopf fibration in its kernel.

Among all the contact forms of this contact structure, there is a special
subset which corresponds to the contact forms of this contact structure
which are invariant through the antipodal map. These are the ”symmetric”
contact forms of this contact structure. They enjoy additional symmetries
and the study of their Reeb vector-fields and their periodic orbits is greatly
simplified as a consequence.

The antipodal map is a special map that generalizes to the most gen-
eral framework of a contact structure and of a vector-field v, maybe non-
singular, of its kernel. Accordingly, the notion of a symmetric o generalizes,
as we will see, albeit under some restrictions. An averaging procedure (sec-
tion 2) allows to define such a notion.

We then sketch the definition in section 3 (the logical order should have
been the reverse one) of the space M/v. We essentially show how to define
a fundamental domain for an iteration map along v along e.g an attractive
orbit of O; and we show how we can evolve from there and ”travel” using
time maps of the one parameter group of v to the hyperbolic orbits and to
the repulsive ones, "filling” sections etc.

In the last section, section 4, we sketch the definition of a ”symmetric”
functional Js on a space of curves slightly smaller than the space of im-
mersed curves of M /v and we indicate why Js should become very large
or tend to oo as we tend to the (hyperbolic to the least, and after some
adjustments [6]) traces of the periodic orbits of v in M /v.

2. The path spaces, the nearly symmetric

Let us assume that the space M /v has been defined as an ”orbifold section”
to v, possibly with boundary. Typically, we would think of the standard



contact structure of S, of v as being a Morse-Smale perturbation in its
kernel of a vector-field defining a Hopf fibration, with an attractive periodic
orbit O; and a repulsive one Oz, see [5], Theorem 1, to find such a vector-
field v in an almost explicit form. M/v then can be taken to be a disk
transverse to O1, with boundary Os.

If we then consider an immersed C'-closed curve x(t) in this "section”,
we can lift it above this ”section” along v into a C'-curve y(t) so that 3(t)
reads as af + bv, a positive and y(¢) is derived from x(¢) by v-transport.
y(t) is not unique, neither is it necessarily a closed curve. Rather, given
one of the lifts y(¢), all other lifts are indexed by an integer k¥ € Z and
derived using the map along the wv-orbit which assigns to a point zy the
point zj uniquely defined by requiring that 8 (thus &) has completed k
half-revolutions between xg and .

In order to have y(t) closed, we may have to ask that z(¢) be a path,
rather than a closed curve, starting at a point xy and ending at a point x1,
both in the ”section” and both on the same v-orbit.

Let T be the map, defined on the ”interior of the section”, which assigns
to xo of this "section” the next point z{, on the v-orbit through ¢ which
belongs again to this ”section”.

If the end point z; of the curve x(t) defined above is equal to 7™ (x¢)
for suitable values of m and if #(1), the tangent vector to z(t) at x1, is
equal to DT™(4(0)), then the curves y(¢) will be closed curves as we will
see.

Not only the curve z(t), ¢ € [0, 1], lifts into y(¢) and the corresponding
family of closed curves above z(t). The curves in this ”section” defined by
Ti(x(t)), t € [0,1],i € Z all lift into the same family of curves y(t). So that
we find it natural to introduce:

Definition 2.1. the space of curves Apm (M /v) (M/v is our ”section”)
defined as the set of C''-curves in M /v running from a point zo of M/v to
the point T (xp).

The map T defines a transformation T} of this space and we will denote
A% (M /v) the quotient of this space by T.

Our space could be in fact more specific because M /v is typically a
stratified space of dimension 2, with boundary one of the attractive or
repulsive orbits. Typically, M/v is a disk, with boundary an attractive
periodic orbit Oy for example.

We can arrange so that T, restricted to Oq, is the identity map and
that & rotates exactly mz in the v-transport along O;. It is then natural



to consider the space (M/v)/O1, the topological quotient of M/v by its
subset O7 and therefore to introduce the space Ak...((M/v)/01) = A* of
C'-curves running in (M /v)/O; from an initial point o to T™(z) mod
out by the map T (defined as above, but acting on these new spaces).

Embedded into A*, we find the space of C'-immersed curves Imm*.

The group S' acts on these spaces by time translation. Furthermore,
above any given curve in I'mm®*, we find a family of closed curves y(t),
t € [0,1], with § = a& + bu, only that the constant @ might change with the
curve y in the family. a does not change if the form « is ”"symmetric”, that
is if, whenever the v-transport, along a v-orbit from zg to x1, maps £ into
AE, then A = 1.

Of course, given a contact structure, a vector-field v in its kernel and a
contact form « in this contact structure, we cannot expect « to be ”sym-
metric”; neither can we assume, in general, the existence of a ”symmetric”
Q.

The nearly symmetric o

However, after averaging «, we can assume that « is nearly ”symmetric”.
This averaging procedure goes as follows: considering a point z above M /v,
we introduce the points z;, ¢ € [N, N], N large. z; is defined by the
condition that it is the i*"-point on the v-orbit such that « is mapped onto

(T i)
this is formally an almost symmetric contact form in the same contact
structure than «. It is, by Lemma 1 of [6] v-convex (that is, denoting 6 this
form that has v in its kernel, df(v,.) is also a contact form with the same
orientation than 6) since each of the forms A;« is v-convex (they are pull-
backs of a through v-transport maps); but it has the disadvantage to tend
to zero as N tends to oo on any wv-orbit that is asymptotic to an attractive

or a repulsive periodic orbit of v.
N

The contact form < Z )\i> « is also nearly symmetric and does con-

i=—N
verge on any v-orbit tending at co to attractive or repulsive periodic orbits.

It is, however, not necessarily v-convex.
Near an attractive or a repulsive periodic orbit of v, a model for (a,v)
has been provided in [6] p. 47. This model can be slightly modified so that

Ao from zg to z;. A candidate in order to replace « at zg is «;



N
\i = 7%, with 0 < 4 < 1. It follows from this model that ( Z )\i> « s
i=—N

also v-convex (terminology of [5], Lemma 1) near the attractive or repulsive
periodic orbits of v (taking («, v) according to the model).

This "nearly symmetric” form also ”turns well” along v wherever kera
"turns well” along v. We can then use, as in [6], the second order differential
equation along v:

(D, [v,€]l = =€+ (s)[§,v] = 7' (s)ds(§)v

with s(.) denoting the length along v on a given piece of v-orbit with a
given origin; this differential equation allows to modify «, &, see Lemma 1
of [6], by rescaling the rotation of ker«a along v.

Starting from the data that we have near each attractive or repulsive
periodic orbit, we can evolve along v-orbits and induce a uniform rotation,
thereby deriving a nearly symmetric a outside of small tori around the
attractive and repulsive periodic orbits of v, along subsets of M where
sections to v can be defined; this nearly symmetric a; is now v-convex, this
is embedded in the rescaling with the use of (1); it is furthermore equal to

N
< Z )\1') « near the repulsive or attractive periodic orbits of v.
i=—N

If there are hyperbolic orbits of v, global sections outside of the attrac-
tive and repulsive periodic orbits might not be available. We need therefore
to remove, in a first step of in our construction, the hyperbolic orbits and
their stable and unstable manifolds. The rescaling and the definition of an
almost symmetric as can be completed on the remaining set. In order to
extend the definition of our form to the hyperbolic orbits and their sta-
ble and unstable manifolds, we follow the construction of [6]; in [6], this
construction was carried near a hyperbolic orbit such that kera did not
”turn well” along it. The general idea would be to extend it to all hyper-
bolic orbits. This construction needs to be carried out in great detail in the
present framework (with the aim of deriving a nearly symmetric form in
the vicinity of these orbits, or having the associated functional, see section
4 below, tend to oo as the curves come to intersect one of these hyperbolic
orbits).

Similarly, although the definition of this nearly symmetric contact form
is very precise near the attractive and repulsive orbits, the effect of the
rescaling, completed above with the use of (1), on the associated variational
problem (to be ”defined” in section 4, below) and the behavior of its critical



points at infinity near the repulsive or attractive periodic orbits of v need
to be thoroughly understood.

3. M/v

Let us now enter into more details in the construction of M /v”. We assume
that v has two periodic orbits, O; which is a attractive and Oy which is
repulsive, and a number of periodic orbits which are hyperbolic; but our v
is Morse-Smale, with no cycles. For simplicity, let us assume that we have
only two hyperbolic periodic orbits O3 and Oy4, with O3 dominating Oy,
that is the unstable manifold of O3 intersects the stable manifold of O4 and
not vice-versa. We want to define the hybrid object M /v.

For this, we consider the trace of the stable manifold of O3 on the
boundary 077 of a torus T; transverse to v around O;.

If the eigenvalues of the Poincaré-return map at Os are negative, then
the trace of W,(O3) on 077 has only one connected component.

If the Poincaré-return map at Os has positive eigenvalues, then there are
exactly two connected components to this trace because the stable manifold
of O3z, when deprived of O3, has two connected components and they do
not intersect. Each of these is an embedded differentiable closed curve.
By standard arguments, it follows that either both curves are embedded
isotopic closed curves which both read homotopically as ma + nb on the
two S'-generators of the fundamental group of 9T} ; or one or both of them
are contractible to a point in 077.

Let us assume that we are in this second case: the results which we
derive then can be adapted to the first case.

Let us think of the intersection of the stable manifold of O4 with 9T3.
This intersection, though an embedded differentiable curve, is neither closed
nor compact. It could also not be connected. We claim that it is made of a
finite number of connected components, each of them being an embedded
differentiable closed curve whose closure is obtained by addition of one or
both connected components of W, (O3)NAT;. This is a fine point which we
need to understand.

Let us also assume for simplicity that none of the components of the
trace of Ws(O3) on 977 is homotopic to zero in 97T .

Assuming in the sequel that both components of W(O3) N 9T are not
homotopic to zero, they both read ma 4+ nb, m, n prime to each other
(they are then homotopic since they do not intersect). The components of
Ws(0O4) N 0T then ”spiral” towards these two isotopic embedded curves.



3.1. é and the fundamental domain

We consider a section ¢ to Wy (O3)N9T; in 0T7. This section is made of two
small embedded pieces of curve defined on two intervals, which are transver-
sal to each of the components of W(0O3) N 977 and which are connected
by two other embedded pieces of curves in 971\ (Ws(03) U W(04)) NOT1.
We find a closed differentiable embedded curve transverse to both traces of
Ws(03) and W(Oy4) on 9T7.

We now consider the Poincaré-return map f of v from a section ¢ to v
near O; containing ¢. o needs not be transverse to v at O1, but it should
be everywhere else. The choice is very clear if, denoting b the generator
transverse to O1, m in the couple (m,n) defining the homotopy class of
W,(0O3) N IT; is non-zero. We can take for o a disk transverse to O7 in T7.

We assume, without loss of generality, that f(¢é) is in 0. f(¢) is drawn on
the boundary of the solid torus f(771). f is generated by the one parameter
group of v, 75 and we thus can write f = 7,(), where 5(.) is an appropriate
function. We can consider the family of tori v;,(y(T1), t € [0,1]. They define
a family of curves in ¢ which define a fundamental domain A. We iterate
this fundamental domain A under positive and negative powers of f. The
negative iterations end at Op. The positive iterates go where they should
go, but we are going to track a few portions of A under positive iterations.

Observe that ¢ intersects each of the components of Wy(O3) N 9T, at
exactly one point. This point, under positive iterations, will get closer and
closer to Os. Adjusting f nearby Os to become the Poincaré-return map
of O3 at one of its points z, in an appropriate section o1, a portion of
A defined by two small transversals in ¢, f(¢) containing the points of
W5(Os3) in these sets (there are two of them in each of ¢, f(¢)) and two other
"vertical” pieces of curves connecting these two couples of points(we thereby
find a small "rectangle” in o) will reach o; under iteration from both
"sides”. Indeed, the ”vertical” curves connecting the points of Ws(O3) under
(adjusted) iteration will reach Os on two distinct sides, thus z in o7 from
two distinct sides. Just as in [8], in Morse Theory, when considering a non-
degenerate critical point, these two ”vertical” transversals then ”spread”
under iteration along W, (O3) N oy and its iterates. we will denote this set
Wy (Os).. Tt is clear that we have to add it to Uf™(A) in order to define
M/wv.

We now have to evolve to O4 from O; and from O3. We may assume
that the two small transversals in ¢ to Ws(Os) contain all of W(O4) N é
and thus that ¢ outside of these small transversals ”spouses” W4(O4) N Ty
without intersecting it. Thus, the iterates under f of W(O4) N é all go to



o1 and, from there, should go to Oy.

This situation, the lower stage of the tower of domination, offers a new
background which we want to discuss now: the first case is when O3 domi-
nates O4 and does not dominate any other hyperbolic orbit. We first elab-
orate more on this specific situation. We then consider the case when Og
can dominate more than one, typically two-the arguments then generalize-
hyperbolic periodic orbits.

Let us discuss the first case. Let T be the Poincaré-return map of Oy,
defined on a section o4 to Oy, at a point of O4. T is generated by the one-
parameter group of v and therefore 7' is homotopic to the identity map, in
the set of invertible two dimensional maps. Thus, the differential of T" at the
origin has a positive determinant. O4 is hyperbolic, thus the differential of
T has two real eigenvalues, of the same sign, one larger than one in absolute
value, the other one less than one in absolute value also. The differential
of T? has only positive eigenvalues. Let us consider W(O3) N oy, which is
made of one interval, two intervals I, I~, after removing the fixed point.
These two intervals are part of two half-lines L*, L™ which span through
the use of the one parameter group of v all of W,,(O3) (after the addition of
Os3). We can imagine that o7 has been extended via the use of the Poincaré-
return map of O3 and then the time 1;¢-map of v so that it reaches near
04 and "touches” o9 (071, after iterations, and o9 have to intersect since Os
dominates Oy).

3.2. How O; dominates Os: A special case

Let us assume that o1 and o5 can be built as small hyperbolic neighbor-
hoods of pieces of sections to v in W, (O3) and Ws(Oy) respectively. I, I~
and LT, L™ have been defined for W, (O3), but they can also be defined
for O4. We denote them J*t, J=, PT, P~. We use I+, J*, LT, P* to de-
fine these sections. The I's and J’s are used when we are on the ”sides” of
W, (O3) and W(Oy4) that intersect, taking I and J until a common point
2 which we may choose to be in o9, near Oy.

Observe that W, (O3) and Ws(O4) intersect in fact at infinitely many
points, a subset of which is derived from z through the use of T

We then claim-and this claim is more important for the complete un-
derstanding of this specific configuration rather than for the definition of
M/v-:

Proposition 3.1. Assume that o1 and o2 can be built as small hyperbolic
neighborhoods of pieces of sections to v in W, (O3) and W(O4). Then, there



s another set of points of intersection generated by a y which is not derived
from x by iterations. In fact, the intersection points can be viewed as couples
of such points (x,y) together with their iterates.

Proof. Indeed, considering T2, we know that its differential has positive
eigenvalues at zero. Thus T2 maps J* into J© and J~ into J~ respectively.
Without loss of generality, we may assume that it is J* and IT that inter-
sect at . We consider then W,,(O3) N o2 and more specifically the subset
corresponding to IT.

Part of ¢ was made of two small pieces of curves transverse to Ws(O3)N
OT;. we also considered f(¢), thus the image under f of these two small
pieces of curves and we connected the ends of each corresponding pair of
intervals by ”vertical” lines; this yields two pairs (V1,V2) and (V3, Vi) of
”vertical lines” which we iterate using f. The related lines are again denoted
V;. Each V; is as close as we please to the ”history”, "under iteration”, of
one of the two points of ¢ N (Ws(O3) NOTy). This ”history” defines a set of
lines in W5(03) U W,,(03) U W(04) U W, (O4), in fact in the intersection
of these sets with the respective sections o, ;. each V; neither intersects
Ws(Os3), nor Ws(O4).

The smaller fundamental domain defined by the two small ”vertical”
lines connecting the two intervals and their images under f spread under
iteration and "fill” o1 (up to the addition of W, (O3)No1) and, from there,
they ”spread” until they ”touch” o5 just as o7 did. From there, we use
T and we move to g3, which we can view to be bounded on each side by
portions of the V;s. Under T2, the I"-portion of W, (0O3) N o1 maps into a
half-line. Indeed, the image curve does not intersect the Vs, because, if it
did, then some points of V; would not,under reverse iteration, go to Oy, but
would go to Os. It is therefore entirely contained into o9. If the differential
of T at the origin has positive eigenvalues, then we can use T in lieu of T'2.

This half-"line” intersects JT, that is the portion of W(O4) N o2, into
at least one point, namely z,hence also at its iterates under T2. Under
iteration, it ”spreads” and its tangent direction becomes pore and more
parallel to W, (O4) N 2.

If the differential of T at zero has negative eigenvalues, then T2**1(z) is
in J~ rather than J* and all the points of intersection of J+*NT?(I*) would
then read as T%#(x) if z and only x spans this intersection. However, the
orientation of T?(I") alternates at consecutive intersection points, going
from left to right (according to a certain orientation of Ws(O4) No2) at a
point and from right to left at the next point. These consecutive points,
because = spans the intersection set, are iterates of each other under T2
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This yields a contradiction because the eigenvalues of the differential of 7'
at zero are both positive.

The same argument works with 7" in lieu of T2 if the differential of T
at zero has positive eigenvalues.<

We now have tracked our fundamental domain under evolution.we have
understood how one of the two sides of each of o1 and o9 are "filled” by the
smaller fundamental domain under iteration. The other sides are ”filled”
because ¢ intersects as well the trace of the stable manifolds of O3, O4 on
0Ty and we can "drive” M /v, with a proper choice of f to bring our set
under iteration to "fill” the other sides. We add to these iterated sets the
two curves W, (O3) N o1, W, (O4) Nog. The construction of M /v is nearly
completed in this easier framework, when O3 dominates only O4. We still
need to understand how this set behaves near O1, Os.

3.3. The general case

There is a more complicated case, when O3 dominates more than one hy-
perbolic orbit; e.g O3 dominates Oy, Os, both hyperbolic orbits. The con-
struction of M /v is then greatly simplified by the following Proposition:

Proposition 3.2. Assume N is a two-dimensional surface transverse to v
and intersecting e.g. Wy, (O3) at a point z which is e.g. on the v-orbit of a
point of e.g. L. Then N N W,(O3) contains a whole half-line which is an
image of L™ through the one parameter group of v. This statement holds
when N is a surface with boundary; then LT is replaced by an interval I7.

Proof. The intersection of W,,(O3) and N is a transverse intersection, which
therefore yields a differentiable manifold of dimension 1 transverse to v. Let
us consider the connected component of this intersection containing z. It is
a one dimensional manifold that has a natural projection 7 over LT /J*.
7 defines a fibration because any two points of 7=1(¢), £ given in LT, can
never coalesce: v is transverse to this manifold. It follows that this fibration
extends throughout L™, unless it is limited by the boundary of N.«

3.4. Outline of the construction of M /v

The construction of M /v is derived from the choice of the curve ¢ on 9T}
and from Proposition 3.2. A careful choice of ¢ allows us to move from
the attractive orbit O; to the other hyperbolic orbits and to the repulsive
orbit (there could be more attractive and repulsive orbits; we are only
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describing a simple case here). As we have seen above, near a hyperbolic
orbit O3 which is "directly” dominated by O (i.e there is no intermediate
hyperbolic orbit), the iterates of a fundamental domain built using ¢ and
its image through the Poincaré return map of O; will fill a suitable section
of this hyperbolic orbit from ”the two sides” (the process is different if the
Poincaré return map at O3 has positive or negative determinant; in the first
case, the trace of the stable manifold of O3 on 00, is connected while, in
the second case, it has two connected components).

The construction of M /v is therefore very clear near O; and from there
to all such Oss.

Then, from a hyperbolic orbit Oz, we may move to another hyperbolic
orbit O4. There, we use Proposition 3.2 which tells us that, because our
iterations of our fundamental domain include a point of the stable manifold
of Oy, they will contain all the trace of this stable manifold in an appropriate
section. In this way, a full ”side” of this section of O4 will be "filled”. The
other side will be "filled” either through a similar process, that is starting
from Og; or directly from ¢ because ¢ is chosen appropriately to intersect
the trace of the part of the stable manifold of Oy that goes directly to 0O, .

The process continues in this way (we add to the sections which we
encounter the traces of the hyperbolic orbits O;s in these sections), until
we have exhausted all hyperbolic orbits. We are then left with O3. Our
fundamental domain under iterations will come to Os in a complicated
manner, depending also on the linking number of O; and Os, of Oy with
the other O;s.

This is the part of the construction of M /v that requires further study,
until we know precisely what is involved in this construction and this object
becomes thereby a straightforward object to use.

Despite the fact that our construction of this object is only sketched,
we are going to introduce a function on the space of curves Imm* defined
in section 1 on this space and study its properties. This should lead us to
a method for the computation of our homology [2], [3].

4. The functional

The natural functional to use on the space of curves Apm (M /v) defined
in section 2 is the action functional J(z) = fol o (2). This functional is
invariant under 7 if the contact form « is ”symmetric”. However, the con-
tact form built through the averaging procedure of section 2 is only nearly
symmetric; it is not symmetric; and the space M /v of section 3 is very well
defined only outside of the periodic orbits of v: for example, if we consider
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the case of the standard contact structure of S3 and if v is a Morse-Smale
perturbation of a vector-field defining a Hopf fibration in kera, Os, that is
the repulsive periodic orbit, is a ”boundary” for M /v.

Let us consider in more details the case of the standard contact structure
on S3, with v having two periodic orbits, one attractive O; and the other
one repulsive Os. The fundamental observation in this easier framework is
that the ”symmetrized” « at points x close to O1 and Os (how close depends
also on N, the number of iterations of T" involved in the ”symmetrization”
process) reads a; = A(x)ag., A(z) tending to co as x tends to O1 UOq; that
is the ”symmetrized” « has a coefficient tending to infinity on the standard
contact form of S3.

4.1. Proposition 4.1

Some more is true; namely:

Proposition 4.1. v around Oy and O2 may be arranged so that

i/ the contact vector field £(x) of the "symmelrized” « tends to zero in
norm as x tends to O1 U Os.
In addition,

ii/ denoting v be the map which assigns to a point x the next coincidence
point ([1], [2]) on the positive v-orbit through x,

then, after perturbation, the orbits of & do not connect xo and 1 (xo) for
xg tn O1 UO2 and for j € Z.

We give below the proof of Proposition 4.1. Using the results of [6],
properly generalized, we expect Proposition 4.1 to hold for every nowhere
zero Morse-Smale v in kera. The results of [6] are about the behavior of «
around hyperbolic periodic orbits of v along which kera does not turn well.
They of course also apply to hyperbolic orbits around which kera turns
well; that is, it should also be possible in such a case to build ”mountains”
around these hyperbolic orbits (essentially, i. of Proposition 4.1 should hold
around hyperbolic orbits). But, we can then also hope that such ”moun-
tains” can be built around the regions where kera does not turn well along
v. Symmetrizing a outside of small neighborhoods of such regions, we would
try to perturb such a symmetric o so that ii) of Proposition 4.1 would
hold.

Since there is some hope that Proposition 4.1 generalizes, it is useful
to prove that this proposition holds in the simpler case of the standard
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contact structure of S and to indicate, pending the complete and rigorous
proof of all details, how the computation of the homology, or the existence
of periodic orbits for £ can be derived from this procedure.

Proof. Given an integer N, as z moves closer to the e.g attractive
orbit O; of v, the negative iterates of ¥ are expanding maps. Assume that
kera rotates twice (v is a perturbation of one of the Hopf-fibrations vector-
fields in the kernel of the standard contact form of S3) along Oy, with a
uniform rotation and a uniform coefficient of contraction —1 < vy < 0 after
a quarter of a turn along O1, so that the coefficient of contraction after a
full turn is 4*. This can be achieved after a suitable perturbation of v, kera
near O1. The negative iterates of ay, at a point xy of Oy therefore read as

multiples 7. Their sum at the order N (from 0 to —N) therefore reads
N

%ao. The coefficient in front of g tends clearly to oo and this
fact cannot be destroyed by the contribution of the positive iterates, since
1) is contracting near O;.

This is the basic phenomenon from which, after some additional work
estimating the derivatives along &, [¢,v] of A (the "symmetrized” « reads
Aayp), i)follows.

For ii), we observe that, given e.g y a &;-piece of orbit of a symmetric
(over a limit process, outside of O7 U Oz ) contact form «y connecting two
points x¢ and 7 (z¢) of e.g O1, if we perturb this symmetric oy in the
vicinity of a point of this & -piece of orbit into another, symmetric (the
symmetry is along 1 and its iterates) form o, there will still be, if the
intersection problem satisfies the appropriate transversality conditions, in
the vicinity of y a &;-piece of orbit connecting two points 1 and x5 of Oy,
one close to xg, the other one to 7 (z0); but, generically, ro will not be
Y7 (x1). ii) follows.<

as

4.2. M*/v and the symmetric o,

We now consider the case of a more general nowhere zero vector-field v
in the kernel of «, which we assume to be Morse-Smale, having a number
of periodic orbits UO;, some elliptic, the other ones hyperbolic. Using the
propositions and the results of the previous section, we define the space
M /v. We can also define the space:

M*/’UZM/U\UOi.

The averaging procedure for o can be completed on M* /v.
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If we start from a point of M\ U O,, the positive and negative iterates
under 2 (the transport map along v mapping a point zo to the next
oriented coincidence point (see [1], [2]) on the v-orbit through x) of a
given point end up near the attractive and repulsive orbits of v. It follows
that ”averaged” limit forms of a, o are well defined point-wise on M* /v,
but might have, as one can easily see, discontinuity points along the stable
and unstable manifolds of the hyperbolic periodic orbits of v. If there are
no such hyperbolic orbits, as in the case of the standard contact structure
of S3, with v a small perturbation of a vector-field in kera defining a
Hopf fibration, then a symmetric form «ay is well-defined and continuous,
differentiable on M\ U O;.

This contact form «; can be used to define a symmetric functional Jg,
that is a symmetrized version of J (see section 1) on the curves of I'mm*
which do not intersect UQ;.

We need therefore to understand the behavior of this functional on the
curves of this set that are in the immediate vicinity of curves intersecting
UO;. Typically, we would want that such curves are ”far” from being critical
points of J; and we would in fact want more: namely, we would want that
the functional Js tends to oo as we approach such curves.

4.3. Js near the hyperbolic orbits

For hyperbolic orbits (and this also should solve the discontinuity issues
involved by the hyperbolic orbits in the definition of o), we have devised a
construction in [6]. This construction was carried around hyperbolic orbits
having the property that kera does not rotate well along them. Using large
amounts of rotation near the attractive and repulsive orbits, one could build
a contact form in the same contact structure such that its associated contact
vector-field became tiny near these orbits. This construction can be carried
out around the other hyperbolic orbits as well, that is around the orbits
along which kera turns well. It should imply that a functional J can be
built on I'mm™*, extending Js. J should be very large or co on the curves of
Imm™* entering and exiting a small neighborhood of a hyperbolic orbit.

4.4. Three additional observations

There are three additional observations that are useful:

First, this procedure should work around the regions of M where kera
does not rotate well along v. The hope is that a construction similar to
the one introduced in [6] for the corresponding hyperbolic orbits can be
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extended to this framework.

Second, i) of Proposition 4.1 above implies that the functional J should
be very large or oo on a curve of I''mm™ that enters a given neighborhood of
an attractive or repulsive periodic orbit of v, then intersects this periodic
orbit, then exits this given neighborhood (that is Js should tend to oo as
we approach such a curve).

Third, ii) of Proposition 4.1 should also generalize into the statement
that there are no curve made of pieces of orbits of the symmetric &5 up to
v-jumps between points x and ¥?(x) intersecting at least one O; (repulsive,
attractive, or hyperbolic). This is a weaker result than the results foreseen
above which say that J is very large or co at curves crossing UO;. But it
should be a useful additional result.

This provides a very rudimentary version of a scheme in order to com-
pute the homology defined in [3], [4], [7]. But, to the least, one can see here
a program; and a glimmer of a reasonable hope that the non-compactness
issues can be overcome in Contact Form Geometry.
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In this work, generalized Sobolev spaces are considered. Existence of solutions
for strongly nonlinear equation of infinite order of the form Au + g(z,u) = f
is established. Here A is an operator from a Sobolev space type to its dual and
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1. Introduction

Let Q ¢ RN, N > 1, be a bounded domain, aq > 0 and p, > 1 are real
numbers for all multi-indices «. The purpose of this paper is to study some
anisotropic strongly nonlinear elliptic equations of infinite order, with the
data f is in L1(Q). Let A an operator of infinite order defined by

Au = Z (—1)‘0‘|D°‘(aa|Do‘u|pa*2Do‘u).

|a|=0
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Along this paper we will deal with the following Dirichlet problem of the
form

Au+g(z,u)=f x€Q. (1.1)

Here ¢ is a nonlinear term which has to fulfil a sign condition. If A is
a Leray—Lions operator, let us mention that in the isotropic case, several
studies have been devoted to the investigation of related problems and a
lot of papers have appeared (cf. Benkirane,? Benkirane et al.* and Brézis et
al.”). In the anisotropic case, it would be interesting to refer the reader to
the works Boccardo et al.,® Feng-Quan,'? also to the recent works Benkirane
et al.3 and Chrif et al.,” where the authors proved the existence of solu-
tions of some anisotropic elliptic equations of higher order. For problems
of infinite order, let us point out that in this direction Dubinskii'® proved,
under hypothesis (B; — B4) (see Remark 4.1) and certain monotonicity con-
ditions, the existence of solutions for the Dirichlet problem associated with
the equation Au = f in some functional Sobolev spaces of infinite order.
Our purpose is to prove the same result for strongly nonlinear equations of
infinite order of the form (1.1).

2. Preliminaries

Let © be a bounded domain in IRY . Further ao > 0, po > 1 are real numbers
for all multi-indices , and ||.||,,  is the usual norm in the Lebesgue space
LP= (). For a positive integer m, we define the following vector of real
numbers

p= {paa |a| < m}v
and denote p = min{pq, |a| < m}.
Now, let us consider the generalized functional Sobolev space

W™P(Q) = {u € LP*(Q), D € LP*(Q),]|a] < m}

equipped with the norm

lull = D ID%ullp,. (2.1)

laf=0
We define the space Wén’ﬁ(Q) as the closure of C§°(Q2) in W™P(Q) with
respect to the norm (2.1). Note that C§°(€2) is dense in Wémﬁ(ﬂ). Both of
wy" 7(Q) and Wit () are reflexive, separable Banach spaces if po > 1 for
all || < m (the proof of this is an adaptation from R. Adams?). Wome (Q)
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designs its dual where p is the conjugate of 7 i.e. Pl = 1% for all || < m.
The Sobolev space of infinite order is the functional space defined by

W2l = {u € C¥@): 1) = Y aal D2 <o .
|| =0
We denote by C§°(£2) the space of all functions with compact support in
with continuous derivatives of arbitrary order.
Since we shall deal with the Dirichlet problem, we shall use the functional
space W§°(aq, pa)(S2) defined by

o0
Wielao o)) = {uw € CR): o) = Y- aallDrullz < o).
lor|=0
In contrast with the finite order Sobolev space, the very first question,
which arises in the study of the spaces W§®(aq, pa)(£2), is the question of
their nontriviality ( or nonemptiness), i.e. the question of the existence of
a function w such that p(u) < co.

Definition 2.1. (Dubinskii!®) The space W§®(aq, pa)(€2) is called nontriv-
ial space if it contains at least one function which not identically equal to
zero, i.e. there is a function u € C§°(2) such that p(u) < oco.

It turns out that the answer of this question depends not only on the given
parameters a,, po of the spaces W (aqy,pa)(2), but also on the domain
Q.

The dual space of W§°(aq, pa)(€2) is defined as follows

W= (a0, p)(Q) = {h =Y (=1)I*ID%hg, p'(h) = Y aalhallly < oo},
|| =0 |a|=0

where h, € LPa (Q) and p!, is the conjugate of p,, ie., p, = % (for
more details about these spaces, see Dubinskii!? and Dubinskii'l). By the
definition, the duality of the space W~ (aq, p,,)(2) and WS (aq, pa) () is
given by the relation

(h,v) = Z Ao, /Qha(x) D%v(x) dz,

|| =0

which, as it is not difficult to verify, is correct.

Let s be a real positive number, we denote by E(s) the integer part of s and
denote p = min{p,, || < m}. We need the anisotropic Sobolev embedding
result.
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Lemma 2.1. Let Q be a bounded open subset of IR .
m,p * . 1 _

If mp < N then W, ﬂ(Q) C L) Vq € [p,p*[ with o= =

If mp =N then Wi"*(Q) C LY(Q) Vq € [p, +oo[.

If mp > N then Wén’ﬁ(Q) C L>®(Q) N C*(Q) where k = E(m — %)

Moreover, the embeddings are compacts.

1_m
p N’

The proof follows immediately from the corresponding embedding theorems
in the isotropic case by using the fact that W™P(Q) C W™P(Q).

3. Main result

Let © € RN be a bounded domain. We consider the following strongly
nonlinear elliptic equation of infinite order of Dirichlet type
> (=)D (a0 |D¥ufP*2 D) + g(z,u) = f 0 Q, (3.1)
ler|=0
where a,, > 0 and p, > 1 are any sequence of real numbers. Let us define
the corresponding function Sobolev space of infinite order by

Wielan o)) = {u € CR@): o) = Y- aallDullz < o0 }.

|a|=0

We assume the following assumptions

(A1) For all o, aq > 0 and p, > 1, moreover the sequence (p) is bounded
(A2) The space W§°(aq, pa)(S2) is nontrivial.
(G1) The function g : QxR — IR is of Carathéodory, that is, it is measurable
in x for each fixed u € R and continuous in u for almost all x € §2, such
that, for all 6 > 0,
sup |g(z, u)| < hs(x) € L1(Q).
|u|<d
(G2) The function g satisfies the ”sign condition”, i.e. g(x,u)u > 0, for a.e.
€ QandaluelR.

Remark 3.1. In the setting of anisotropic space of finite order and when
the operator A is defined by

Alw) = Y (D)D" Ag (2, D7) |y| < al,
|| =0
the authors have shown the existence of the solution of the problem (1.1),
under the following conditions :
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(Ag) A: WP(Q) — w—me () is a bounded operator, pseudo-monotone
and coercive, i.e.,

(Au, u)

lim = 400,
lul—+oo  [lull

Pa > 1, for all |a| < m.

(Go) g : Q x IR — IR satisfies the Carathéodory conditions, that is, it is
measurable in z for each fixed u € R and continuous in u for almost all
z € ) such that

|Sl\lp |g(a:,u)| S hs(ﬂf),
u|<s

for a.e. € , all s > 0 and some function hs € L'(2). We assume also
the ”sign condition” g(z,u)u > 0, for a.e. z € Q and for all u € IR.

We present the following result established in Benkirane,® which will be
mainly used in the proof of our result.

Theorem 3.1. (Benkirane et al.?) Let m € IN* such that mp > N. Sup-

pose (Ao) and (Gy) are satisfied. Then for all f € W—me’ (Q), there exists
u € Wy"P(Q) such that

g(z,u) € LX), g(x,u)u € L1 () )
(Au, o) + fo 9o, wodz = (f,0), Yo € WI(Q).

Now we shall prove our main result.

Theorem 3.2. Let us assume the conditions (A1), (Az), (G1) and (Gs).
Then for all f € LY(Q), there exists u€ W (an, pa) () such that

{ g(z,u) € LY(Q), g(x,u)u € L}(Q)
(Au,v) + fQ g(x,wvde = (f,v)  for all v € W§°(aq,pa) ().

Proof.
In order to get our result, we will deal with the following steps

1. We prove the existence of approximate solutions .

2. We establish the a priori estimates.

3. We prove that u, converges to an element u € W (aq,pa)(€2) and we
finally show that u is the solution of our problem.
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Step (1): The approximate problem.
Let ¢ € C5°(IRY), such that, 0 < ¢(x) < 1 and p(z) = 1 for z close to 0.
Set
x
falz) = ¢(E)T7T-f(x)7

with the usual truncation T, given by

Tng:{ ¢ iflgl<n

o iflg =

It is clear that |f,| < n for a.e x € Q. Thus, it follows that f,, € L*>°(Q).
Using Lebesgue’s dominated convergence theorem, since f, — f a.e. x € ()
and |f,| < |f] € L*(2); we conclude that f,, — f strongly in L!(Q).
Define the operator of order 2n by

Aoy (u) = Z (—1)lelpe (aa|D*ulP>~*D*u),

|ee|=0

the operator As, is clearly monotone and satisfies the growth and the coer-
civeness conditions. Thanks to Theorem 3.1 (Benkirane et al.?), there exists
at least one solution u,, € W' () of the following problem

() g(z,u,) € LY(Q) and g(z,u,)u, € L*(Q) )
" (Aon(un),v) + [q9(x,un)vde = (fn,v) Yo e WeP(Q).

Step (2): A priori estimates.
Set v = uy,, and using (As), (G2) and the Holder inequality, we deduce the

estimates
n

> ao||Dupllpe < K (3.2)
|| =0
and
/ g(x, up)updr < K (3.3)
Q

for some constant K = K (f) > 0. Consequently, we have
HunHWSZﬁ <K. (3.4)

Then via a diagonalization process, there exists a subsequence still, denoted
by wy, which converges uniformly to an element u € C§°(2), also for all
derivatives there holds D%, — D% uniformly in Q (for more details we
refer to Dubinskiil?).

Step (3): Convergence of problem (P,,).
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There exists a solution u,, of problem (P,), n = 1,2,.... Then by passing
to the limit, we have

lim (Ao, (uy),v) + lim g(z,up)vder = hm (fn,v),

n—-+oo n—-+too Jo n—-o00

for all v € W§°(aa, pa)(2). Since f, — f strongly in L(Q), it is clear that
hm (fn, y=(f,v) forall veW;(an,pa)(2).

Now, we shall prove that

lim (Ao, (uy),v) = (Au,v), for all ve W§®(aq, pa) ().

n—-+4oo

Indeed, let ny be a fix number sufficiently large (n > ng) and let v €
W5 (aa, pa)(§2). Set

(A(u) — Agn(up),v) = I + I + I,

where

no

I = Z <Aa(x7DVu) - Aa(vaVun)vDa’L»

|| =0
Iy = Z <Aa(maD’Yu)7Da’U>
|a]=no+1
Ig = — Z <Aa (33, D'Yun), DOL’U>7
|a]=no+1

where Aa(7,8,) = aaléalP* "%, 7] < lal.

The aim is to prove that Iy, Is and I3 tend to 0. On the one hand, since
An(z, &) is of Carathéodory type, It — 0, and the term I is the remainder
of a convergent series, hence I — 0. On the other hand, for all £ > 0, there
holds k(g) > 0 (see Brézis® p. 56) such that
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n

Z (A (z, DMuy), D)

n

< > [(Aa(z, Duy), D)

|a|=no+1 |a|=no+1
n
< ¢ Z aa/|Do‘un|p‘fl|D°‘v|dx
|a]=ng+1 Q

n

<co Y aal Dzt D%,

Pa
la|=no+1

n
<eco Y aa| D%y
|a]=no+1

n

+eok(e) Y aalDW|Ee

le|=no+1
o0
< ecoK + cokl(e) Z aql| D7,
loal=no+1

where K is the constant given in the estimate (3.2). Since the sequence
oo

(pa) is bounded, this implies that Z aq||D%|[}¢ is the remainder of a
|a]=no+1
convergent series, therefore Is — 0 holds. Hence

(Agp (un),v) — (A(u),v) as n— +oo forall ve W5 (an,pa)().

Now we prove that

lim g(x,un)vdx:/g(x,u)vdac.
n——+o00 Q Q

Indeed, we have u,, — w uniformly in €, hence g(z,u,) — g(z,u) for a.e.

x € . In view of the Fatou lemma and (3.3), we obtain

/ g(z,w)udr < lim gz, un)u, de < K,
Q

n—-4o0o Q
this implies g(z,u)u € L'(£2). On the other hand, for all § > 0 we have

l9(z, un)| < sup l9(@, )] + 0~ g(@, un)un| < ho(x) + 07" g(, un)un]-
t]<

If F is a measurable subset of 2 and € > 0, we have

/|g(;v,un)|dx§/h(;(x)dac—i—é*lK,
E E
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where K is the constant of (3.3) which is independent of n. For |E| suffi-

ciently small and § = %, we obtain

/ lg(x, up)| dx < e.
E
Using Vitali’s theorem we get
g(x,un) — g(x,u) in L'(Q).

Hence it follows that g(z,u) € L'(Q2). By passing to the limit, we obtain
(Au,v) —|—/ g(x,v)vde = (f,v), forall v e Wi (an,pa)().
Q

Finally, we conclude that
g(z,u) € LY(Q), g(z,u)u € LY(Q)
(Au,v) + fQ gz, wvde = (f,v), forall ve W5 (an,pa)(S2).
This completes the proof. O

Remark 3.2. Let us point out here that the result in Theorem 3.2, is
established with out assuming the regularity of domain, also without any
growth restrictions on p, for all multi-indice a.

Example 3.1. A prototype example of our problem is defined by

Z (=1)lelpe (aa|D*ulP>~?Du) + ulu|"h(z) = f
|a|=0

with 7 > 0, h € LY(Q),h(z) > 0 a.e. x € Q and a, > 0, p, > 1 are real
numbers such that the space W§°(aq, po)(§2) is nontrivial.
Since h € L'(Q) and h(x) > 0 a.e. z € €, the function

g(z,u) = ulu|"h(z)
satisfies the assumptions (G1) and (Gg).

Example 3.2. The following example of an operator of infinite order is
closely inspired from the one used in.'® Let us consider the operator

Au = [cosDlu(z) z€ RN, N>2.

Formally we have
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The Dirichlet type problem given by

ZﬂDQ”u—i—g(az,u) =f z€ R,
2n!

n=0

have a solution in the nontrivial space of infinite order W§° (57, 2)(Q2), when
f is an element in L!(Q) and g is a function satisfying the assumptions (G1)

and (Ga).

4. Concluding remarks

Remark 4.1. Let us consider a more general problem, when A is an op-
erator of infinite order defined by
A(w) = > (~1)I*ID* A (2, D7u)  |y] <,
|| =0

where A, : Q x R* — IR is a real function, with A\, denotes the number
of multi-indices 7 such that |y| < ||, satisfying the following assumptions:

(B1) Aq(z, &) is a Carathéodory function for all a, |y| < |af.
(B2) For ae. z € Q, all m € IN*, all &,,74,|7| < |a| and some constant
co > 0, we assume that

m m
Z Aa(%iw)na <co Z aa|§a|pa_1|7la|a
|| =0 |a|=0

where a, > 0,p, > 1 are reals numbers for all multi-indices «, and for
all bounded sequence (pq)q-

(B3) There exist constants ¢; > 0,¢a > 0 such that for all m € IN*, for all
&vs as 7] < |af, we have

Z Aa(xaf’y)ga Z Cc1 Z aa|§a|pa — C2.
|a|=0 |a|=0

(B4) The space W§°(aq, pa)(S2) is nontrivial.

As an open problem, we propose to investigate, under assumptions above
(B1)-(By), the existence result of problem

Au+g(z,u)=f x€Q,

where g is a nonlinear function and f is an element in L!(£2).
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Remark 4.2. In the lot of articles, Dubinskii'® ' considered the Sobolev
spaces of infinite order corresponding to boundary value problem for dif-
ferential equations of infinite order and obtained the solvability of these
problems in the case where the coefficients of the equation grow polynomi-
ally with respect to the derivatives.

Dyk Van extends the results of Dubinskii to include the case of operators
with rapidly or slowly increasing coefficients (see Dyk Van®). In their works,
Tran Duk Van et al.'® introduced Sobolev-Orlicz spaces of infinite order and
investigated their principal properties. They also established the existence
and uniqueness of solutions of some Dirichlet problems for nonlinear differ-
ential equations of infinite order. In particular, let 2 a bounded domain in
RN, N > 1, with boundary 0. Consider the Dirichlet problem defined by

Pb Au(z) = ETZIZO(—l)MDO‘Aa(m, vy D%u) = f(z) z€Q,
(F6) D¥u(z) =0, z € 09, |w|=0,1,....

Here A, : Q x R* — IR is a real function, A\, denotes the number of
multi-indices 7 such that |y| < |a|, satisfying the following assumptions:

(Hy) There exist an N— function nga, a function a,, € L{¢,, 2}, a continuous
bounded function ¢k, (1 < ¢k (]t]) < const) and a constant b > 0 such
that

|Aa(2, )] < aa () + b, Balch(€al)én)

where

o0
> laalls, < +oc.

|er|=0

(Hg) There exist functions b,, € Li1(Q), go € E{¢a,}, a continuous
bounded function ¢2, (c2(|t|) > cL(|t|)) and a constant d > 0 such
that

Z (Aa(xaé-) fa >d Z ¢a |§a ga)_ m( );

|a|=m |a|=
where
> llgalls. < +oo  and Z/lb o)) d < +oo.
la|=0 |a|=0

(Hz) The N-—functions ¢, are such that the Sobolev-Orlicz space
LW§® (¢, ) is nontrivial.
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(Hy) For all £ = (&, ...,&a) and & = (&, ..., &) such that £ # & we have the
inequality

> (Aa(@,8) = Aa(@,€))(&a — &) > 0.

|a|=0
The corresponding functional setting is the Sobolev-Orlicz of infinite order
given by
LW5S(¢a, ) ={u € Cg°(Q) : [Julloc < 400},
where
lufloo = inf{k >0 : / b (2 do < 1.
loe|=0

The dual space of LW (dq, ) is defined by

oo

W= (¢a, Q) = {f : h(z) = Y (~1)1*'Dfa(2)},
|a|=0
where
fo € By, ()  for all multi-indice a,
and
= Z Hfa”d’a < +OO’
la|=0

The duality of the spaces LW (¢q, ) and EW ~°(¢q, Q) is determined
by the expression

= > [ na@poal

la|=0
which is obviously correct. (For more details about the definition of
N —function and Sobolev-Orlicz spaces of infinite order we refer to Tran
Duk Van et al.1%)

When the data f belongs to the dual, under assumptions (Hy)-(Hy4) the
authors in Tran Duk Van et al.'® proved the existence and uniqueness of
the solution of the nonlinear problem (Pb).

The same approach allows us to deal with boundary value problem
(1.1) in the case of Sobolev-Orlicz spaces of infinite order using operators
satisfying (Hy) — (Hy4). We thus obtain the existence result related to that
of Theorem 3.2.
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nonlinear problems
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In this paper, we shall be concerned with the existence result of the quasilinear
elliptic equations of the form,

Au—i—g(z,u,Vu) = f7

where A is a Leray-Lions operator from Wol’p(Q) into its dual. On the nonlin-
ear lower order term g(z, u, Vu), we assume that it is a Carathéodory function
having natural growth with respect to |Vul, but without assuming the sign con-
dition. The main novelty of our work is a new technique based on a Poincaré’s
inequality. The right hand side f belongs to w1’ Q) .

Keywords: Quasilinear elliptic equation; Leray-Lions operator; Existence.

1. Introduction

Let © be a bounded open subset of IR™N, N > 2. Let p be a real number, with

1 < p < 400, and let p’ be its conjugate Holder exponent (i.e. % + % =1).
Let us consider the following nonlinear elliptic problem

Au+ g(x,u, Vu) = f. (1)

Where A is a Leray-Lions operator from W**(2) into its dual W~ (Q)
and g(z,u, Vu) is a nonlinearity which satisfies the following growth con-
dition

l9(z, 5,6)| < b(|s[)v(x) + h(s)[E]

with v € L7+ (Q),h € LY(IR),b(|s|) < Bls|""'where 0 < r < p and
h,b > 0.
More precisely, this paper deals with the existence of solutions to the
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following problem
u € WyP(Q), g(z,u,Vu) € L'(Q),

a(z,u, Vu)Ti(u — v) de + / g(x,u, Vu)Ti(u — v) dx
Q Q

(2)
g/ka(u—v) dz

Q
Y v e Wy P(Q) N L=(Q)

where f € W12 (Q).

Our principal goal in this paper is to prove the existence result for the
problem (2) without assuming any sign condition on g.

Recently Porreta has proved in® the existence result for the problem (2)
but the result is restricted to b(.) = 1.

A different approach (without sign condition) was used in,? under the
assumption g(x,s,&) = As — [£|? with A > 0.

We recall also that the authors used in? the methods of lower and upper-
solutions. For the case of sign condition, many important works have ap-
peared during these last decades. Namely.!

In the literature of the same problems, the sign condition play a crucial
role in the proof of main result, to overcame this difficultly we use a new test
functions (see lemma below) and a new technique based under inequality
of poincaré.

2. Main results

Let A be the nonlinear operator from W, () into its dual W=7 (Q)
defined as

Au = —div(a(z,u, Vu))

where a : Q x IR x IR" is a Carathéodory function satisfying the following
assumptions: (Hyp)

la(@, 5, €)| < [k(z) + [sP~" + [€[P~] (3)
la(z,s,€) — alz, s,m)](€ —n) > 0. forall £#neR", (4)
a(x, s,§)§ = alg]” (5)

where k(z) is a positive function in L?' (Q) and « is a positive constant.
Let g(z,s,&) be a Carathéodory function satisfying the following as-
sumptions: (Hz)

l9(z,5,6)| < b(|s[)v(z) + h(s)[E]P (6)



32

where
b(|s)) < Bls|""" where 0<r<p, ~€L77(Q) (7)
and h: R — R* with h € L}(Q)
Lemma 2.1.
“|t] h(]s
Let p(t) = R s then o' (t) — #kp(iﬂ >
Proof. We can tucking ¢/ =1if ¢t>0
S(t) = gD s h(lel) i RUED g
ot 2y ol
ift<0
S(t) = gD s h(iel) ) RUED g
—_ e.[o‘t‘ @ ds + h(‘t|)|(p(t)|

which implies that
h(]t el hsD g
o (6) ~ M pop) = ohd” 28 0s 5
Theorem 2.1. Assume that the assumption (H1) and (Hs) hold and let f

belongs to W17 (). Then, there exists a measurable function u solution
of the following problem:

uwe WyP(Q), g(z,u,Vu) e LY(Q)

/ a(x,u, Vu)VTi(u — @) dx + / g(x,u, Vu)Ti(u — ) dx
Q Q

< / fTi(u — @) dz, Vo € WP () N L®(Q) Vk > 0.
Q

(P)

Step (2) Approximate problem
Let us consider the sequence of approximate problem

u, € WyP(Q)

a(x, U, Vg, )V (u, —v) dx +/ In (T, U, Vug ) (uy, — v) dz

(Pn) Q Q

< / fn(un, —v) dz
Q
Vo e Wy P(Q) N Le(Q)
where
g9(z,5,§)

gA%&Q:fIgR;;a'
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Note that |g, (2, s,8)| < |g(x, s,&)] et |gn(z,s,£)| < n, then for fixed n € IN,
the approximate problem (P,) has at least one solution.*

Lemma 2.2. Let u,, be a solution of the problem (P,), then we have

(f |Vun|P)% <e (10)

where ¢ 1s a positive constant not depending on n.

Proof. Let v = u, — ©(uy,) where ¢(t) = tedo! HEL ds (the function h ap-
pears in (Hs)). Since v € Wol’p(Q)) v is admissible test function in (P,),
then

/Q (& tn, Vi)V (p(n)) e+ /Q 90 (2 0y Vo) der < /Q folun) du

which implies that,

/a(x7un,Vun)Vung0’(un) dx < / b(|un|)y(x)|e(un)| dx
Q Q

+ / W) o )| Vit P i + / Fllp(un)] de

since ¢’ > 0, then
h(|uy, ,
/ V(o ) = 20D ) < B [ tuntate) + o [ 1fllua
Q « Q Q

. +oo h(lsl)
with ¢y = elo o ds

we deduce that

/Q|Vun|p§c</Q|Vun|p>;—|—c</Q|Vun|p>;. (1)

Consequently, since r < p we have

(/Q |wn|1’)’1’ < (12)

then, we can extracts a subsequence still denote by u,, such that,

and by using poincaré inequality and Lemma 2.1,

w, — u weakly in W, "*() (13)

un, — u strongly in LP() (14)
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N
this yields, by (3), the existence of a function h € H L” () such that
i=1
N
a(x, Un, Vuy) = h weakly in HL” Q). (15)

=1

Lemma 2.3. Let u,, be a solution of the problem (P,), then we have the
following assertions:
Assertion (i)

lim lim a(x, Uy, Vi, )V, de = 0. (16)

Jmoeon=00 Ji<iu, |<j+1}

Assertion (ii)

JIHEO nhjréO Q(a($7 Ty (Un)a VT (un)) - a(xv Ty (u), VT (u))) (17)

V(T (un) — Tk(w))hj(un) = 0.

Assertion (iit)

Ti(un) — Ti(u) strongly in WyP(Q) as n — oo. (18)

Proof assertion (i). Counsider the following function v = w, —
elo ! HED 4T (uy, — Tj(uy))F, for j > 1, then we obtain,

h(s)

h n Un
/ a(z, uy, Vun)VunMe.fo‘ B dspy (. — T ()
Q2 [
[ a(, n, Ve )VTs (= Ty(un)) elo ™ 57 4
g, Vi) T (= T ()

lun| h(s) s
felo™ “ sy (u,, — Ty(un))

IN

+

Q
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From the growth condition (H2), we have
/Qa(a:, Un, Vun)Vunwefo‘u”‘ o) BT (uy — Tj(un))t
/ a(®, U, Vi, )VT1 (uy, — Tj(uy)) e
< [ @lbtunels™™ " 4T, ~ 70
+ [ ) |Vun|”efo‘“"‘ T (e — T )

*/ |Flelo™ 5 ATy (uy, — T (un))*
Q

i ) g

. lunl h(s oo h(s)
which thanks to (5) and 1 < elo B ds < ofg et ds

= cp, gives:
+ f‘u"‘ LIC RPN
a(z, n, V) VT (un — Tj(un))"elo a
Q

< ¢ / (@)oY T (i — T () * + o / 1T (o — T )+

(19)
which implies that,
/ (2, tny Vitn) Vit < cof " ()| T 1ty — T (1))
{i<un<j+1} {lun|>j
o/ |FIT1 (un — Tj(un))*
(20)

we deduce that
/ 00, V)Vt < B [ Jun @I (0~ Ty ()
{i<un<j+1} Q

Uy, — U +
+ /Q 1T (. — T )

<as([ |un|P)% ([o@mium - 1)) v

+ [l T3 = Ty
Q
(21)
by using the inequality poincaré and (10) we get,

p—r

/{j<uﬂ<j+1} (s, Vi) Vit < ( /Q (4(2)| T (e — Tj(un))+|)p%) B
== + /Q ol FITi (un — T ()

(22)
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then, by Lebesgue’s theorem the right hand side goes to zero as n and j
tends to infinity.

Therefore, passing to the limit first in n, then in j, we obtain from (22)

lim lim a(x, Up, Vg, )Vu, de =0 (23)

Jmoe =00 J i <u, <j+1}

on the other hand, consider the test function v = u,+e~ Jorm! 2 dsy (up—
Tj(up))~ in (Py), then

/ a(x, Uy, Vu,)V (—e*-[o‘un‘ a dsTl(Un - Tj(”n))i) dx
Q
+/ 9n (T, U, Vuy,) (—6_1'0‘%‘ T (uy, — Tj(un))_) dx
< 7 f (—e_fo‘u"‘ = dSTl(un — Tj(un))_) dx

Q

which implies according to (H2) that,
h n Flund is)
/ a(a:,un, vun)vun¥€_ 10‘ | hg) dSTl(un — Tj(un))_ dx
? — [lunl 2a) g -
— [ a(z,un, Vuy)e  Jo - Tom UV (up — Tj(uy,))” da
_ [‘“n‘ h(s) ge _
< [ b(lunl)e™ o men BT (un = Tj(un))~y(2) da
j\un\ h(s) ds _ p

+ [ h(lun|)e” T (un — Tj(un))~ | Vu,|? dz
+ [ e o B ATy (wy, — T () .
Q

h(s)

. Jun | oy s .
From (5) and since 0 < e~ /o ds < 1 it is possible to conclude that,

/ a(x, un, Vuy,)e — ST (u, —Tj(un))” dx
‘/z)mn|T1 <n»-v@»dx+1lgfuuun—zxun»—dm

then,

lunl h(s) 4o

—/ a(z, up, V)V, e~ o™ = 45 dy
{—j—1<u,<-—j

< BlunlP ™ Ty (up — Tj(un)) ~y(x) da

+Amﬂwﬁnwm*m
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Consequently, we have

/ a(x, U, Vg ) Vg,
{—j—1<un<—j} -

=7 </{un<j} |un|”> </{%<j}(7($)T1 (un = Tj(“n)))ﬁ*)

+ / 1T (e — T ()™

(24)
since (up)nemn is bounded in LP(Q), we deduce by Lebesgue’s theorem that
the terms of the right-hand side of the last inequality goes to zero as n and
Jj tends to infinity. Then, (24) becomes

lim lim a(x, Up, Vi, )V, de = 0. (25)

J=e0 =00 JLj 1 <un<—j}

Finally, combining (23) and (25), we have

lim lim a(x, Uy, Vg )V, de = 0. (26)

Jo0 =00 J i <u,, |<j+1}

Proof of assertion (ii). We will use the following function of one real
variable, which is defined as follow:

1 if || <j
o if s|>j+1
hils) =0 41— sif j<s<j+l
s+j+1if —j—1<s<—].

(27)

Let v = u, — elo ! H ds (T (upn) — Ti(u)) T hj(uy) as test function in (P,),
we obtain
/ 0ty V)V (e 52 45 (T3 () — () () der
Q
[ gnlay i, Vun)eld (T ) = Tuw) ) do

< Zfefo“" EE A5 (T () — Th(w))hy () da
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using (5) and (Hz), we obtain
lunl h(s) o
/Qa(x7un,Vun)V(Tk(un)—Tk(u))"’efﬂ = h;(uy,) do
lun| h(s)
S/b(IunD’y(ﬂC)efO “o B (T(un) = Ti(w))* hy(un) da
+f<| |<j+1} a(aj,un’vun)vunefo‘""‘ E dS(Tk(Un) — Ti(u))* da
IS |un <7+

Junl h(s) g
+ [ fledo™ T (T () — Ti(w) T hy(un) da
Q
(28)
= ¢p < 400, which

. lun| h(s) +oo h( )
since h € LY(Q), we have efo " "o ds < el ds

implies that,
/ (2, U, Vit )V (T () — Ti(w))Telo ™ &% 4 (u,) da
< ol [ funl" (@) (Tuli) = )y ) da
+02/ a(x, U, Vg, ) Vg, dx—|—cl/ |f1(Tk(un)
{i<]unl<j+1} Q

~T(w))*hy(up) do
By the Holder’s inequality, we have,

/ (2, s V)V (T (1) — To(w)) " el8™ 22 dsp () d
Q

p—r

<o [lur dx)% ([ 0@ Ttun) = i) hy ) o)
+co

a(x, U, Vg )Vu, de

J<|un |<j+1}
A 1T (un) — Ti(w) " hj(un) da

applying again (16) and Lebesgue’s theorem the terms of the right hand
side of last inequality goes to zero as n and j tend to infinity, then,

lim lim [ a(@, e, Vo)V (Te(un) — Ti(w))tels™ “6 @ h; (u,) do = 0.
J—0o0 n—oo Q
(29)

Moreover, (29) becomes,
/ (e, Ti(un), VT ()) V(T () — Ti(w)
{T (un)—Tk (u)20}

/‘\un\ h(s) dsh ( )d{,C

—/ a(x, un, Vun)VTk(u)efO‘un‘ En “h(uy,) da
{Tn (wn) =Ty () 20, |un | >k}
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which gives

lim lim a(x, T, (up), VI (un)) (VT (un) — VTi(0))
J—oo nﬂofu ‘{’{;(c()un)ka(u)ZO}
el = hi(u,) de = 0.

h(s)

. un | .
Since elo ds > 1, the consequently we can write ,

lim lim [a(x, Tk (un), VIk(uy)) — a(x, Tk (un), VI (w))]
I 0000 I T (un ) =T (u) >0}
X [VTg(un) — VI (u)hj(u,) de =0
(30)
on the other hand, taking

V=1, + e fo‘un‘ O dS(Tk(un) — Tk(u))_hj (Un)

as test function in (P,) and reasoning as in (30) it is possible to conclude
that,

lim lim [a(z, T (un), VT (un)) — alz, Ti(uy), VI (u))]
J7o0 0 STy (un) — Ti (u) <O}
X [VTg(un) — VI (u)hj(u,) de =0
(31)
Combining (30) and (31), we deduce (17).
Proof of assertion (iii). First we have

/Q[a(a:,Tk(un), VTi(un)) — a(z, Ty (upn), VI (w)][VTk(un) — VIk(u)] do

= [ ol Tulan). VT ) = ale. Tufua). VT3 (w)
X[VTk(un) — VT (u)]h;(un) da
+ [ fa(o. Ti(0,), VTi(0) = (o i), VTi0)
X [VTk(un) = VTk(u)](1 = hj(un)) da
thanks to (17) the first integral of the right hand side converges to zero as

n and j tend to infinity, for the second term, we have for j large enough
(7 >F)

/Q (alie, Ti(tn), VT () — (e, Te(tn), VT ()]
X [V T4 (tn) — VT ()] (1 — hj(un)) dz
= /Qa(x7Tk(un),VTk(u))VTk(u)(l — hj(uy)) dx
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this integral converges to zero since a(z,Ty(uy), VI(u)) converges to
a(z, Ty (u), VT (u)) strongly in (L (Q))N while VT (u)(1 — hj(un)) con-
verges to zero strongly in (LP(Q))V.

Finally, we conclude that

lim [a(x, Tk (un), VI (un))—a(x, T (un), VI (w)][VTk(un)—VTi(u)] =0

T Ja
then Lemma 5 of,® implies that,
Ti(un) — Ti(u) strongly in W, P (). (32)
And
Vu, — Vu a.e.in Q.
Lemma 2.4. Let be u, a solution of (Py,), then

Gn (T, Up, Vuy) — g(z,u, Vu) strongly in L'(Q) (33)

0
Proof. Let v = u,, + e Jor! HED ds/ h(|s])X {s<—n} ds as test function
Un

in (P,), then

0
/ a(x’un’Vun)v (_e_.fo nl w ds/ h(|5|)X{s<—h} d8>
Q Unp

0
_ plunl mdsD g
- /Q (st Vi ) I L @ / h(s)X sy ds

et e g [ -
< Q|f|e o T h(s))X{s<—ny ds

which implies that,

h(|un|) —

[lunl s g 0
a(x, U, Vg, )V, e Jo o h(|s)X{s<—ny ds
Q Up

+ ~/Q a’(xa Un, vun)vun‘?7fo‘un‘ w dsh(|un|)X{un<—h} dx

0
_ plenl hQsh gg
< /Q b(Jun () S8 2 4 / B(Is)X (e n ds

Un, 0
_ plunl hUsD g
D P [l s

n

0
_ flunl alsD g,
+ / [l ot e / B(1s)X (e n ds
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0 —h
using (5) and since / h(Is))X{s<=n} ds < / h(]s|) ds, we get

_ /‘\“n\ h(ls]) ds
(@, up, Vi )Vune™ 10 e Ch(|un|) X {u, <—ny dx
Q
—h

—h
nl 1 h d h dsd
gc/ﬂ|:| 9@ [ nlisydse [ 101 [ nls) ds de

— 00

< ngshas( [ i as

+/ |7~ Ly () da:+c/ 1] dx)
h ‘un‘fl Q

<e / W) ds (IVunlly” + ¢ + 1fll10)
e
<c h(|s|) ds

— 00
using again (5), we obtain
—h

| v <e [ sl ds
{un<—h} —00
and since h € L'(IR), we deduce that,
lim sup h(|un|)|Vun|P dz =0 (34)

h—+o00 ne v {un<—h}

Un
. lun| h(lsD) L
consider v = u, — elo"" "4 ds/ h(|s])X{s<—n} ds as test function in
0

(Py,), then similarly to (34), we deduce that

lim sup h(Jun])|Vu, [P de =0 (35)
h—+oco nelN {un>h}
assuming (34) and (35) we obtain
lim sup h(Jun]) | Vu,|P de = 0. (36)
h—=+c0 neN J{|u,|>h}
On the other hand, we have

/ b(lunl)y(@)] do < / w7~y (@)] de
{un>h} {un>h}

: (/Q lu”|p>; </{un>h} ly(x)lpi)pp

1

<c ( /{ - Iv(w)l”>
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then, we conclude that

i _sup [ b(ual)r(z)] dz =0 (37)
h—+o00 nelN JQ

Combining (36), (37) and Vitali’s theorem, we conclude (33)

Proof of the theorem. Let ¢ € Wy (Q) N L>®(Q) and take v = u, +

Tk (u, — ) as test function in (P,), we get

/ a(x, Un, Vi ) VT (uy, — @) da +/ In (T, U, V) Ti(un — @) dz
Q Q (38)
S / ka(un - (p) dr.
Q

Finally, from (18) and (33), we can pass to the limit in (38), this completes
the proof of the theorem.
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On the principle eigencurve of a coupled system

A. El Khalil

Department of Mathematics, College of Sciences
Al-Imam Muhammad Ibn Saud Islamic
University P.O. Box 90950, Riyadh 11623, Saudi Arabia
E-mail: alakhalil@imamu.edu.sa

We prove that for any A € IR, there is a sequence of eigencurves (uy(\))g for
the nonlinear coupled elliptic system

—Apu = Aa(z)|u|* | FH w4 plu|* |y in Q
—Agv = Aa(x)ul* TP~ o + plu|* T v]f~ 1y in Q
(u,v) € Wy (Q) x Wy?(9),

by using min-max methods. We prove also via an homogeneity type condition
that the eigenvector corresponding to the principal p1(\) is bounded, positive
and smooth. We end this work by proving that w1 () is simple.

Keywords: Quasilinear system; p-Laplacian operator; Principal eigencurve.

1. Introduction

Let Q be a bounded domain in IR not necessary regular; N > 1, p >
1, ¢ > 1, and«a, 8 > 0 satisfying the homogeneity assumption:
a+1 1
I
p q
and a(z) € L*(Q)\{0} be an indefinite weight function which can change

the sign. Here, A and p are tow parameter eigenvalues. We consider the
following nonlinear elliptic system

L, (H)

—Apu = Aa(x)u|* Py + plul* [P+ y in Q
Spa(N) { =Agu = Aa(@)|ulo o]0 + pfulo o]y in ©
(u,v) € Wy P(Q) x Wy ().
Problems where the operator —A,, is present arise both from pure and

applied mathematics. Like in the theory of quasiregular and quasiconformal
mapping, as well as from a variety of applications, e.g. Non-Newtonian
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fluids, reaction diffusion problems, flow through porous media. Nonlinear
elasticity, glaciology, petroleum extraction, astronomy,. .. etc.
Many frameworks have been dealing with the corresponding equation

—Apu = Nu[""tu

one can cite for example ANANE,! BINDING,?> THELIN et al.,” THELIN;S
and in the particular case p = ~ there are many works, we cite EL
KHALIL et al..,” FLECKINGER et al.,'® HESS et al.,'! KaT0,'? LINDQVIST,!3
RICHARDSON,'. . etc.

In the system case, we find the work of De Thélin (cf. THELIN®) where
A = 0 with Q is regular bounded domain; also El Khalil, Ouanan and
Touzani studied the stability with respect to the rheological exponent p
and ¢ of the first eigenvalue see [11], Chabrowski CHABROWSKI® considers
particular case with A = 0 introducing two perturbation functions in the
right hand side of the system; and Flekinger and coauthors studied this
problem in FLECKINGER et al.!® with u is some function on z satisfying
some large hypothesis with Q = RY.

In our work, we investigate the situation improving the existence at least
a sequence of the eigencurves (eigenpair (A, p(A)) for any bounded domain
by using the Ljusternik-Schnirelman theory on C'-manifolds cf. SZULKIN.'6
So we give a new characterization of the principal eigencurve and also we
find some result about the associated eigenvector when A is in a suitable
range of IR depending of A; = u1(0) and the weight function a(z).

The rest of this paper is organized as follows. In section 2 we intro-
duce some definitions and prove some technical preliminary, in section 3
we prove that the principal eigencurve is well defined and there exist at
least a sequence of the eigencurve, finally we prove some result about the
eigenvector associated of p1(A) when A is in a suitable range.

2. Preliminaries
2.1. Functional framework

In the sequel, we shall use the standard notations.
WP () is the completion of C§°(€2) in the space W12 (Q). In the other
words,
Wy P(Q) = {u€ WHP(Q) | u,, =0}
the value of u on 2 being understood in the trace sense.
It is well known that (VVO1 P(Q), ||V.||p) is separable, reflexive and uni-
formly convex, for 0 < p < 4oc0.
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The corresponding dual space will be denoted by Ww-Lr (), where
+o =1
Remark that for each u € WOI’p(Q)7 Vu e (LP(Q))N and |Vul[P~2Vu €

1
p

, N
(LP (Q)) . So, the operator p-Laplacian —A, may be seen acting from
W, P (92) into its dual by
(—Apu,w) = / | Vu [P~2 VuVw, for u,w € Wy*(Q).
Q
It’s well know (see e.g. EL KHALIL et al.?) that the inverse of the principal
eigenvalue of p-Laplacian is the best constant in the Poincaré’s inequality
1,
[ull, < el Vullp, Yue WP (Q).

we can see also that A, is the unique duality mapping corresponding
to the normalization numerical function f(t) = t*~! with respect to the
norm ||V.||,. Consequently the p-Laplacian is an homeomorphism between
WP () and W17 (Q), with inverse is monotone; bounded and continu-
ous.

2.2. Definitions

In this article, all solutions are weak ones, i.e, (u,v) € Wy (Q) x W, 4(Q)
is a solution of Sj 4(\) if for all (¢,9) € C§°(R) x CF° (),

Jo IVulP=2VuVeé = X [, a(@)|ul*~H ol ug + p fq [ul]*H |+ ud

Jo IVol72Vove = A [ a(@)ul* ol o + p g [ul*TH ol oy

In order to study the eigenvalue problem S, 4(\), we introduce some func-

tional.
For (u,v) € Wy () x WOM(Q) A € IR, we consider

1
Afwo) =L / wupp + 21 /|v T / ()] o] 41

Blu,v) = /Q o+ ]

We set
A4:{mm)ewyunxwﬁ%QVBmwy:@
and

pwi(A) = inf {A(u,v)/(u,v) € M}, (2.1)
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and for k € IN*
Ty ={ACM: A is symmetric, compact, y(4) = k},

where (A) is the genus of A, i.e, the smallest integer k such that there
exists an odd continuous map from A to IRF\{0}, see RABINOWITZ'® and
SzULKIN'® for details of genus.

Definition 2.1. T is said to be in the (S4) class, if for any sequence uy,

weakly convergent in X to u and limsup < Tuy,,u, —u >< 0, it follows
n—-+o0o

that u,, — ustrongly inX.

Definition 2.2. The principal eigencurve of S, 4(A) is the graph of the
numerical function p; : A — p1(A) from R into IR.

2.3. Auxiliary lemmas

Now, we establish the following lemmas that we need in the proof of The-
orem 3.1.

Lemma 2.1. For all A € IR, we have

(i) M is a closed C*-manifold.
(ii) A and B are two even functionals and C*-differentiable in WyP () x
Wy ().
(iii) A is bounded from below in M.

Proof. Recall the following statements:

(i) B is submersion C'-differentiable and B’(u,v) # 0 V(u,v) € M (be-
cause (B'(u,v), (u,v)) =a+ 3+ 2 #0).

(ii) It is obviously.
(iii) By Holder’s inequality we have for all (u,v) € M

1 1
Afuv) =L /|v py Bl /|v . /<x>|u|0‘+1|v|ﬂ+1
1
o / wuﬁi / 190} — |Allla]l oo B(u, v)
p Q q Q

+1 +1
> / Vupp + 211 / V0]? — [Allalloo
p Q q Q
> A1 = [Allallso, (2.2)

Y

where A1 = p1(0). Thus A is bounded from below. [ ]



47

Lemma 2.2. For all A € IR we have

i) B’ is completely continuous in WP () x Wy (Q) and B is continuous
for the weakly convergence.

ii) A" maps the bounded sets in the bounded sets.

i) If (tn,vn) — (u,v) weakly in WyP(Q) x Wy (Q) and A'(un,v,)
converges strongly in (W3 P(Q) x Wyl(Q))', then (un,v,) — (u,v)
strongly in W, P(Q) x Wye(€).

iv) The restriction of A to M satisfies the Palais-Smale condition i.e,
for (up,vn) € M if A(up,vy) is bounded and

(A),) (tn, ) — 0. (2.3)
Then (tn, vy) has strong convergent subsequence in Wy (Q) x Wy 9(Q).

Here (W, P(Q0) x Wy U(Q)) is the dual space of Wy P (Q) x Wy4(Q) with
respect to the standard product norm.

Proof. i) and i7) are obviously.
ii1) Let (tn, vy) — (u,v) weakly in Wy (Q) x Wy 9(Q). and A’ (uy, v,) con-
verges strongly in (W, * () x W, 4(Q)). Thus 94 (up, vy) (resp. 22 (up, vy))
converges strongly in W =12 () (resp.W =14 (Q)).
On the other hand we have
< —Apln, Up — U >= a+_1 < g—ﬁ(un,vn),un —u >
+A < alun [T o, [P uy — u >
and
< —=AgUp, Uy —V >= ﬁ < %—f(un,vn),vn —v >
+A < alun Mo, [P o, v — v >

By passing to the limit we have

limsup < —Aptp, u, —u >< 0 and limsup < —Agvy,, v, —v ><0.

n—-+oo n—-+4o0o
Since p-Laplacian and g-Laplacian satisfy the condition (S*) we conclude
that
(um vn) - (u, 1))
strongly in W, ?(Q) x Wy '%(Q) as n — +o0.
iv) From (2.3) we have
< A (Un,vn), (Un,vy) >
oa+B+2

and thanks to (2.2) we have the boundness of {(un,vy)},, in M.
Therefore, there is a subsequence of (uy,, v,,) still denoted (uy,,v,,), weakly

A (U, vp) — B'(up,v,) — 0 as n — +o00, (2.4)
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convergent in Wy (Q) x Wy4(€2). Moreover, by i) we have B'(un,v,) —
B'(u,v) strongly and B(u,v) = 1 (because B(uy,v,) = 1) , then (u,v) €
M; and by ii) we have (A" (up, vy ))n is bounded.

This and (2.4) implies that A’(u,,v,) converges strongly in (W, (Q) x
W, (). Finally, by iii), we conclude that (u,,v,) — (u,v) strongly in
Wy P () x Wy9(Q). n

3. Main results

Theorem 3.1. For any A € IR and any integer k € IN*,

pr(A) = Alél& (ﬂf)ié(AA(u,U) (3.1)
is critical value of A(u,v) in M. More precisely, there exist (ug(A\),ve(N)) €
M, uk(X) € R such that,

Alur (V) vk (V) = pw(A).-

With (ur(X),vi (X)) is the eigenfunction of Spq(X) for the eigenpair eigen-
value (A, pk(N)).

Proof. From SzULKIN'® and using Lemma 2.1 and Lemma 2.2 we need
only to prove that for all k in IN* Ty, # 0.

Indeed, W, P(Q) x W,'%(Q) is separable, thus for all k € IN* there exist
e1,€, ..., ex k functions of Wy *(Q) x W %(2) linearly dense in W, "*(£2) x
Wol’q(Q)7 where e; = (eq,,e;,) with suppe; N suppe; = O for all i # j and
B(el) =1.

Denote Fj, = span(ei, e, ....,ex) is subspace of WyP(Q) x Wy9(Q) and
dimFy, = k; then if v € F}, there exist t1,to,...., t; real numbers such that
v = Xi=Ft;e; thus B(v) = X8 |t;|2T6+2,

Therefore the map v € Fj, — B(v)=+5+2 is a norm in Fj,.

Let ||(.,.)|lp.q the norm in Wy?(Q) x Wy'?(€2); hence, there is ¢ > 0 such
that for all v € Fj, we have

1 1
cllvllp,g < Bv)a7772 < EHU”P,Q'
This implies that the set
V=Fn {(u, v) € WEP(Q) x WEI(Q)/B(u,v) < 1} £0

is a bounded neighborhood symmetric of (0,0) € Fj. Thus by (f) of Prop.
2.3 of SZULKIN,'® v (F;, N M) = k then Ty, # 0. [ ]
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Corollary 3.1. For all A € IR we have

Proof. W, "*(€) x Wy9(Q) is separable, hence we can have bi-orthogonal
system (eg,eX), such that e, € WyP(Q) x Wy%(Q), et € (WyP(Q) x

Wy %)) with (eg)x is linearly dense in WyP(€2) x Wy4(Q); and e} are
total in (W, ?(Q) x Wy'?(2))', see e.g SZULKIN.'S Set for k € IN*,

1 )
Fy, = span(ey,ea, ... er), Fi = span(ext1, €pt2, €kts .- .);

Therefore, by (g) of proposition 2.3 in SZULKIN,'® for all A € I'y we have
ANFE | #0VEk > n hence

my = inf sup A(u,v) — 400 as n — +0o (3.2)
€Tk AnFL |

indeed, if not, for k large enough, there is (ug,vy) € Fj-, such that
B(ug,vr) =1 and

my < A(ug, ve) < m,

for some constant m independent of k. Thus
B+1 o

Atwo) = 2 [ 190+ 22 [ 1900023 [ a1 < m,
qa Jo Q

This implies

a+1 +1
[ 19+ 2 [ 9ot <t Al

Hence (uk,vk) is bounded in Wol’p(Q) x Wy 4(Q). Since (ex,eX) =0 Vk >n
and by the Sobolev’s imbedding we have (ug,vr) — (0,0)asn — +oo,
strongly in LP(Q2) x L9(f2). This is a contradiction, because B(uy, vx) = 1.
Since pk(N\) > my so we conclude by (3.2) that

Corollary 3.2. For all A fized in IR p11(\) given by (2.1) is the smallest
eigenvalue of Spq(X) and there exists (u,v) € M a solution of Spq(N)
associated for (A, p1(A)).

Proof. Let (u,v) € M and B = {(u,v), (—u,—v)} therefore v(B) = 1
and B € T'y. Since A is even then py()\) < inf(, yen A(u,v), the reverse
inequality is obvious. ]
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Lemma 3.1.

i) If (u,v) is a solution of (Spq(N)) then (u,v) € L*=°(2) x L>®(Q).

it) For all A € IR let (u,v) be an eigenvector associated of p1(A) such that
u>0, v>0and B(u,v) =1 then:u > 0,v >0 and (u,v) € Cllog( ) %
Cod ().

loc

Proof. i) deduced from the results of THELIN.S

i1) Let (u, v) be a solution of (Sp,4(A)) associated of (A, (A)). Thus (Jul, [v])

is also a solution of (2.1). Indeed, A(|ul, |v]) < A(u,v) and B(Jul, |v]) = 1.

Hence, we can suppose that u > 0 and v > 0, on the other hand by (i) and

Strong Maximum Principle of Vazquez!'” we confirm that u > 0,v > 0.

The results of regularity follow from (i) and local regularity of Dibinedetto.?
|

Now, let

—2
(w,0) = [ 1VaP+-1) | |v¢|p<'“') p [ 1vor-2ova (")

for all (u,¢) € (WOLP(Q)) with ¢ > 0 in Q.

Lemma 3.2. For all (u, ¢) € (W3 P(Q)NC(Q))? with ¢ > 0 in Q, we have
I'p(u,¢) >0 and if T'p(u, ¢) = 0 there is ¢ € IR such that u = c.

Proof. By Young’s inequality, we have for € > 0,

VulVelr-2verlel = < Vul[Voir 1( )p-t

< S|VulP + 25 |¢|”IV¢I (3.3)
For ¢ = 1 we have by integration over (2,
p [ [wor2vovaGyt < [ [wups -1 [ (5P
o ¢
thus
I'p(u,¢) > 0.

On the other hand, if T'y(u, ¢) = 0 by (3.3), we obtain

b [ 19op-vovu i "u ) [1vup - -1) [ 14pver =0 (.
Q @

and

/ {wwwp R >—1}dx:o. (3.5)
Q ol 0]
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By (3.4) we find |Vu| = \¢V¢| thus from (3.5), it follows that Vu = eV,
where |e| = 1. Hence I'(u, ¢) = 0 implies e = 1 and V(%) = 0. Therefore,
there is ¢ € IR such that u = c¢. [ |

Theorem 3.2. For all X € [2”a” ) m] if (w(N),v(N)) is the eigenvec-
tor corresponding to pi(N)satisfying B(u,v) = 1, u > 0, v > 0 then (u,v)
1S UNIQUE.

Proof. Let (u,v), (¢,1) be two positive eigenvectors associated with g1 ()
therefore,

—Apu = Xa(@)ul* ol P plul ol (a)
—Agv = Xa(@)ul* oo+ plul* ol (b)
and
{ —App = Xa(2)|¢]* P b+ plg| P (c)
—Agt = Aa(2) || [P + g v . (d)
For any € > 0, let
uP v
Pe(u, ¢) = Gt Ye(v,9) = Wrait

Hence, multiplying (a) by u and (c¢) by ¢.(u, ¢), integrating by parts over
), and taking the difference, we obtain

rg(u,¢>::/Q<Aa<x>+—ﬂ1n¢4a+wuﬂﬁ+lng|a+ltg|ﬁ+l-—|§

multiplying (b) by v and (d) by ¥.(v, ), integrating by parts over Q and
taking the difference, we obtain

’l,  (3.6)

u v v
Ly(v,¢) = / (Aa(z) +/utl)lﬁbl‘”l|¢|ﬁ+1[l—|a“|—|ﬁ+1 == (3.7)
0 (4 (0
So, multiplying (3.6) by 2L and (3.7) by ﬁ“ , we have
a+1 B+1

Lp(u, ¢)+——T4(v w):/(Aa(ar)+u1)l¢la“lwlﬂ“[l Ia“l o+
q Q

_a+1|g| ﬁ—i—l'_']
p ¢

By Young’s inequality we have

(3.8)

LT N R T T
p ¢

il
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According to Lemma 3.2 and (3.8), we have by using |A| <

2||a||

OSO‘;le( ¢)+%F( ) <.

Hence

Ip(u, ¢) = Ty(v, ) = 0.

This and Lemma 3.2 imply that ¢ = tu and ¥ = t'v. Then by using the
normalization B(u,v) = 1 we conclude that u = ¢, v = 1. [ |
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In this paper we consider the solvability of nonlinear parabolic differential equa-
tions with discontinuous nonlinearities, subjected to nonlocal conditions. We
are concerned with the existence of solutions. Our technique is based on the
Green’s function for linear parabolic partial differential equations, the maxi-
mum principle, fixed point theorems for multivalued maps and the method of
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1. Introduction

Let © be an open bounded domain in RY, N > 2, with a smooth boundary
0. Let T be a positive real number, D = Q x (0,7] and I" = 092 x [0, T7.
Given continuous functions ¢,3; :  — R, ¢ = 1,2,...,m and numbers
ti, i =1,2,...,min (0,T) with 0 < t; < ... < t,, < T, we are concerned
with the existence of solutions of the following parabolic problem with a
multivalued right-hand side and nonlocal conditions

Dyu+ Lu € F(x,t,u) (z,t) € D, (1)

u(z,t) =0 (z,t) €T, (2)

u(z,0) + Zﬁi(x)U(%ti) =¢(z) veQ, 3)
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where L is a strongly elliptic operator given by

N
Lu=— Z a;j(z,t)D; Dju + c(x, t)u.
ij=1

Parabolic problems with discontinuous nonlinearities arise in the de-
scription of many phenomena in the applied sciences. We can mention,

for instance, chemical reactor theory,'® porous medium combustion,!?,!4

10 18

best response dynamics arising in game theory, . Parabolic problems

with discontinuous nonlinearities have been albo investigated in the pa-

pers,8 873031 33 The importance of nonlocal conditions and their appli-

cations in different field has been discussed in,?,%,!2 . Several papers have
dealt with parabolic problems with continuous nonlinearities and nonlocal
conditions. See for instance,2?,2!,25,26 34 35

In this paper we consider a nonlocal problem for a class of nonlinear
parabolic equations with a multivalued right hand side. We shall convert
problem (1), (2), (3), to an integral inclusion using the properties of the
Green’s function corresponding to the linear problem. We, then, provide
sufficient conditions on the data that will enable us to obtain at least one
solution. Our approach is based on fixed point theorems for suitable multi-
valued operators and the method of lower and upper solutions.

The outline of the paper is as follows. In section 2 we introduce notations
and function spaces which will be used in the paper. In section 3, we shall
study the linear nonhomogeneous problem and the properties of the Green’s
function. In section 4 we recall the main properties of multivalued maps.

We state and prove our main results in section 5.

2. Preliminaries

In this section we introduce some notations and function spaces. Let €2 be
an open bounded domain in R, N > 2, with a smooth boundary 9. Let
T be a positive real number, D = Q x (0,T) and I' = 99 x [0,T]. Then
I' is smooth and any point on I' satisfies the inside (and outside) strong
sphere property, see;1% i.e. for any (xg,t9) € I there is a closed ball B C
(and a closed ball B outside Q) such that I' N (B x [0,T]) = {(zo,t0)},
(and T'N (E X [O,T]) = {(z0,%0)}). For v : D — R we denote its partial
derivatives (when they exists) by Dyu = du/0t, Diu = 0u/0z;, D;Dju =
0*u/dx;0x;, i,5=1,...,N.

C(D) denotes the Banach space of continuous functions u : D — R

)
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endowed with the norm
luly = sup{|u(z,t)[; (z,t) € D}.

We say that u € C*Y(D) if u, Dju, D;Dju and Dyu exist and are
continuous on D. In fact, we can write

C*1(D) = {u € C(D); u(.,t) € C*(Q),t € (0,T), u(x,.) € C*(0,T),z € Q}.
u € C(D) is called Holder continuous of order v € (0, 1] if
u(z, t) — u(&,7)|
(le = €l* + 1t = 7I°)

In this case we write u € C%(D) and we define its norm by

H, (u) = sup{ 73’ (x,t),(¢,7) € D} < 4o0.

luly, = [ulg + Ha (u) .

If « = 1, u is called Lipschitz continuous and we write u € Lip(D). Note
that the natural injection ¢ : C*(D) — C(D) is continuous. We say that
that C*(D) is continuously embedded in C(D), and we write C*(D) —
C(D).

Also, u € C*r1+e(D) if u(.,t) € C*T*(Q) for all t € (0,7) and
u(z,.) € C(0,T) for all z € Q. For u € C?*T*1T9(D) we define its
norm by

N N
(Ulyyaira = lUlo + Y [Diul, + Y |DiDjul,, + [Dyul, .

i=1 i,j=1

We say that 09 is in the class C** ¢ € N, a € [0,1) if in a neigh-
borhood of each point of 9€2 there is a local reprentation of 92 having the
form x; = 191'(331, RN o B TN 17 ST I ,xN) with ¢; € Clte,

Also, for 1 < p < 400, we say that u : D — R is in LP (D) if u is
measurable and [}, [u(z,t)|” dzdt < +oo, in which case we define its norm

by
1/p
ful . = (/ |u(a:,t)|pdxdt> .
D

3. Linear nonhomogeneous problem
In this section we consider the linear nonhomogeneous problem

Dyu+ Lu = f(x,t), (z,t) € D, (4)

u(z,t) =0, (z,t) €T, (5)
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with the following nonlocal initial condition
u(@,0)+ Y Bi(@)ulz,t;) = ¢(x), ze. (6)

We shall assume throughout this paper that the function ¢ : Q@ — R
is continuous and the functions a;j,c : D — R are Holder continuous,
a;; = aj; and moreover there exist positive numbers Ao, A1 such that

N
XollEl* < D7 ai(@, )6 < M ||€l°, V6 € RY and V (x,1) € D.
i,j=1
The classical problem, i.e.when 3; =0 for all i = 1,2, ...,m , is well known
and completely solved (see the books,!6,222428 ) Problem (4), (5), (6)
has been investigated by several authors (see for instance,?,2! 3% and the
references therein). The following version of the maximum principle can be

found in,”,?8 .

Lemma 3.1. Let u € C%1(D)NC(D). Assume that c(z,t) > co >0 on D
and Bi(x) <0 on Q with =1 <>, Bi(z) <0 on Q. If Dyu+ Lu >0 in
D, u(z,t) >0 onT, u(z,0)+> 1", Bi(z)u(z,t;) > 0 on Q. Thenu(z,t) >0
on D. Moreover, either u(z,t) =0V (z,t) € D, or u(z,t) >0 on D.

Proof. Suppose there exists (1,7) € D such that u(n,7) < 0. It follows
from the continuity of v that u achieves a negative minimum at some point
(z0,t0) € D. By the strong maximum principle (see!®)
(x0,%t0) € T or (x0,t0) = (20,0) with ¢ € Q. From the above assumptions
we see that ming u (z,t) = u(z0,0) < 0. Hence, if 1 + >, Bi(xo) > 0,

Ogu(aco,O)—i—Zﬁi(xo) (w0, ti) < u(z0,0 <1+Zﬁl (20) )

=1

we have either

which is a contradiction.
In case 1 + Y_I", Bi(xzo) = 0 we let u(wo,ty) = minf{u (xo,t;); @ =
1,2,...,m}. Then

m

u(zo,0) — u(zo, tx) = u(xo,0) + u(zo, te) Y _ Bi(xo)
=1

u(xo,0 +Zﬁz$0 u (zo,t;) > 0.

This last inequality shows that u takes on a negative minimum at
(x0,tx) € D, which is not possible. This completes the proof of the Lemma.
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One of the important features of the linear problem is the integral
reprentation of solutions.
The homogeneous problem

Dyu+ Lu =0, (z,t) € D

u(z,t) =0, (x,t) el

u(z,0) + Z Bi(x)u(z,t;)) =0, z€Q

has a only the trivial solution, provided that —1 < >, ;(z) <

There exists a unique function, G(z, t;y, s), called the Green’s functlon
corresponding to the linear homogeneous problem. This function satisfies
the following (,16,2228),

() DIG+LG=456(t—s)0(x—y), s<t, z,y€N

(ii) G(z,t;y,8) =0, s>t, z,y€eN

(iii) G(z, t;y,s) = G(z,t;y,8) =0, s<t, z,yec o,

(iv) G(x,t;y,s) > 0 for (x,t) € D

(v) G, D:G, D;G, D;D;G are continuous functions of (z,t), (y,s) €
D, t—s5>0,

2

(vi) |G(=, t;y,5)] < C(t— 3)7N/2 exp <M) , for some posi-

tive constants C, a.

Lemma 3.2. Assume that the function f is Hdlder continuous and
S 1Bi(x)| < 1. Then, Problems (4), (5), (6) has a unique strong so-
lution, i.e. a solution u € C%1 (D) N C (D).

Proof. Consider the following representation (,°,1628),

ula, 1) = /Q G, t;4,0) u (y,0) dy + / /Q G(z,t:y.5) f (y.8)dyds (7)

for (x,t) € D, where u (y,0) has to be determined. Using condition (6) we
see that u(x,0) is a solution of the following Fredholm integral equation of
the second kind

u(z, O)+ZZ 1@ fQ z,ti;y,0) u(y,0)dy =

z 161 fO fQ z ti;yas) f(y75) dde—FgZS(J?)
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The condition Y., |;(z)| < 1 implies that Eq. (8) with f =0 and ¢ =0
has only the trivial solution. Hence there exists a unique solution u(.,0) of
(8). Consequently (7) gives the unique solution of (4), (5), (6).

From the above discussion we see that for each v € C'(Q) the problem (4),
(5) and

u(z,0) = v(x) 9)

has a unique solution u € C?*! (D) N C(D), which we denote by u(z,t;v)
and has the following representation

U(m,t;v)=/0 /QG(’I,t;y,S) f(y,S)dydsﬂL/QG(m,t;y,O)v(y)dy

for (x,t) € D.

It is clear from the above representation that the functions ©
and 1) defined respectively by ¢(z,t) = fo Jo Gz, t;y,s)  dyds
and ¥ (z,t) fQ x,t;y,0)dy are continuous on D. Let KO =

SUD (5 ) fo fQ (x,t;y,s) dyds.

Following?® we define an operator
T:C(Q)—C(Q),
by
Yo (z) =— Z Gi(x)u(z, ti;v) + ¢ (x). (10)
i=1

Lemma 3.3. Assume mazzeo{d i |8i(z)| [, G(z,ti;y,0)dy} < 1. Then
T is a Lipschitz operator.

Proof. Let vi,v2 € C () and let wui(x,t;v1) and us(z, t;v2) be the
corresponding solutions of (4), (5), (9) respectively.

m

(Y1) (2, t) = (Tvg)(x Zﬁl u(z,ti;v) =) Bilz)ulz, tisv)].

=1

It follows from (7) that

(Yvy)(z,t) — (Tvo)(x,t) =

> i) /Q (2, ti39,0) [01 () — va(y)]dy.
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Thus
|(Tvr) (2, t) — (Yv2)(,t)]
<3 Bi@)| / G, i3, 0)] dy} [[or — vl
i=1 Q2
Therefore

1(Yv1) = (Yv2)llg < mazzeald  |Bi(@)] /Q |G(z,t:;9,0)| dy} [[vr — vzl -
i=1
Consequently, T has a unique fixed point vy € C (), and u = u(z, t; vg) is
the unique solution of (4), (5), (6).

4. Multivalued functions

In this section we introduce some useful definitions and properties from
set-valued analysis. For complete details on multivalued maps we refer the
interested reader to the books,!, 2,11 and.!?

Let (X,|.|y) and (Y,]|-|y) be Banach spaces. The domain of a multival-
ued map R : X — 2V is the set dom®R = {z € X; R(z) # 0}. R is convex
(closed) valued if R(z) is convex (closed) for each z € X. R is bounded on
bounded sets if R (A) = U,eaR (2) is bounded in Y for all bounded subsets
A C X (ie. sup,e o {sup{ly|;y € R(2)}} < 00). R is called upper semicon-
tinuous (usc) on X if for each z € X the set R(z) is nonempty, closed in
Y, and for each open subset B of Y containing R(z), there exists an open
neighborhood A of z in X such that R(A) C B. In terms of sequences, R is
usc if for each sequence (z,,) C X, 2z, — 20, and B a closed subset of Y such
that R(z,) N B # 0 then R(z9) N B # 0. The set-valued map R is called
completely continuous if $(A) is relatively compact in Y for every bounded
subset A of X. If R is completely continuous with nonempty compact val-
ues, then R is usc if and only if R has a closed graph (i.e. z,, — 2z, w, — w,
wp, € R(zn) = w € N(2)).

R is called lower semicontinuous (Isc) on X if R~ (B) is open in X
whenever B is open in Y, or {z € X;R(z) C B} is closed in X whenever
B is closed in Y. It can be shown that R is Isc if and only if dy (y, R(.)) is
usc for every y € Y.

When X C Y then R has a fixed point if there exists z € X such z €
R(z). When D € X = RV*! and Y = R the multivalued map R : D — 2%
with closed values is called measurable if for every » € R, the function
v — dist(s, R(v)) = inf{|s>c — 2] ; 2 € R(v)} is measurable.



61

Definition 4.1. A multivalued map F : D x R — 2%\ is called an L*—
Carathéodory multifunction if

(i) (x,t) — F(z,t,u) is measurable for each u € R,

(ii) w +— F(z,t,u) is upper semicontinuous for almost all (z,t) € D,

(iii) for each r > 0 there exists w, € L?(D) such that |F(z,t,u)| <
wr(z,t) a.e. on D whenever |u| < 7.

Definition 4.2. For u € C(D), the set of L?—selections of the multivalued
map F' is defined by

5’12;,“ ={v e L*(D); v(x,t) € F(x,t,u(x,t)), a.e.(x,t) € D}.
This set is not empty ( [23, Lemma 3]).

Definition 4.3. Let F' : D x R — 2% have nonempty compact values. The
Nemitsky operator of F' is the set-valued operator F : C(D) — 2L2(D),
defined by

F(u) :={w: D — R measurable; w(z,t) € F(x,t,u(z,t)), a.e.(x,t) € D}.

Theorem 4.1. (,*7%2). Let F be an L?>— Carathéodory multifunction. Then

the Nemitsky operator F is weakly completely continuous and integrable on
bounded sets.

Using the properties of the Green’s function we get the following results
(27).

Lemma 4.1. Assume the single valued map g € C(D). Then the operator
v : Lip(D) — C(D), defined by

(1) = gla,t) + /0 /Q Gl iy, 5) f (4, )dyds

is continuous.

Lemma 4.2. Assume F : D x R — R is an L?— Carathéodory multifunc-
tion with monempty, compact, convexr values, with a Lipschitz continuous
selection, and g € C(D). Then the operator o F is of usc type; i.e. is usc,
completely continuous and has nonempty, compact, convex values.

Theorem 4.2. (Nonlinear alternative for multivalued maps) Let K be a
convez subset of a Banach space E, U C K be relatively open, and 0 € U.
Suppose A : U — K is an usc compact multivalued map with nonempty,
compact, convex values. Then either
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(i) there is u € U such that u € Au; or
(ii) there is w € OU and a A € (0, 1) such that v € AAw.
The above theorem can also be found in.'”

Definition 4.4. Let (Z, d) be a metric space and let A, B be two nonempty
subsets of Z. The Hausdorff distance between A and B is defined by

dp (A, B) := max{supd(a, B), supd(4,b)},
a€A beB

where d(a, B) = inf{d(a,b);b € B} and d(A,b) = inf{d(a,b);a € A}.
Then one can show that (P (Z), di) is a metric space. Here P (2)
denotes the collection of all closed bounded subsets of Z.

Definition 4.5. A multivalued operator A : Z — 2%, with closed values is
called

(i) d—Lipschitz if and only if there exists § > 0 such that
di (A(u),A(v)) <0 d(u,v) for all u,v € Z

(ii) a contraction if and only if it is —Lipschitz with § < 1.

A subset ¥ C DxR is £ Q) B measurable if ¥ belongs to the o—algebra
generated by all sets of the form D x J where D is Lebesgue measurable
in D and J is Borel measurable in R.

Definition 4.6. Let (Z,d) be a separable metric space. We say that the
multivalued operator ® : Z — P (L*(D;R)) has property (BC) if R is lsc
with nonempty, closed and decomposable values.

Remark 4.1. R (z) is decomposable if for all u,v € £ (z) and measurable
A C D, we have uxa + vxp—a € R(z), where xa is the characteristic
function of the set A.

We state a selection theorem due to Bressan and Colombo (%)

Theorem 4.3. Let (Z,d) be a separable metric space and let R : Z —
P (LY(D;R)) has property (BC). Then R has a continuous selection, i.e.
there exists a single valued function p : Z — L*(D;R) such that p(z) €
R (2) for every z € Z.

5. Main results

We shall be interested in strong solutions of problem (1

» (2), 3).

)
Definition 5.1. u € C (D) is called a strong solution of (1), (2), (3) if there
exists a single-valued function f € Lip(D) such that f(x,t) € F(z,t, u(z,t))
and (4), (5), (6) hold.
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5.1. Lipschitz multivalued right-hand sides

Theorem 5.1. Suppose that F : D x R — 28 is a multifunction with

compact values and the following conditions are satisfied.
(HO) There exists f € Lip(D) such that f(z,t) € F(x,t,u(x,t))
Theorem 5.2.
(H1) There exists £ € Lip(D) such that
dy (F(z,t,u), F(x,t,2)) < l(x,t)|u—2z|, ae. (x,t)€ Duz€eR,
dp (0, F(z,t,0) < {(z,t) ae.(z,t)€ D,
(H2) max(w)t)eﬁ{nflg Jo Gz, t;€,7)0 (&, 7) dédr < 1.
(H3) mazzea{d iy |Bi(x)| [ G(x,ti;y,0)dy} < 1.
Then Problem (1), (2), (3) has at least one solution.
Proof.
For v € C(f2) consider the problem (1), (2), (9) i.e.
Dyu+ Lu € F(z,t,u), (z,t) € D,
u(z,t) =0, (z,t) €T,
u(z,0) = v(x), x € Q.
u is a solution of this problem if and only if u € X = C(D) is a fixed point
of the multivalued operator

R:X — 2%,
defined by
Ru = g, + GF(u) (11)
where
oant) = [ Glatin.0) vlw)dy. (@.1) €D, (12
and

GF(u)(z,t) :/0 /QG(a:,t;y, s) F(u) (y,s) dyds, (x,t) € D. (13)

Notice that R is the sum of a single-valued operator g, and a multival-
ued operator GF, where F is the Nemitsky operator associated with the
multifunction F(x,t,u).
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We show that $u has closed and nonempty values for any v € X. For,
let (2n),eny € X, 2n € Ru, 2, — 2z in X. Then, z € X and there exists
fn € Lip(D) such that

t
zn(x,t) = go(z,t) +/0 /QG(;v,t;y, s) foly, s)dyds, (z,t) € D.

Since F' has compact values, it follows that ( f)nen, passing to subse-
quences if necessary, converges to some h € Lip(D). Hence

t
2(a,t) = gula,t) + / / Gz, t:y,5) hiy, s)dyds, (z,1) € D,
0 Q

which shows that z € Ru, and also is nonempty.
Next, we show that R is a contraction. For, let ui,us € X and consider
z; € Ru;, © = 1,2. Then, there exist h; € Lip(D), i = 1,2 such that

t
zl(xvt) = gv(xvt) +/ / G(ﬂf,t,y, S) hl(yas)dyd57 (Jf,t) €D, i=12
0 JQ

Then

z1 (x,t) — 29 (2, 1) :/0 /QG(;v,t;y, s) [h1(y, s) —ha(y, 8)|dyds, (z,t) € D.

(H1) yields

21 (2,1) — 22 (2,1)] < / t / G, . )0y, ) us(y, 5) — us(w, 1) dyds
<t/ t [ Gtines) oty s)dys} fun sl
< max / / G, . )¢ (y, 5) dyds} |ur — usl],

(r t)yeD

This shows that
dH(%ul, %UQ) S ) ||U1 - U2||0 5

where

§:= max {/ /Gxty, (y,s) dyds}.

(z,t)€ED

It follows from (H2) that R is a contraction. Theorem 11.1 in*! implies that
R has at least one fixed point ug. Then ug satisfies

t
wo(a,t) € / Gl t:9,0) v(y)dy + / / Ga,t;y,5) Fly,s,u0 (y,5))dyds
Q 0 Q



65

for (z,t) € D. Lemma 3.3 shows that ug (x,t;vg), where vg is the unique
fixed point of the operator T, which exists by (H3), is a solution of problem

(1), (2), (3).

5.2. Upper semicontinuous right-hand sides

Theorem 5.3. Let F: D xR — R be an L?— Carathéodory multifunction
with nonempty, compact, convex values. Assume that, in addition to (HO)
and (H3), the following conditions are satisfied.

(H4) There exist ¢ € C(D) and ¥ : [0,00) — (0,00) continuous and nonde-
creasing such that |F(z,t,u| < q(x,t)¥ (Ju|) for almost all (z,t) € D
and u € R.

p
(H5) suppeo,c0) 7
vo

lo + Kolalo ¥ (p)

Then problem (1), (2), (3) has at least one solution.

Proof.

Recall that v is a solution of (1), (2), (3) if and only if u is a fixed point
of the multivalued operator £ given by (11). Lemma 4.2 implies that R
is of upper semi-continuous type. It follows from condition (H3) and the
properties of the Green’s function that for vy € C(D), the unique fixed
point of the operator Y, the function g¢,, is well defined and continuous.
Let My > 0 satisfy

> 1.

My

> 1.
|gvo|0 + Ko |Q|0 U (M)

This is possible because of (H5).

Consider U := {u € X; |u|, < Mo}. Then U is relatively open in K = X =
C(D). We shall apply Theorem 4.2 to the operator R, and show that the
second alternative does not hold. Let u € X be a solution of

t
(o) € Mgl )+ [ [ Glotin.s) Flynsu(y,9)dyds),  (z,0) € D,
o Jo
(14)
with A € (0,1). There exists a function f € Lip (D) such that f(z,t) €
F(x,t,u(x,t)).
From (12) we obtain

u(z,t) :)\(gvo(x,t)—i—/o /QG(x7t;y7s) f(y,s)dyds), (z,t) € D. (15)
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Thus using (H4), we have for each (z,t) € D
01 < lowse. 01+ [ [ Glrt5) )% aty. ) s
loulot [ [ Gti0.9) atw,s)aisw ()
0

< |gvo|0 + Ko |Q|0 v (|u|0) .

Hence

|u|0 < |gvo|o+K0 |Q|0\I/(|u|o)- (16)

Suppose, now that there exists u € QU and A € (0,1) such that u € \Ru.
Then v satisfies (13) and |u|, = M. It follows from (14) that

Mo < |guolg + Ko lalg ¥ (M) .

This, obviously, contradicts the definition of My. Consequently, the first
alternative in Theorem 4.2 holds; i.e. the multivalued operator & has a
fixed point u, such that u(.,.;vo) is a solution of (1), (2), (3).

5.3. Lower semicontinuous right-hand sides

Now, we present an existence result for nonconvex right-hand sides.

Theorem 5.4. Assume, in addition to (H0), (H3), (H4) and (H5) that the
following condition holds.

(H6) F : D x R —P(R) is a nonempty compact multivalued map such
that

(a) (z,t,u) — F(x,t,u) is £ B measurable,

(b) u— F(x,t,u) is Isc for a.e.(z,t) € D.

Then (1), (2), (3) has at least one solution.

Proof.

Conditions (H4), (H5) and (H6) imply that F has property (BC). The-
orem 4.3 shows that there exists a continuous function n : X — L!(D) such
that n (u) € F (u) for all u € X.

For v € C () consider the following single-valued problem

D+ Lu=n(u), (z,t) €D, (17)

u(z,t) =0, (z,t) €T, (18)
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u(z,0)=v(x), xe€. (19)
We have seen that any solution u € X of (17), (18), (19) is a solution
of the operator equation
Fu= gy+Gn(u),
where g, is given by (12) and Gn(u) is given by

)z, t) //G;Uty, n(u (y,s))dyds, (z,t) € D.

We can show that f is continuous and completely continuous.

Next, we proceed as in the proof Theorem 5.2 to show that any solution
to u = AF (u), for X € (0,1) satisfies |u|, # Mo. Now, we apply Theorem
3.7 in?7 to show that F has a fixed point u € X. Then u (z,t;vo), where vg
is the fixed point of the operator T, is a solution of our problem.

5.4. Method of lower and upper solutions

In this part we consider the case of an L2— Carathéodory multifunction of
the form

F(z,t,u) = [0 (x,t,u),k(x,t,u)]
where 6,k : D x R — R are such that 6 (-,-,u),k(-,-,u) are measurable
and 0 (x,t,) is Isc and k (x, ¢, -) is usc. Thus F is an usc multifunction with
nonempty, compact and convex values. u € X is a solution of (1), (2), (3) if
there exists f € Lip (D) such that 0 (z,t,u) < f(x,t) < & (z,t,u) and (4),
(5), (6) hold.

Definition 5.2. z € X is a lower solution of (1), (2), (3) if

Diz+ Lz <0 (x,t, z2), (x,t) € D,
u(z,t) <0, (x,t) e T,
2(z,0) +Z@ D < o (x), ze Q.

Z € X is an upper solution of (1), (2), (3) if D:Z + LZ > k(x,t,z2),
(z,t) € D, and the last two inequalities are reversed when we substitute Z
for z.
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Theorem 5.5. Assume that c(x,t) > co >0 on D, f;(x) <0 on Q with
1< Bi(e) <0 on Q, and mazaea{3 [5i2)] Jo Glo, tiy, 0)dy)
< 1. Suppose that (1), (2), (3) has a lower solution z and an upper solution
Z such that z (z,t) < Z (z,t). Then the problem has at least one solution
u € [z, Z)jie. z(x,t) <u(z,t) < Z(z,t) for every (z,t) € D.

Proof.
Let ¢ (u) = max(z, min(u, Z)). Then ¢ : X — [z, Z] is continuous and
bounded with

16 (u)]g < max(|z]y,[Z]).
Consider the modified multifunction Fy : D x R — P (R) defined by
Fl(mat7u) = F(I7ta5(u))

Then F; is an L?— Carathéodory multifunction with nonempty, compact
and convex values. Moreover, there exists wg, € L?(D) such that

|Fy(z,t,u)] < wp, (z,t), Y(x,t) € D,Vu € R.

It follows from Lemma 4.2 that the multivalued operator v o Fj is of usc
type. Here F; is the Nemitsky operator of F; and + is defined in Lemma
4.1.

For v € C'(2) we consider the modified problem

D+ Lu € Fy(z,t,u), (z,t)€ D, (22)
u(z,t) =0, (z,t)€ T, (23)
u(z,0)=v(z), v € Q, (24)

whose solutions are given by

u(z,t) = gu(,t) +/Ot/QG(a:,t;y, s) f(y,s)dyds, (z,t) € D.
where g, is given by (12) and f (z,t) € Fi(x,t,u(x,t)), (x,t) € D. Thus
lulg < |gulo + |¢lp2 lwr |12 == To.
Let
Q:={ue X;|ul, <ro}-

Then @ is a nonempty, bounded, closed and convex subset of X. It follows
from the properties of yoF; that (v o F) (Q) is compact and (y o F) (Q) C
Q. By a theorem of Bohnenblust and Karlin (see Cor. 11.3 (e) in'!) the
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operator v o 77 has a fixed point w;. Then wi(z,t;v0), where vy is the
fixed point of the operator T, is a solution of (22), (23), (24). To complete
the proof we must show that u; € [z, Z].We show that ui(z,t) > z(z,t)
for every (z,t) € D. Suppose, on the contrary, that there exists (¢,7) € D
such that uy (¢, 7) < 2 (¢, 7). Letting w (z,t) = u1(z,t)—2(z, ), we see that
w (¢, 7) < 0. w achieves a negative minimum at some point (o, 70) € D.
By the strong maximum principle (see'®) we have either ((p,70) € ' or
(€0, m0) = (€0, 0) with (o € €. Since w (x,t) > 0 for (z,t) € I, we see that

minw (x,t) = w (¢, 0) < 0.
D

We now proceed as in the proof of Lemma 3.1 to complete the proof.
Similarly, we show that w;(x,t) < Z(x,t) for every (z,t) € D. Now, for
u € [z, Z] we have that ¢ (u) = u. Hence Fy(xz,t,u) and F(x,t,u) coincide.
Consequently, u; is a solution of the original problem.
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Periodic solutions of nonlinear parabolic equations with measure
data and polynomial growth in |Vu|
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In this paper we are interested in the problem:

@ — Apu = f(z,t,u, Vu) + Ap in Qr
u =0 on X
u(0) = u(T) in Q

where f is a Carathéodory function with polynomial growth in |[Vul, A is a real
number, 1 a bounded Radon measure and p > 2.

Keywords: Periodic solution; Nonlinear parabolic equation.

1. Introduction

Periodic solutions of parabolic problems were studied by many authors and
in many context particulary when the elliptic operator is linear (see!%:!2
and the references therein). In the case of measure datum the unique paper
we found is' where (P) with p = 2 was studied. In that work the authors
firstly give necessary conditions on the datum for existence, they show that
a size and regularity information is consequence of existence in some cases.
Secondly they give existence in the case of special measure, that is an L!
function.

In the present work we generalize in different directions the results in,!
firstly the elliptic operator is no more linear it is the so called degenerate
p—Laplacian, that is

~Apu = —div(|Vu|P~2Vu), p > 2.

Secondly the existence in the natural growth case is given for sufficiently
regular measures (in some capacity sense) but not necessarily in L'(Q7).
The notion of capacity considered here is the one adapted to the parabolic
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p—Laplacian operator due to Droniou et al.®

Let us mention that the absence of information about the initial value of
the solution causes some technical difficulties.

Throughout the paper we adopt the following notations:

e O an open bounded subset of IRY, 0 its boundary, T > 0, Qp =
Q% (0,T) and X7 = 09 x (0,7,
o Vo = LP(0,T; WyP(Q)) and V, = LP (0, T; W~ (2)) its dual where
p

/I __
=51

p_ b)
o W= {u €V such that % c V(; +L1(QT)}

e WI1(Q7r) is the set of all measurable functions u such that

ot

e C,(Q) the space of bounded and continuous function on €,

o My(Qr) the space of bounded Radon measures,

o M(Qr) the subspace of M;(Qr) which don’t charge sets of parabolic
capacity zero (see section 3),

e K .,.> is the duality between V/O and V.

e <. .>is the duality between W17 (Q) and W, (),

e |.| is the Lebesgue measure of a borelian set, the euclidian norm of a
vector or the absolute value of a real number,

e ||.|lx the norm of an element of a Banach space X. If X = LP with
p € [1,+00] it will be noted ||. ||,

e C is a generic positive constant where the dependence on parameters
will be indicated only if needed.

0
/ <|u|r + |Du|" + |_u|r> dxdt < +00
Qr

The following hypothesis is common to all sections.

f is a Carathéodory function:
measurable in (¢, z)for all(r, &) € RN T! (1)

and continuous in (r,§) for almost every (¢,z) € Qr.

The paper is organized as follows. Section 2 is devoted to necessary
conditions of existence, regularity of the measure and nonexistence result
are established. Subsequently, we present existence result in the case of
natural growth and some regular measures datum.

The paper is organized as follows. Section 2 is devoted to necessary
conditions of existence, regularity of the measure and nonexistence result
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are established. Subsequently, we present existence result in the case of
natural growth and some regular measures datum.

2. Necessary conditions for existence

In this section we are interested in the following problem:
for A € IR find u such that:

w e LP(0, T, W, *(Q)) NC(0, T[, LY())

f(;v,t7u, VU) € Llloc(QT)ﬂ

% — Apu > f(x,t,u, Vu) + Ay in D,(QT) (2)
u(0) = u(T) in My (),
where
4 is nonnegative bounded Radon measure. (3)

The periodicity condition u(0) = u(T") in M(€2) is understood in the fol-
lowing sense

lim [ (u(z,t) —u(z,T —t))pdr =0
t—0t Jo

for all ¢ € Cp(Q2).

2.1. Nomnezistence in supercritical case (@ > 2(p— 1))

In this subsection we prove that solutions to (2) does not exists for all values
of X if the growth of f in |Vu| is sufficiently large.
We assume that there exists

le, o[ open in ]0, T, (4)

q>2(p—1) (5)
and

a constant Cy > 0 such thatf(z,¢,s,&) > Cpl£|?

for almost every (t,z) € Je,0[ xQ := Q. ,and for all (s,£) € RV (6)
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and finally
u(le, o[x€) > 0. (7)
The main result of this subsection is the following;:

Theorem 2.1. Assume that (1), (3) and (4)-(7) hold, then there exists
finite X* such that (2) does not have any solution for A > \*.

Remark 2.1. The condition (5) is reduced to ¢ > 2 in the case p = 2
which is the superquadratic case treated in' and.?

Now we prove Theorem 2.1.

Proof. We follow here the proofs of! and? with some changes due to the
nonlinear feature of the problem (2).
If w is a solution of (2), then by (6) we have
Ju
ot
let ¢ € C5°(]0, T[x) such that ¢ > 0 and ¢(g) = ¢(o) = 0.
Multiply (2) by ¢ and integrate from & to o we obtain

A /Q R /Q Vv - Gy / IVl /Q w0

This inequality can be extended to ¢ € CY([0,T];L>(2)) N
L(0,T; Wo (), ¢ > 0 and ¢(c) = ¢(0) = 0.

But ¢ = —AG(¢:) = —A(G¢); where G is the Green Kernel on (2.

Then from (9) and using twice Young inequality we obtain

qu T d

A sdp<c / oler= / NGO (1g)

Qs,rf £,0 (bq_p"'l e,0 (bﬁ

For ¢ = (0 —1t)(t—¢)?®, where ® is a solution of the eigenvalue problem
—Adp=Xopin Q,¢>0in Q,¢ =0 on 9. (11)

Where )\ is the first eigenvalue of —A in .
We have

— Apu > Co|Vul? + A in D' (Q..0) (8)

,o

(Go); = /\icb(t — )T o — )1 (o + & — 2t)

1

Using (5) and the fact that ¢ € W, () and Q%O‘ € L*(Q) for all a < 1.

the two terms of the right hand side of (10) are finite.
Finally using (3) the existence of a finite A* such that: existence for (2)
implies A < \*. O
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2.2. FExistence implies regularity of the measure

We recall first that a compact set K in Qr is of W' (Qr)-capacity zero
where r > 1, if there exists a sequence of C§°(Qr) functions (¢, ), such
that :

0<¢,<laein Qr, ¢, =1o0n K,p, — 0in WH'(Qr) and a.c. in Q.
(12)
The main result of this subsection concerns the problem (2) when:

There exists ¢ > p — 1, (13)
and

there exists C; and Cy such that f(z,t,s,&) > C1|€]9—Cy in Qp x RN,
(14)

Theorem 2.2. Assume that (1), (3) hold, and that f satisfies (14)

and (13). If (2) has a solution then u does not charge the sets of
q

wht - it h =—.
1 (Qr)-capacity zero where T p—

Remark 2.2. The above statement means that:
(K compact, W' (Qr)-capacity(K) = 0) = pu(K) = 0.

This result extend to the p—Laplacian the one of! in the Laplacian case

(p = 2) where r was T
q—

In the case ¢ > 2(p — 1) both size and regularity conditions are necessary

for existence.

Proof. From (2) and (14) we have:

) ,
a—lt‘ — Ayu > C1|Vul? — Cy + A in D' (Qr). (15)

Let K a compact set of Wt (Qr)-capacity zero and (¢, ), C C5°(Qr) such
that (12) is satisfied.
Multiplying (15) by 1, = ¢," (where r is given in Theorem 2.2) we obtain

oy, _
)\u(K)JrCl/ V| s—/ ui+/ IVl 1|wn|+02/ .
T ot Qr Qr

or o
(16)
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By Young inequality we have:
[ vapvea e [ v, s o [ [wer.an
Qr or Qr
For ¢ sufficiently small and with (17) into (16) we obtain

Miu(K) < —r/ u.¢n’“‘18t¢n+c/g |V¢nlr+Cz/Q br,- (18)

or
Passing to the limit using Vitali theorem and (12) we have u(K)=0 O

3. Existence in the case of natural growth and regular
measure data

In this section we focus our attention on the problem (Proof.) where f
takes the form

f(mat757§) = _g(s)‘ﬂp

with
g a continuous fonction on IR such that g € L} (IR). (19)
That is :
% — Apu~+ g(w)|Vul? = pin Qru =0 on Lru(0) =u(T) in Q. (20)

Remark 3.1. Because p > 2 we have p < 2(p — 1) then no size condition
on the measure is needed in this section and the parameter X is dropped.

The lack of initial data by the periodicity condition leads to some difficulties
which we overcome by considering the following problem.

u> go a.e. in O

ou A Vulf — pin ©

E - Pu + g(u)| U| - lu’ mn T (21)
u=20 on Xp

u(0) = u(T) in Q

where p is a regular measure in the sense p € L(Qr) = V(/J + LY(Qr) +
0t(Vo N L™ (Qr)) that is

= go+ g1+ g2
where (g0, 1, 92) € Vo x L1(Qr) x (Vo N L>=(Qr)).
Before giving the meaning of solutions for the problem (21) let us review
some well known results we use here and explain the reason for that choice
of measures.
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3.1. Some known results

We begin with a decomposition for measures which do not charge sets of
parabolic capacity zero.

First, recall that, if U C Qr is an open set, parabolic capacity of U is
defined as follows:

Capp(U) = inf {||ul|lw : v € W,u > x,a.ein Qp}
Then for any borelian set B C Qr
Capy(B) = inf {Cap,(U),U open subset of Qr, B C U}.

For more properties and details on the parabolic capacity see.®

Proposition 3.1. (theorem 2.28%) If u € Mo(Qr), the subspace of mea-
sures in My(Qr) which don’t charge sets of parabolic capacity zero.
Then, there exists (go, g1, 92) € Vy x L*(Qr) x Vo such that :

T T
ddp = / < go, > dt+/ gl(bdﬂcdt—/ < (9)t,92 > dt Yo € D(Qr).
or 0 or 0

We now give a trace and integration by part results which make it possible
to define and treat periodicity in (21).

Proposition 3.2. (theorem 1.11% and Lemma 21°) We have:
W — ([0, T]; L'()),

and forv € W, ¢ Lipschitz bounded real function from IR to IR, with ¢(0) =
0 we have for all t € [0, T

/Ot < 81]8(:)@(11(0)) > do = /Qda: /Ov(z,t) ¢(o)do —/ng; /OU(LO) #(0)do

Moreover if v(0) = v(T) in L (Q) we have < %, #(v) >=0.

Now we are ready to give the main result of this section.

3.2. Definition and main result

(,4% and”) Let u be a measure in £(Qr) with a decomposition (go, g1, g2),
a measurable function u > gs is said to be renormalized solution of (21) if

T (u) € Vo, (22)

T (u — g2) € Vo, (23)
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for every k > 0, and

lirf / |Vu|Pddt = 0, (24)
{n<u—g2<n+1}

and, for every S € W?2%*(IR) such that S’ has compact support in

R*, 5(0) =0,

0 S(u — go) — div(S’ (u — g2)|Vu|P~2Vu)
+5” (u — g2)|VulP~2Vu.V(u — go)
+9(u)|VulPS (u — g2)

=5 (u—g2)g1 + GoS (u— g2)V(u — g2) — div(GoS (u — g2))  (25)
in the sense of distributions, with gy = div(Gy),
S(u— g2)(0) = S(u — g2)(T). (26)

We state our main result

Theorem 3.1. Let y a measure in L(Qr) and assume that (19) holds,
then (21) has a solution in the sense of definition above.

The proof of this result is divided into three classical steps:
- Regularization.

- Existence of approximate solutions.

- A priori estimates and passing to the limit.

3.3. Regularization and existence of approximate solutions

Let (go, g1, 92) be a decomposition of p, we regularize (21) by the sequence
of problems

B — Ayt + () [Vun|? = 0T (un = g3)~ = i in Qr
Up = 0 on ET (27)
un(0) = up(T) in

where,

Hn = 9(7)1 + g"l’b + (gg)taVVlth g:l S CSO(QT)a 1= ]-a273 and HNTLHLl(QT) S C7
(28)
and

gy — go in Vy, (29)

gt — g1 in L' (Qr), (30)
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gy — g2 in Vo and a.e inQr, with [|g% oo < ||g2]c0- (31)

Let us prove the existence of approximate solutions, to do this we show for
fixed n € IN existence of ordered lower and upper solutions to (27).

We begin by showing existence of an upper solution.

Let 3, € Wy?(€2) NC*(Q) be the solution of the Torsion problem:

~Aptt = ||pin|loe +n? in Q,u=0on 0N, (32)

and a,, € Wy () N L>®() , see,® the solution of the problem

—Agu+ g(W)|Vul” = ~[taloe in =0 on O, (33)

By taking 3, = 3, + 3 where 8 is a large real number such that 3, >
max(ay, g2) almost everywhere in Q. O

3.4. A priori estimates and passage to the limit

We have constructed a pair of ordered lower and upper solutions to (27),
now we use” to derive the existence of a solution u,, € Qo N L>®(Q7), u, €
Q([0,T); L*(2)) for all s > 1, and «,, < uy < B, ace. in QO

We collect some a priori estimates, we begin by

Lemma 3.1. (nT},(un, — g%)7),, is bounded in L*(Qr).

Proof. Fix k& > ||¢92]lco, let A > 0 and consider ¢, = Th(u, —
Ty, (un))exp(—G(uy)) where G(s) = [ g(o)do for all s in IR as a test func-
tion in (27), we obtain

/ Wt Peep(— G (tn))X (o< s | <hs 1}~ / Tt —g8)~on = / o
Qr Or Or

but
exp(=lgllzrm)) < exp(=G(s)) < exp(llgllLr(m)) for all s € R (34)
then (28) gives

. / T (n — 93) " Th(un — Tio(un))exp(—Glun)) < Ch,
oQr

the choice of k gives by dividing on h and passing to the limit as h tends
to 0

n/ To(un —g5) <C.
Qr
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The proof is then complete. O

Proposition 3.3. For fized k > 0, let u,, be solution to (27), then for all
nelN

/ VT (un)|” < Ck, (35)

Qr
[ 19— )P < G+ 1), (36)

Qr
lim sup [{[u, —g3]| > h}| =0. (37)
— 400 nelN
and

hliril sup / [Vuy,|Pdxdt | = 0. (38)

h<un,—gy <h+k
Moreover there exists a measurable function u : Qp — IR such that u > go
a.e. in Qp and Ty(u), Ti(u — g2) belong to Vo and, up to a subsequence
Up — U a.e. in Qp, Ti(u, —gy) = Tk(u—g2) in Vo and a.e. in Qp. (39)
Finally
lim / |Vu|Pdzdt = 0. (40)

h— 400
h<u—g2<h+k

Proof. In all that follows, we set v,, = u,, — g5 and v = u — go. By taking
Ty (un)exp(—G(uy)) as test function in (27) and using the periodicity of
Un, (34) we obtain

C [o, IVTi(un)P < [o, 0 Th(un)exp(=G (uy))
+n fQT Tn(un - 93)_Tk (un)exp(—G(un)).

Then (28) and Lemma 3.1 gives (35).
For (36) we have

/ VT (o) = / VT4 (T () — 63 P
Qr Qr

= | IV (Tar, (un) = 95) PX{jvn <k}
Qr

<c /Q (VT () P+ (VG5 1) X100 1<
< O(My+1) < Ok +1)

(41)
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where My, = ||ga||c + k. Now we prove (37), to do this we follow.?
Fix h > 0, let € € |0, h[ we have :

Un, p T Un g
Il = 2} = (el 2 e < | Ton)l” _ TR0l

Then

VT, (v) P
|{|U7L|ZE}|§C” h(’U )”p §0h+1,
ep o

h
taking for example € = 5 we obtain:

h—|—1
|{|vn|> }|_

but p > 2, then (37) is proved.
Now we show the existence of a measurable function u such that

Up — u a.e in Qp,and Tg(u), Tp(u — g2) € Vy for all k € IN. (42)

We adapt to our case the method used in® (see also®).
Given € > 0, fix (by the help of (37)) k € IN such that

| {|vn| > k} | < e, independently of n. (43)

Let 7;, € C?(IR) nondecreasing function such that 7y (s) = s for |s| < & and
T (s) = sign(s)k for |s| > k.
Taking in (27) the test function T/ (vn)p where p € C°(Qr) we get

(T (vn))e — div(7, (vn)|Vun|p 2Vup) + [V, [P~ 2V, Vo, T, (v,)
—|—g(un)|Vun|p'T (vn) = nTn(vy, )7;9 (vn)

=T, (va) g} — div(GRT, (vn)) + Tp ()G Vi, div(Gy) = gi.  (44)

T/ has a compact support thanks to (31) and Lemma 3.1 the quan-
tities |Vaun|P "2V, Vo, T, (v,), nTy(v; )T (vn) and T, (0,)GPVv, are
bounded in L'(Qr), so are g(u,)|Vun|PT, (v,) and T, (v,)g} because of
(19) and (30). Similarly, GT, (v,) and Ty, (v,)|V|P 2V, are bounded
in (L¥' (Qr))Y, then from (44) (Tx(vy)); is bounded in V, + L'(Q7). Since
Tk (vy,) is bounded in Vy a compactness result from!” leads to compactness
of (7x(vy))n in LY(Qr). Thus for a subsequence, it also a Cauchy sequence
in measure.

Take 7 > 0, for n and m large we have

{17k (vn) = Ti(om)| > 7} <e. (45)
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By the choice of 7j:

{Ion=vml > 73 < {lond > § § 1 { ol > 5 T o)~ Te )] > 7.
(46)
Then from (43):
[{|vn, — vm| > 7} < 3¢, (47)

so that v, = u, — g% is a Cauchy sequence in measure. Passing to subse-
quence and using (31) there exists a measurable function u such that wy,
converges to u almost everywhere and

Ti(un, — g5) = Tr(u — g2) in Vo,
and
Tk(un) — Tk(u) in V().

Moreover, Lemma 3.1 and Fatou’s lemma give v~ = 0 a.e. in Q7 then
u > go a.e. in Q.

Now we prove (40), it suffices to prove (38).

Take ¥(v,,) = Ty (v, — Th(vs)) as test function in (27) we obtain

Jup,
< L71r/)(vn) > +/ |vun|p_2vunvan{h<vn<h+k}
(% or -

" /Q )|V wwn)—z /Q T () = /Q )
+ fo <g€, ¢(Un)>

the truncation function satisfies the sign condition and v is positive then

/ ()| Vg [PY(v,) > 0 and n/ T, (v, )¥(v,) =0,
Qr

or
and due to the integration result in Proposition 3.2 we have

Jop IVunlPX(hso, <niry = Jo, [VunlP">Vun Vg8 X (h<v, <niky
< [ el [ I6EIvee) (49
Qr

{anh}
then
c / Vunl? < / |VG3|P’+/ e / Vanp
{h<v,<h+k} {h<vn<h+k} {vn>h} {h<vn<h+k}

by (37) and the equi-integrability of the sequences (g7),, (|GE[?"), and
(IVg2|P),, in L*(Qr) we obtain (38), The boundedness of (T} x(vy))n in
Vo and (38) gives (40). O
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Return to the proof of Theorem 3.1. The purpose in what follows is the
strong convergence

Tk (vn) — Tk(v) in Vy (49)

to this end we use almost the same techniques as in® and.!® Recall first the
following time regularization of Tj(v) due to R. Landes in the stationary
case and adapted to the parabolic one in'® and.®

Let (z,), be a sequence of positive function such that:

2, € WoP(Q) NL¥(Q), ||z <k, Y >0,
2y — Ti(v)(T) a.e. in Q as v tends to infinity,

i lzlwgr o) =0,

then note T (v), the unique solution of the problem:

aTgi(t% = U(Tk(v) — Th(v),),

Tk (v),(0) = z,

which has the form

Te(v), () = /0 vexp(v(s —t))v(s)ds + z exp(—vt) (50)

Then we have (see'!)

Ty(v), — Ti(v) in Vy and a.e. in Qrp.
[ T5(v)ulloo < &, Vv > 0.

We are ready to prove (49).

Let (un)n be a sequence of solutions of (27) where p,, satisfies (28), and
let u given by Proposition 3.3. For h > 2k, we introduce as in'® and® the
following function

Wy = TZk(vn - Th(Un) + Tk (vn) - Tk(U)V)
we will note £(n, v, h) all the quantities (possibly different) such that

lim lim lim e,v,h)=0
h— 400 v—+400 n——+00

and this will be the order in which the parameters we use will tends to
infinity, that is, first n, then v and finally h. Choosing w,, as test function
in (27) we have

ov
< a—n,wn > +/ |V, [P~ 2V, Vi, +/ g(un)|Vun [Pw,
14 Qr Qr

—’n/ Ty (v, Jwn = / gL W+ <K gg, Wy >
Qr Qr
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remark that
wy, = Top(Thr (V) — Th(vy) + Tk(vy) — Tk (v),)
where M = h + 2k, then (w,, ), is bounded in Vy and
wy, = Top(v —Th(v) + Tk(v) — Tk (v),) in Vy and a.e. in Qp

and

lim glw, = / 1 Lo (v — Th(v) + T (v) — Ti(v),),
Qr

n—-4o0o or

lirf < 90, wn >=< go, Tog (v — Th(v) + Tk(v) — Ti(v)y) >
the fact that Tk (v), — Tk(v) in Vy and a.e. in Qr gives

tim [ Tae = (o) + Ti(e) - Tiel) = [ aiTon(o = Th(w)),
vTmTee Jop Qr
VEE{IOO < go, Top(v —Th(v) + Tk(v) — Ti(v)y) >=< go, Tor(v — Th(v)) >

by the Lebesgue theorem

lim 91Tk (v — Th(v)) = 0.
h— 400 or
Moreover
1
P
< 9o, Tgk(v—Th(v)) >= / GoVuv < ||Go||p/ / |VU|p ,
{h<v<h+2k} {h<v<h+2k}

then, because of (40) we have

Ovy,
< L,wn > +/ |V, P2V, Vw, — n/ T (v, )w, = e(n,v, h)
ot Qr Qr

but
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The positivity of v and (50) gives T (v), > 0 then Ty (v, ) + Tk(v), > 0,
and clearly Ty (—v, ) — v, <0 a.e. in Qr, then anT Ty (v, )wy, < 0 and

finally
vy, b2
< a—,wn > 4 |Vu,[P~*Vu,Vw, <e(n,v,h)
t or
. 13 vy, :
the rest of the proof is the same as'® as far as the term < TR Wy, > is

concerned and in® for the others.
Periodicity condition passes to the limit in the following way:
By (44) one has

but

0¢S(upn, — gy ) converge strongly in V,; + LY (Qr),

S(un, — gy) converge strongly in V.

Then by Lemma 3.2

S(un — g5) — S(u — g2) strongly in C([0,T]; L*(Q)).

But S(un, — ¢%)(0) = S(un — ¢5)(T) then

S(u—g2)(0) = S(u — g2)(T) in Q.

And periodicity is now proved. O
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Dirichlet problems
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regularity results of some Dirichlet problems associated to equations having
degenerated coercivity in the principal part.
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1. Introduction

During the 19th century, Holder regularity results to the Dirichlet prob-
lem for linear elliptic equations has been object of much research and has
developed by many authors. Far from being complete, the story goes that
motivated in solving the Hilbert’s 19th conjecture, E. DeGiorgi'! in 1957,
the first, proved his famous regularity result which asserts that local weak
solutions for the linear problem

(@i, juz;)z; =0 weakly in €,

ueW, (), S

where the coefficients + — a;;(x),4,j = 1,..., N are only bounded and
measurable and satisfying the uniform ellipticity condition

ai j&& > alé)?, ae.inQ, V&€ RY, forsome a > 0, (2)

are Holder continuous by studying local pointwise estimates. The global
bound appears in the 1960’s in the works of G. Stampacchial®'® and
Ladyzhenskaja-Ural’tseva.'3 Following the methods of DeGiorgi, Ladyzhen-
skaja and Ural’tzeva established that weak solutions of quasilinear elliptic
equations are Holder continuous. Since, several L°°—regularity results to
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the Dirichlet problem, linear or nonlinear, more general than (1) have been
established.
Let us consider the problem
—div(a(z,u)Vu) = f inQ,
ueHL(Q) N L>(Q),

with the degenerate coercivity

a(z,s) > % with >0

~ (1+4s)?
where € is a bounded open subset of RY, N > 2, and
feL™Q) with m > N/2.

The existence of bounded solutions for (3) was proved in Alvino et al.,?
Boccardo-Brezis® and in Boccardo et al.” The result was then extended in
Alvino et al.! for the nonlinear elliptic problem

—diva(z,u,Vu) = f in Q,
{ ueW,?(Q) N L>2(Q), )
p > 1 with degenerate coercivity
a(z,5,6) € > ﬁ;‘e(wl)w with a > 0 (5)
and where
feL™Q) with m > N/p. (6)
When we replace in (4) f by —divg, where
gl € L™(Q) with m > N/(p— 1), (7)

Benkirane-Youssfi® have proved that problem (4) has bounded solutions.
Strongly nonlinear elliptic problems are also treated. It is so the problem

A(u) + H(x,u,Vu) = f —divg in Q, @)
ueW,*(Q) N L>(9Q),
where A(u) = —diva(z, u, Vu) has uniform coercivity and f and g satisfying

(6) and (7) respectively, has at least one solution Boccardo et al.® and
Ferone et al.'? In Boccardo et al.” the authors have considered the problem
(8) with A(u) = —div(a(z,u)Vu) having degenerate coercivity and g =
0 and have shown that it has at least one solution in H{(2) N L>(Q).
The general case 1 < p < +oo with ¢ = 0 and a(z,s,&) satisfying (5)
Trombetti?! established that (8) has at least one solution.
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Here we present a survey on some recent existence and L°°-regularity
results for the Dirichlet problem associated to nonlinear elliptic equations
on bounded open subset Q of IRY, N > 2, involving the following non-
everywhere nonlinear differential operator of Leray-Lions type

A(u) == —diva(z,u, Vu).

The function ¢ may have nonstandard growth and satisfies the condition:
——1
a(z,s,£)-& = M~ (M(h(]s])))M(|£]), 9)
where M is an N-function (take as example M (t) = tP,p > 1) and h :
R™ — ]0,+00] is a continuous decreasing function such that : 0 < h(0)<1
and its primitive

H(s) = /O Ch(t)dt (10)

is unbounded (take for instance h(t) = ﬁ, 0<0<1)

It is worth recalling that in the LP setting, a priori bounds for solutions
of nonlinear elliptic Dirichlet problems can be derived by using either the
method of Stampacchia'® or by means of the rearrangements techniques
widely developed in Talenti.!” 20

Observe that because of the lack of coercivity generated by the as-
sumption (9), the operator A degenerates when its second argument has
large values. Therefore, the classical existence results in Leray-Lions' and
Gossez-Mustonen'? used to prove the existence of a solution for the prob-
lem (4) cannot be applied even if the datum f is very regular. To get rid
of this difficulty, we will consider approximate equations in which we intro-
duce a truncation, in order to get non degenerate approximated problems
which thus have solution. Once this done, some a priori estimates on the
solutions of these problems are proved. To complete the ingredients which
allow us to pass to the limit, we prove the almost everywhere convergence
of the gradients of solutions.

2. Standard growth

One stands in the LP setting. Let M (t) = tP with 1 < p < N. It is known
that the Dirichlet problem

A(u) = fin Q,
{ u=20 on 092, (11)

has bounded solutions provided that the datum f satisfies (6). Even in the
case when h is the constant function, the limit case f € L% yields a solution
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u in a suitable Orlicz space of exponential type and it is (in general) not
bounded. Precisely, H(u) € Ly(Q2) with ¢(t) = exp(t) —t — 1 and H is the
function defined in (10).

We consider a subclass of L%(Q) larger than (6) which guaranties the
boundedness of solutions of the problem (11).

In addition of (9), assume that the Carathéodory function a : Qx Rx RY —
RN satisfies for almost z in €, for every s € IR and for every &,n € RY
with £ #£ 7

la(z, 5,6)| < ao(@) + s~ + [¢[F (12)
where ag is a non negative function in L? () with p’ = p%lv and
(a(xa 3,5) _a(xvsan))(f_n) > 0. (13)

Let us denote by Lglogo‘L the Orlicz space generated by the N-function
N
O(t) = t»log®(e + ). Assume that

Np-1
fe Lol with o> Y1 (14)
p

Our first result is the following

Theorem 2.1 (Benkirane-Youssfi-Meskine,® 2008).
Suppose that (9), (12), (13) and (14) are filled. Then, the problem (11)
has at least one solution u in Wy () N L>®(Q) in the sense that

/a(x,u7Vu)~Vvdac = / fudz (15)
Q Q

for all v in D(Q).

Proof. We only give a sketch. Denote by T}, the truncation at level £ > 0,
defined as T (s) = max(—k, min(s, k)) and set Gg(s) = s —Tx(s). To get rid
of the lack of coerciveness of the operator A, we introduce the truncation
operator. Let {f,} be a sequence of L>°-functions such that

fo— f in LYQ) and |fal <|fl. (16)
The approximate problem
Up € Wol’p(Q) such that
/ a(z, Ty (up), Vuy,) - Véodr = / fnddx (17)
SflOldS for every ¢ in Wy P (Q) *
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admits at least one solution thanks to the Leray-Lions existence theorem
(see Leray-Lions!?). For ¢ > 0 and € > 0, we use T.(G¢(u,)) as test function
n (17). Being h decreasing, letting € tends to 0T we arrive at

L (8) (-% / |vun|de> < / fldze.  (18)
{lun|>t} {lun|>t}

On the other hand, Hélder’s inequality enables us to get

d

1
1 d ?
—— |Vun|dx < (—,Ltl(t))f’, <——/ |Vun|pda:> ’ (19)
At J {Jun >ty At J {Jun >t}

where p,, denotes the distribution function of u,,, that is
tn(t) = {z € Q: |un(z)| > t}].
Combining (18), (19) and the following well known inequality (see Talenti2’)

d

NCF (pa(t)~% < -2
dt J{jun|>t}

|Vuy,|dz,

we obtain

h(t) < ) </ |f|dac> .
NP CF (pan (8))P' 0= w) \Hlunl>t}

In the above inequality, we use Holder’s inequality in Orlicz spaces, then
we integrate both sides between 0 and 7 obtaining by the definition of the
rearrangement

o
ity

H(ui(0)) < / LR

NP O 1 slog®~ (e + s)

Thus, by (14), the sequence {u,} is uniformly bounded in L*°(Q). It is
now easy to get an estimation of {u,} in the energy space VVD1 "P(Q) which
implies that there is a function u such that

U, —u  weakly in WyP(Q) and a.e in Q. (20)
Then, we prove that
Vu,, — Vu a.e in €.

Which enables us to pass to the limit in (17) to get (15). |
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3. Nonstandard growth

Here, we do not assume the As-condition on the N-function M. In partic-
ular, the corresponding Orlicz-Sobolev spaces are not reflexive. We extend
the class of functions satisfying (6) to the Orlicz-Sobolev setting by assum-
ing one of the following two assumptions: Either

fe L), (21)
feI™9Q) and /+OO <ML@> "t < oo, (22)

In addition of (9) and (13), we make the following assumption:
——1 ——1
la(z, 5,8)| < ao(x) + k1P~ M(ka|s|) + ksM M (kq|€]) (23)

where ag(x) belongs to E5;(Q2), P is an N-function such that P<M and
ki, ko, k3, ks are constants in IR% . We prove the following

Theorem 3.1 (Youssfi,22 2007). Suppose that (9), (13) and (23) are
filled. Under either (21) or (22), the problem (11) has at least one solu-
tion u in WL (2) N L%°(Q) in the sense that

/a(a:,u,Vu) -Voudx = / fvdx (24)
Q Q
for all v in D(Q).

Remark 3.1. The previous theorem is surprising, since the function h
does not influence the result. This seems to be natural, since if one looks
for bounded solutions the degeneracy of the operator A ”disappears”. Our
result includes classical similar results, notably the G. Stampacchia’s one.

We extend the result of the previous theorem 3.1 to the strongly nonlinear
problem

(25)

A(u) + H(xz,u,Vu) = f in §,
u=20 on 052,

where H is a Carathéodory function which doesn’t satisfy necessarily the
famous sign condition H(z,s,&)s > 0, but only the following growth con-
dition

|H (x,5,8)] < B(s)M([¢]), (26)
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where 8 : IR — IRT is a continuous function such that the function

B(t)

M (M (h(]t])))
belongs to L(IR). So by defining

o= [ PO 4
7 /OHI(M(h(ItI)))

for all s € IR, the function ~ is bounded.

t —

Theorem 3.2 (Benkirane-Youssfi,* 2008). Suppose that (9), (13),
(23) and (26) are filled. Under either (21) or (22), the problem (25) has at
least one solution u in WLy (Q) N L®(Q) in the sense that

/a(@u, Vu) - Vudz + / H(z,u, Vu)vdx = / fudz (27)
Q Q Q
for all v € W Ly () N L(9).

Remark 3.2. In addition of the degeneration of the operator A, the fact
that H does not satisfy the sign condition creates another problem of getting
the a priori estimates. To overcome this hindrance, we use test functions of
exponential type containing the function «. Note that the result of Theorem
3.2 extends those obtained in Boccardo et al.? and Trombetti.?!

Proof. Summarized.
Step 1: A priori estimates: We define A,, and B,, as
Ay (u) = —diva(z, Ty (u), Vu)
and
By (z,u, Vu) = T, (B(z,u, Vu)).

Denote by m* either N or m according as we assume (21) or (22), and let
{fn} € WLE5(Q) be a sequence of smooth functions such that

fn — [ strongly in Lm*(Q)
and

By Proposition 2 of Gossez-Mustonen,'? there exists at least one solution
un € D(A, + By) C WLy (Q) to the approximate equation

—diva(z, Tn(un), Vun) + Bp(z,un, Vu,) = fn
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in the sense that

/ a(z, Tn(up), Vuy,) - Vodx + /
Q

B, (x,up, Vy)vde = /fnvdx (28)
Q Q

for all v € W§ L ().
Lemma 3.1. Let u, be a solution of (28). For all t,e in IR, one has the
following inequalities:
/ a(x, Tp(un), Vi) - Vne? ) d
{t<u,<t+e} (29)
< / fH DTG () d.
{un>t}

/ a(x, Tn(un), Vun) . vune'y(u;)dgC
{~t—e<un,<—t}
< / fn_e’Y(u;)Te(Gt (U;))dx

{un<—t}

Proof. To prove (29) we use the test function
DT, (G (Ti(ui))))
that belongs to WLy (Q) for all k > 0 and we use the function
— eV T DT (G (Th ()
which belongs to Wi Ly (2) to prove (30). O

Lemma 3.2. There exists a constant cy, not depending on n, such that for
almost every t > 0

d ——1
_@/ﬂunm}M (M(h(|un|)))M(|Vun|)dx<co/{|un>t}|fn|dx. (31)

Proof. The two functions ¢¥(“+) and €7(=) are bounded in L>®(f), we
sum up both inequalities (29) and (30) obtaining (31). |

The following comparison lemma constitutes the crucial step in the proof.

Lemma 3.3. Let K(t) = %(t) and pn(t) = |[{x € Q : Juy(x)| > t}|, for all
t > 0. We have for almost everyt > 0:

h(t) <

2M (1)(— 41l (¢)) K1 v /{} Fnlde (32)

M (MQ)NCT () M (MQ)NCT ()
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where Cy stands for the measure of the unit ball in RN and cq is the
constant which appears in (31).

1
Proof. The function C(t) = K1) is decreasing and convex (see Tal-

enti'?). Hence, Jensen’s inequality yields

[
{t<|un|<t+k}

(M (h(lun]))) M (|Vun|)dz

C
—1
A (M ((un)))| Vit |de
{t<|un|<t+k}
—1
/' K (V)T (M ([ )|Vt |z
_ o | Juguisin
—1
M (M ((un))) Vit de
{t<]un|<t+k}
—1
/ N (M (h(|un)))de
< _ Jii<lun|<tik)

= —1
M (M (h(Junl))) I Vuy,|de
{t<|un|<t+k}

M (M () (a4 k) + pin(8)
M H(M(h(t+ k) V| dz
{t<|un|<t+k}

IN

Taking into account that H_l(M(h(t))) < M_l(M(l)), using the convex-

ity of C' and then letting k — 0T, we obtain for almost every ¢ > 0

d —1
-1 —— M (M(h(lu, ) M((|Vu,|)dz
W i T O )MV
2 (M(h(1))) Wl(M(l))(—%/{l [Vl
< — (1)

y .
——/ |Vuy,|dx
dt Jiju, >ty

Recall the following inequality, (see Talenti'?):

d

——/ |V, |de > NCﬁun(t)lfﬁ for almost every ¢t > 0. (33)
At J{junl>t)
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The monotonicity of the function C, (31) and (33) yield
1
—
T (M(h(t)))

co/ | frnldz
{lun|>t}

— i (1) -1
< —_——1 L 1—L K —_——1 L 1—L
M (M(L))NCY pn(t) M (ML))NCY pn(t)
Using the inequality
M(t) <M '(M(t)) forallt>0 (34)
and the fact that 0 < h(t) < 1, we obtain (32). m|

Step 2: L°°-bound: If we are under (21) we get

HunHoo < H! <_ . 2M(1) . K1 <_ 1CO||f||N >N|Q|%>
— T a

M (MO)NCE (M(L)NCF
35)
and if we are under (22) we get
lunlloo <
o ( 2M (V)£ (K-lm . /+°° ( s ) d))
— r+1 r :
O r)reNe A e WM
(36)
This, implies that
”un”oo <c (37)

Step 3: Estimation in Wi Ly (£2). An estimation in W L (), is obtained
by proving the following

Lemma 3.4.

(1) —/ a(x, Tn(uy), Vuy) - Vune'y(“z)dx < / f;'e”(“z)u:{da:.
{0<u,} Q

IN

(2) — / a(z, Ty (tn), Vi) - Ve ) da / frme? )y da.
{ungo} Q

Proof. We use
Dyt € WLy (QNL®(Q)
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to prove the first inequality and use
—e"W)y € WLy (Q)NL™(Q)

for the second. O

Summing up both inequalities (1) and (2) we get

1

[l < BT (39)
Q M “M(h(c))
Hence, there is a function u € W Ly () such that
u, —u weakly in WLy (Q) for o(ILas, I1Ey;), (39)
and
up, = u in Ep () strongly and a.e. in . (40)

Step 4: Almost everywhere convergence of the gradients. We prove the
following

Lemma 3.5. The sequence {a(x, T, (un), Vun)} is uniformly bounded in
(Lar())N.

Then, we prove that

Vu, — Vu a.e. in Q. (41)
and
a(z, Ty, (un), Vuy) — a(z,u, Vu) weakly in (L37(€2))N (42)
for o (Il Ly, IIE).
Step 5: Modular convergence of the gradients. We prove that
Up, — u in Wy Ly (Q)
for the modular convergence.
Step 6: Equi-integrability of the non-linearities. We prove that
Bo(,Un, Vu,) — B(x,u,Vu) strongly in L*(Q). (43)

Step T7: Passage to the limit. Testing by v € WLy (Q)NL> (), we have
all ingredients to pass to the limit in (28) and obtain that u is a solution
of (25) in the sense of (27).
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Analysis of a new mixed formulation of the obstacle problem

Belkassem Seddoug, Ahmed Addou, and Abdeluaab Lidouh

Département de Mathématiques et Informatique, Faculté des sciences
Université Mohammed Premier, Oujda, Morocco

For the obstacle problem:

u >,

for which the unknowns are u and the free boundary d[u > 1]. It is known! that
the coincidence set [u = 1] is contained in the set [f — At > 0]. In this work
we introduce p = (f — Aw)+x[u>w], that characterizes the domain of non
contact,? and we analyze a mixed formulation of the obstacle problem where p
appears as a Lagrange multiplier. We show, in particular, that the solution pp
of the approached (by linear finite element) mixed problem converges to p with
an order of convergence that is an O(h), which is optimal seen the equivalent
result on the approximation of the free boundary® and.?

Keywords: Obstacle problem; Variational inequalities; Free boundary; Mixed
formulation.

1. Introduction
In this work we are interested in the following “model” obstacle problem:

{Find ue K ={veH}Q):v=>1ae inQ} such that

Jo Vu (Vo —Vu)de + [, f(v—u)dz >0, for every v € K, (L)

where ¢, f and 2 are regular data.

As in,! problem (1) can be written:

{Au:f—,usinQ,
ujgn =0,

(2)

where p4 is a positive measure whose support is contained in the coincidence
set

Iu)={z € Q:u(z) =vy(x)}.
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The a priori determination of ps would permit to solve (1) as a Dirichlet
problem.

In the same sense, it has been established in,? that problem (1) is equiv-
alent to the following one:

Find v € Hj (Q) and p € L*(Q) such that
Au=p+F~ + Ay in H (Q), (3)
p € Op(u),

where F = f — At supposed in L?(Q), and ¢ : v +— [, FToTdz. With
h* = max(h,0), h~ = min(h, 0) for every h in L*(Q), so that h = h* +h~.
Op(u) designates the subdifferential of ¢ at .

A fundamental aspect, from that point of view, is the characterization of
the non contact domain 4 (u) = Q\I(u), and therefore the free boundary,
which is also an unknown of the problem, with the help of pu.

What we propose through this article that is the analysis of the approach
presented in? by putting it in a setting of mixed formulation where the
measure 4 appears as a Lagrange multiplier. It allows us to adapt the theory
of Brezzi® and” for the analysis of the approximation by finite element of
the reformulated problem.

This point of view is different from the one presented in? since one
determines the two unknowns of the obstacle problem at the same time, u
and p (and so the free boundary), and also different from the one adopted
by the different mixed formulations of the obstacle problem.

2. Survey of the abstract problem
2.1. The continuous problem

Let us consider two Hilbert spaces H and V such that V € H C V', with
continuous and dense injections.

We denote (.,.) the duality pairing between V and V', a(.,.) the scalar
product of V and (.,.) the one of H. And we will note A the Riesz operator
between V and V' (i.e. V(u,v) € V2 : a(u,v) = (Au,v)).

We consider a closed convex cone K in H, its polar cone is defined by:

K° = {w € H such that Vv € K : (v,w) < 0}.
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If v € H, vt and v~ designate respectively the orthogonal projections
of von K and K9, i.e.

v=ovt+ov ,(vvT)=0and Vw € K : (v—vT,w—2v") <0.
We suppose in addition that:

(H1) K is right i.e. K% = —K.
(H2) Yo € V:vt 0™ € V and a(vt,v™) = 0.
(H3) Vu,v e V:uT +ovt — (u+v)T € KNV.

We consider the following variational inequality problem:

{Find uw € KNV such that ()

a(u,v —u) + (f,v—u) >0, for every v € KNV,

where f € H. It is known that problem (4) admits a unique solution.!

2.2. Reformulation of the problem
As in? we consider, on V, the continuous and convex mapping
0:V—TR,v— p) = (fto").

The following propositions have been shown in.?

Proposition 2.1. Problem (4) is equivalent to the problem

Find w € V such that
{ )

a(u,v —u) + @) —pu) + (f~,v—u) >0, for every v € V.

Problem (5) is different from (4) by the fact that it is without con-
straints. In addition, formulation (5) allows us to show the following conti-
nuity result.

Lemma 2.1. if u is the solution to problem (5) then the linear form,
w — alu,w),

is continuous on 'V for the norm of H. And one has the bound of the norm
ofwin H :

a(u,w)

< + 4 — . 6
wGSV,w;é() lwll 5 <[ F 5 + 1771 (6)
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Proof. For every w in V, with v = v+ w in (5) and thanks to (H3), one
has:

a(u,w) > (ff, (Wt +w) = (u+w)™) = (fFw") = (f,w)
e (er,U) )_(fivw)
= = {1 g+ 1t el -

And with v = u — w, one has:

a(w, —w) = ={[|F ¥l + (17} =l

that is to say

w) < {1+ 1177} el
That finishes the proof. O

Proposition 2.2. The function u is the solution to problem (5) if and only
if (u, p) is the solution to problem

Find (u,p) € V x H such that
a(u, ) + (1, 0) + (=,0) = 0, for every v e V. )
p € Op(u)

Op(u) ={A € H|Vw e H : p(u) — p(w) < (A, u —w)} designates the sub-
differential of ¢ at u.

Taking into account the following lemma 2.2 (Lemma 1 in? ), problem
(7) can be written as:

Find (u,p) € V x C such that
a(u,v) + {(u,v) + (f~,v) =0, for every v € V, (8)
(¢ — p,u) <0, for every ¢ € C,

where C' = {¢ € H : ((,v) < ¢(v), for every v € V'} is a closed convex con-
taining O .

Lemma 2.2. For every p € H the following propositions are equivalent

(i) 1€ Op(u).
(it) p € C and {u, >=90( )
(i) e C and (¢ — p,u) <0 for every ¢ € C.



105

In,? for the calculation of x then the resolution of a Dirichlet problem
to determine u, the authors proposed to uncouple problem (8) by putting
z=A"Y(p) and t = A71(f7). Problem (8) is then written:

Find (u,z) € V x M such that

alu+ z+t,v) =0, for every v € V,

alw — z,u) <0, for every w € M,
where A is the Riesz-Fréchet operator associated to a(.,.) and M = A=1(C).
That permits to define z as being the projection of —t on the closed convex

M for the scalar product af(.,.). And in order to compute z, they proposed
a projection algorithm inspired from the one of Degueil.®

The set M being defined only implicitly, so the proposed algorithm
cannot be implemented, and makes the analysis of the discrete problem
nearly impossible. In addition to calculate t it is necessary to solve the
problem At = f~ in advance.

What we propose, in alternative, it is the direct resolution (through an
approximation by finite element) of the mixed problem (8), especially
as the convex C can be determined explicitly, more precisely one has.

Lemma 2.3. With the hypotheses above one has
C=(f* +K°)NK.

Proof. By definition of C and ¢, one has, for every ¢ € C'
Yoe Vi (Gu) < (fFoh).

The space V' being dense in H and the projection operator from H on the
cone K is continuous, so the previous inequality is verified for all v in H.
While taking v respectively in K and K°, one gets

Voe K: (¢—ffv) <0andVoe K°: ((,v) < (ff,vh) =0,

then ( — ff € K and ¢ € (KO)O =K.
On the other hand if ( € K and ( — f* € K°, one has, for allv € V

(Gv) = (Gvh) +(GvT) < (Govf) < (fF,07),

so (e C. O

Remark 2.1. While the convex C is not a cone, one cannot apply directly
the theory of Brezzi.® In this case an alternative is proposed in” to justify
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existence and uniqueness of the solution to problem (8) through an inf-sup
condition between the spaces V and H equipped with the norm of V’, which
is obvious in our case, indeed, for every o € V' one has:

(a,v)
= [lally. - 9)
vEV,v#£0 ||U||V

Remark 2.2. The bilinear form a being symmetric, so the mixed problem
(8) is equivalent to the following saddle point problem:”

{Find (u,p) € V x C such that

Llu, ) < Llu, 1) < L(v, 1) , for all (v,¢) €V x C, (10)

1
where the Lagrangian £ is defined on V x V’ by L(v,() = §a(v,v) +
(f7v) + (G v).

2.3. Property of stability

Seen should be given the inf-sup condition (9) problem (8) can be studied
regardless of problem (4) (see”), so we have the following stability result.

Proposition 2.3. There ezists a positive constant C' such that

lully + el < ClF s (11)
where (u, 1) denote the solution of problem (8), and ||.|| y the norm of
the Hilbert space X .
Proof. With v = —u and ¢ = 0 in (8), one has
a(u, —u) + (—p,u) + (f7,u) =0 and (—u,u) <0,
hence
lully < e[lf 71l - (12)
To estimate |||, we also use (8), so for all v in V' one has:
<,LL,U> = —(f_,U) - a(u,v)
< Moll + elly 1ol
<O g + el Yol
that implies with (12) the estimation (11). m|

Remark 2.3. The stability result above shows how much f~ controls the
solution of the problem. in particular if f~ =0 then v = p = 0.
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Remark 2.4. If the constraint of problem (4) is given by the translated
w+ K of K by an element w € W (with V CW CH such that the bilinear
form a is defined and continuous on W), problem (5) can be written

{Flnd u € V such that (13)

alu—w,v—u)+p1(v) —p1(u) + (F,v—u)>0,forallveV,

where 1 : v — (F'T, (v —w)") and F defined by (F,v) = (f,v) + a(w,v)
for all v € V| we suppose that F' is continuous for the norm of H. Problem
(8) becomes:

Find (u,u) € V x C” such that
a(u —w,v) + {p,v) + (F~,v) =0, for every v € V, (14)
(¢ — pyu—w) <0, for every ¢ € C”,

where ¢’ = (FT+ K°) N K.

2.4. The discrete problem

Let (V4);, be a sequence of finite dimensional subspaces of V', and for all h
we define V} as the dual of V;, by

V= {a(vp, .) such that v, € Vi,} = {(vp,.) such that v, € V;,} C V7,

subspace of V' and of H (V}, being of finite dimension so the restrictions to
Vj, of the two norms |.||;, and |.||;; are equivalent).

We consider, finally, a sequence (C},) of closed convex subsets of Vj,
containing Oy,. And we assume that

the sequence (V4, C,) approximates (V,C) in the sense of.” (15)
The discrete problem associated to (8) can be written as:
Find (up, pp) € Vi, x Cy, such that

a(un,vn) + (tn, vn) + (f 7, vn) =0, for all vy € Vp, (16)
(Ch = pin,un) <0, for all ¢, € Ch.

As in,” we introduce the following discrete inf-sup condition:

Vap € V) :  sup {an, vn)
VR €EVh,vp#0 ”UhHV

2 Bllanlly (17)

for some 3 > 0 independent of h. What permits to show (see”) the following
stability result.
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Proposition 2.4. If the assumption (17) holds then there exists a constant
c such that

lunlly + llenlly < e |l

where (up, up) denotes the solution of problem (16).

In order to show a convergence result, first one has to show the following
estimate, necessary especially for the error estimate. Proofs can be found
in” and.!?

Theorem 2.1. Under assumption (17), if (u,u) and (up,pr) denote the
respective solutions to problems (8) and (16), then there exists a constant
c independent of h such that the following estimates hold:

B 2 . _ 2 . G2,

= unl}y < eq inf flu—valy + inf (e = Gull3 + Bi(G) -
inf B

+ inf, 2(0},

o=l < e = wall + ing -G}, o)
Chech

where B1(Cn) = (1 — G, u) and Ba(¢) = (un — ¢, u).
We finally state the convergence result.

Theorem 2.2. Under assumptions (15) and (17), if (u,p) and (wp, pn)
denote the respective solutions to problems (8) and (16), then (up, pp) con-
verges strongly to (u,p) in V x V',

3. Study of an obstacle problem
3.1. The continuous problem

Let © be a bounded domain (that one supposes polygonal to simplify the
analysis) in R™ (n < 2). The Hilbert space H}(2) is equipped with the
scalar product:

a(u,v) = / VuVudz, for all (u,v) € H ().
Q

Let f € H-Y(Q) and ¢ € H'(Q) such that 1 < 0 on 9, we suppose
that

F=(f-Ayp) e L*(9Q),
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and we define
Ky={veL*Q):v>1¢ae inQ}.
We consider the following obstacle problem:

{Find u € Ky N HY(Q) such that

a(u,v —u)+ (f,v —u) >0, for all v € Ky N H (). (20)

The hypotheses of the section (2) are verified for V = H}(Q), W =
HY(Q), H=L*Q), and Ky = + K (w = 1), with K the convex cone of
L?(Q) of almost everywhere positive functions in € i.e.

K=-K"={velL?(Q):v>0ae in Q}.
Problem (20) is then equivalent to the following one:

Find (u,p) € HE () x C’ such that
a(u —1,v) + (p,v) + (F~,v) =0, for all v € H (), (21)
(C_U7u_¢) < 07 for all C € C/a

with ¢’ = KN (FT + K°) = {¢ € L*(Q) such that 0 < ( < FT a.e. in Q}.
On the other hand if (u,u) is solution to problem (21) then w is the
solution to the following Dirichlet problem:

{Au:u+F‘+A1/} in Q,

22
Ulgn = 0. ( )

In addition it is known! that the coincidence set [u = 4] is contained in
the set [F' > 0] and
Alu =) = FXpusy), (23)
what means:
F™Xu=y) = 0, (24)
and
Au = F X sy +F {1 =Xjuzy)} +A% = F X [usy)+F~+A¢ in Q. (25)
Combining (22) and (25) we can write
t=FTX[usy) a.ein Q. (26)

Remark 3.1. In order to simplify the analysis, we will suppose that ¥ =
0. Seen should be given the form of problem (21), it is clear that this
hypothesis is not restrictive.
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3.2. The discrete problem

Let us consider that a triangulation 75 is defined over €, regular in the
sense that each simplex T" € 7} contains a ball with radius ;A and is
contained in a ball with radius y2h where the positive constants vy; and ~ys
are independent of h.

A piecewise linear subspace V}, of V' can be defined as:

Vi, = {vy € C°(Q) N H{(Q) such that for all T € Ty, : vp € P1(T)} .
Let N = N(h), number of nodes A; of the triangulation, to simplify

the notations, we assume that the numbering is such that Aq, As, ..., An,
are the internal nodes while Ay,41,..., An lie on the boundary I'. Ny is
then the dimension of V},. We introduce the canonical basis (¢1, 2, .., ©N)

associated to the triangulation 7.
We assume in addition that the inverse assumption (see!!) holds, what
permits to have the following inverse inequality:

lwnll g1 gy < ch™! lwnl 2.0 > Vo € Vi. (27)
0 () ()

To approximate p € L?(Q), we need a discrete space with the same
dimension as V}, so we can use V}, or we associate to the triangulation 7j,
the set Kp, of the N volumes D; (i = 1...N) that constitute the dual of
the triangulation 7;, known as the Voronoi mesh. This mesh is constructed
by connecting with a straight line segment the mid-points of edges and
centroids of each neighboring pair of triangles having a common edge. And
we introduce the space W), (approximation of L(Q) and H~1((2)), defined
by:

Wi, = {wy € L* () such that for all D € Ky, : wyp € Po(D)},
equipped with its canonical basis (x1, X2, ---s XN, ), Where X; is the charac-

teristic function of the control volume D;.
The discrete problem associated to (21) reads:

Find (uh, uh) € Vi, x C}, such that
a(up,vp) + {ph, vn) + (f~,vn) = 0, for all vy, € Vj, (28)
<<h — uh,uh> <0, for all ¢, € Ch,

where we set

No
Cy = {Ch = ZQXi € W), such that 0 < (C, ;) < T, i = 1...N0},
i=1

and T, = [, fTpidz.
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With the notations above it is easy to see that problem (28 ) can be
written as:

JU,2) <JU,Y) < J(w,Y), forall (w,z) € RNo x [T [0, 73],
(29)
(Mw,w) + (T7,w) + (z,w) with T, =
fQ fTywidx and Y = Ppup. M is the stiffness matrix of the problem i.e.
M = (mi; = alpi,¢j)), P = (pij), is the Ng x Np-matrix such that

{Find (U,Y) € RN x [TY°, [0, ;"] such that

N | =

where we set J(w,z) =

pij = [ pixjdx = w;dx. In the one dimensional case and with regu-
Q D;
lar triangulation, the matrix P is easily calculable and one has:

61 0---0
h b
3 O . .0
|
0---0 16

In the two dimensional case the matrix P is also calculable for a tri-
angulation with simple geometries and it is symmetric. More precisely one

11
can show, in an elementary manner, the following properties: p;; = s |D;|

and Zpij = % |D;| for i = 1...Ny. To compute p;; = /D ¢idx for i = j
oy .
or forji;riternal neighboring nodes A; and A;, one can use trapezoid formula
by splitting D; into small triangles and using the fact that the dual mesh
splits any triangle of the primal triangulation into six small triangles having
common measure.

If one uses V}, instead of W} to approach p, the matrix P will be re-

placed by B = (b;;), where b;; = [ ¢;p;dx. Using Simpson’s formula, one
Q

can show the following properties: b;; = % |K;| and Z bij = é | K|, where
J#i
K, = U T, for all internal node A;, i = 1...Np.
A€T
To use the results of the section (2) we must establish a discrete inf-sup
condition and show that Cj, approximates C' in the sense of.®> To this end,
we establish the following technical lemmas.
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Lemma 3.1. There exists two positive constants cy,cs independent of h
such that

1 w2y < lanlZay < €2 (s wn) (30)
for all ap, = > a;xi € Wh, where wp, = > ayip; € V.

Proof. In 2-D case.
For a = *(aq,...,an), an = > aixi € Wy and wp, = > ayp; € Vi, one

has
||O[h||ig(Q) ='aDa, ||Wh|‘ig(g) ='aBa, and (ap,wp) = 'aPa,

where D is the diagonal matrix D = diag(|D1], ..., |Dn|)- So

2
w t t t
[ hHL2(Q) _ aBa: aBa ‘oo <E7 (31)
taDa taa taDa ~ s

2
||ah||L2(Q)

where ¢ is the largest eigenvalue of B, and s the smallest one of D. By the
regularity assumptions on the triangulation and the properties of B and D,
and thanks to Gershgorin’s theorem, one has

1
t < 5max|Ki| < ch? and s > min |D;| > ch?,
the first inequality of (30) follows.

On the other hand

2
o t t t /
| hHL2(Q) _ aDa _ aDa "aa < t (32)
(oo, wp,) taPa taa taPa ~ s

where t’ is the largest eigenvalue of D, and s’ the smallest one of P. While
reasoning like previously, the second inequality of (30) follows. O

Lemma 3.2. For A\ € L%(Q), if A is the projection of A\ on Wy, in the
following sense

//\vhdx = / )\Ivhda:,‘v’vh € W,
Q Q
then there exists a positive constant ¢ independent of h and X\ such that

A - )\IHH—l(Q) < A 20 - (33)
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Proof. For all v € H}(Q), if v! € V}, denotes the Lagrange interpolant of
v, one has

/Q()\—)\I)vdac = /(A—Af)(u—vf)dx

Q
<x- )\I||L2(Q) [ — UI||L2(Q)
< ch|x- /\I||L2(Q) 101l 73 (@ »
therefore
A=A

<ch|x— A (34)

||H*1(Q) ||L2(Q) :
On the other hand, let AT = >~ \;x;, and wy, = Y. Aig;, using (30 ), one

has
M 1320 < C/Q Nwpdr = C/Q Awnde < ¢ [ M L2y 1Al 2q)

what implies, with the help of (34), the estimate (33). O

Lemma 3.3. There exists a constant (8 independent of h, such that

Vap, € Wy, : sup M

>p ||ah||H—l(Q) . (35)
vn€Vion 0 [[Vnll 1 ()

N
Proof. For aj = a;xi € Wi, let w € HYHQ) N H3(Q) and wy, € V,
=1

(2

such that
—Aw = ayp, and a(wp, v) = a(w,vn) = (ap, vp) , Yop € Vi,
it is known (see'?), that |lw — whll g1 () < chllanllpe(q) , therefore

2 2 2 2
w2 ) = lwnll @) = o = wallz @) < ch® lanlza(q) -

hence

2 2 2 2
lenllzr-1 (@) = Il @) < llwnllig @) +ch® llonllzay - (36)

N
On the other hand, for v, = Y a;p; € Vj,, using (30) and the inverse
i=1

inequality (27), one has

(atn, vn)

> ch [l p2gq) (37)
ol 3 B
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what permits to conclude, with the help of (36) that

{an, va)
lanllg-1) < clwnllgsy =¢  sup =
vn€Vion 0 [1Vnll g1 ()

If one uses V;, instead of W}, to approximate p, the discrete inf-sup condition
would be an immediate consequence of (36) and (27). m|

Lemma 3.4. The sequence (Ch) approzimates C in the following sense:

(i) VA € C, 3N, € Ch,such that: A\, — X in H=(Q).
(ii) If A\, € Cy such that A\, — X\ in H-1(Q), for some X in L*(Q), then
reC.

Proof. Item (i) follows from the estimate (33) and the fact that A € C,
ifxeC.

On the other hand let A, and X as in (ii), so for all v € H}(Q), v > 0
and vy, € Vi, vy, > 0 such that vy, — v in Hg (), one has

OS/)\hvhde/ervhdx,
Q Q

however [, Apvpdx — [, Avdz, therefore

OS/)\vda:S/ervda:,
Q Q

what permits to conclude that A € C. O

In addition to the results of Section 2, one has the following error esti-
mate.

Theorem 3.1. If (u,pu) and (up, upn) designate the respective solutions to
problems (21) and (28), and if u € H?(Q) then there exists a positive
constant ¢ independent of h such that:

lw = unll gz ) + 10— pallg-1(q) < ch (38)
0

Proof. Using theorem 2.1, and thanks to the interpolation error (see'?)

[|u < ch® [[ull g2y and Ju— uIHHg(Q) < chllull g2

_“I||L2(Q)

where u! € V}, denotes the interpolant of u € H}(Q), and the interpolation
(33):

||/’L - H’IHH—l(Q) S ch ||ILL||L2(Q) )
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we had proved, it rests to examine the quantities B1((x) and Bs(() that
appear in the inequalities (18) and (19). To this end, let us take ¢, = p! €
C} in By, we have:

Bi(u')

(p—p"uy = (u—pu—ub)
e = 1 sy e = v s
< ch? el 22y 1wl 2o -

On the other hand, with ( = p € C in B, and while taking into account
the fact that v > 0 a.e. in Q and

<M7u> = <f+7u>7

IN

we obtain:
Bay(p) = (pn — pu) = {pn = f+, 0 —ul) + {un = f+, )
< A{un — f+,u—u') (because uj, € Cj, and u’ > 0)
< lun — f+||L2(Q) [Ju — “I||L2(Q)
< | — f+||L2(Q) ch? [l 22 ) »

to conclude, we must show that ||un12(q) is bounded independently of h,
more precisely we show that

||Nh||L2(Q) <c ||f+HL2(Q) g (39)

indeed, let u = No iX: and v, = No ii, one has (lemma 3.1):
lu’ =1 /’L =1 /’I’ SD
No
I ey < €2 o) = 2 3o [ pnde
i=1

No NO
< CQZ|M|/ Mh%‘dﬂfﬁczzmd/ froida
i=1 Q i=1 Q

No NO
< CQ/ f+ Z |,Uz| ‘Pidm <c2 ||f+||L2(Q) Z |,UZ| Pi
Q i=1 i=1 L2(Q)
No
= CHJHHB(Q) Z il i
=1 L2(Q)
<

¢ ||f+||L2(Q) el L2 -
That finishes the proof.

In the case where one chooses V}, instead of W} to approximate u |,
the inequality (39) can be proved in the same manner by putting u, =
Zf.v:ol Hii, and using two times the lemma 3.1. O
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3.3. Some numerical results

In this section, we present two numerical tests in order to confirm the
theoretical results.

Ezample 1.

We consider the following one-dimensional obstacle problem, with Q =
10,2[, v = 0 and f defined by:

{f(x):—lifme[o,l],
flxy=1ifze]1,2].

The solution to the continuous problem is calculable. And one has:

u(z) = —%xQ +(2—-V2)zifz €0,1] ,

u(x):%xz—\/ix—l—lifxe}l,\/ﬂ,
u(z) =01if z € [v2,2],

and the measure p = X[1,v3)

We solve the mixed problem (29) using Uzawa’s algorithm, and for dif-
ferent values of h. Figure 1 bellow represents the L?-error on y for different
values of h.

0.15
0.14-
0.13
0.12
0.11.

0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

L2-error on mu

Fig. 1. L2-error on p for different values of h.
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Figure 2 gives a comparison between the curve of u and the one of wuy,
for h = 1/32. One remarks that the two curves are nearly confounded, and
this even though h is not small enough.

0.7; e Exact u.

Approched u.h=1/32.

0.6

0.5

u(x)

0.4
0.34
0.2

0.1

Fig. 2. Comparison between u and uy, for h = 1/32.

Figure 3 gives a comparison between the curve of y and the one of puy,
for h = 1/256. The oscillations near the value 1 are due to the discontinuity
of f at this point.

The advantage to use p to characterize the free boundary and not w, is
due to the fact that with p = F+X[u>1/)] the jump is pronounced (because
under some regularity hypotheses on the obstacle 9 (see'3) one has F >
¢ > 0 near the free boundary), what is not the case for u that leaves the
obstacle with a speed at least quadratic. It is what one observes well on the
two figures 2 and 3.

Ezample 2.
We consider in the 2-D case, the following problem, with Q = ]—1,1[%,
=0 and f as:

fz,y) =8z + 8% — 1.
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Approched mu. With h = 1/256.
Exact mu.

-
a4

© o o o o
o> 3 @ o

mu(x)

o
'S
AT A

© o 9o
= N W

o

05 15
X

(=

Fig. 3. Comparison between p and pp for h = 1/256.

The solution to the obstacle problem is the function u defined on € by:

32

1
u(r,y) = o= (42 + 4y% — 1)? if 4a?+4y?-1<0,
w(z,y) =0 if 42?+4y?>—-1>0.

We solve the mixed problem for different values of h, results obtained
seem to be in agreement with the established theoretical results.

Figures 4 and 5 represent respectively the isovalues of the functions u
and wuyp, for h = 1/30. We can easily notice the strong similarities between
the two figures.

In the same manner Figures 6 and 7 represent respectively the isovalues
of exact p and pp, the approximation of p. for h = 1/60, we notice also the
similarities of the two figures.

Figure 8 represents the H}(Q)-error on u for different values of h, one
can notice the linear aspect of this evolution, what confirms the error esti-
mate of the theorem 3.1.

Finally, we note that 2-D simulations have been realized under the en-
vironment FreeFem++ .14

Current and future developments

The aim of this work was to present a new mixed formulation of the obsta-
cle problem. We have proved that this formulation is as effective as those



119

u exact 60x60
IsoValue

m0.00859375

M0.0164063
M0.0179687
M0.0195313
M0.0210938
W0.0226562
M0.0242188
W0.0257812
m0.0273438
M0.0289063
M0.0304687

Fig. 4. Isovalues of exact u for h = 1/30.

classically known. Finally we have confirmed the theoretical results that we
have established by numerical tests.

Finally we would like to confirm that the approach we have presented
can be used successfully for other similar problems, in particular the bilat-
eral obstacle problem.
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123

An obstacle problem via a sequence of penalized problems

E. Azroul and M. Rhoudaf

Département de Mathématiques et Informatique
Faculté des Sciences Dhar-Mahraz
B.P 1796 Atlas Fés, Morocco

In this paper, we shall concern with the existence result of unilateral parabolic
degenerated problems associated to the equations of the form

% v Aw =1 in Qr,

where A is a classical Leray-Lions operator acting from the weighted Sobolev
space LP(0,T, Wol’p(Q,w)) into its dual LP' (0, T,Wfl’l’/(Q,w*))7 while the
datum f is assumed in L' (Q7).

The proof is based on the penalty methods.

Keywords: Unilateral parabolic degenerate problem; Existence result; Penalty
methods.

1. Introduction

In this paper, we investigate the problem of existence of solutions of the
obstacle problems associated to the following initial-boundary value prob-
lem:

% div(a(z,t,u, Vu)) = f in Qr =Qx (0,T)
(Pe)q u=0 on ¥ =0Qx (0,T)
u(0) = ug in Q,

where Q is an open bounded subset of R, N > 1, T > 0, and we have
set Qr the cylinder Q x (0,7) and ¥ its lateral surface.

We assume that a(z,t,€) : Q7 x RN — IRV is a Carathéodry function
(i.e., measurable with respect to (z,t) and continuous with respect to )
satisfying the hypotheses (Hs) below.

The data are taken such that: f € L*(Qr), uo € L*(Q) and ug > 0.
More precisely, this paper deals with the existence of solution to the obstacle
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degenerated parabolic problem (FP.) in the sense of entropy solution:
u > ae in Qr
Ty (u) € LP(0,T, Wy P (Q,w)), u € C([0,T], L*(2))

/ Sk(u—)(7) de + / %—ka(u — ) dx dt
() %o -
< / FTe(u— ) de dt +/ Sk (ug — ¢(z,0)) dx
Qr Q
0 € KyNL®(Qr)NC([0,T],L1(2)) such that
92 € L7 (0, T, W17 (Q,w*)), Yk>0

t
where Si(t) = / Ti(s) ds, 1 € L®(Q) N Wy P(Q,w) and Ky = {u €
0

LP(0, T, Wy P(Q,w)), u>1 ae. in Qr}.

The aim of our work is to investigate the relationship between the pos-
sibility to find solutions of (P) by approximating the singular data f and
up with sequences of regular functions. More precisely letting {fc} and u§
be a standard approximation of f and ug (that is fo — f in L*(Q) and
u§ — up in L1(€2)), and considering the approximate problem:

aau; — div(a(z, t, ue, Vue)) — %Te(uE — )" =f. in Qr

(P5)§ ue=0 on X
ue(0) = u§ in Q.

We study the possibility to find a solution of (P,) as a limit of a subse-
quence {u.} of solutions of (PY).

The penalized term 17 (ue — )~ introduced in (P¢) play a crucial role
in the proof of our main result, in particular this term allows to prove that
the solution u of (P,) belongs in K (that is u > ).

A priori estimates of the truncations 7j(u.) are obtained in
L*(0,T, Wol’p(ﬂ,w)). For the passage to the limit, we prove the strong
converge of the truncation of u. and the almost everywhere convergence
of Vu, is proved. An example of operator model is,

A(u) = —div(|z|"|VuP~2Vu), 7> 0.

In this context of parabolic problems, if w = 1, existence results for (P.)
have been proved in'® when f belongs to L?(0, T, W~1#'(Q)) and uq is in
L?(Q). The case where f belongs to L*(Qr) is investigated in [,192°] while
the case w # 1, is studied in [,2??] where in the first work the authors have
studied the variational case (f € L¥' (0, T, W~ (Q,w*)) and in the second
work the L'(Qr) case is treated.
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Let us mention that in the literature of unilateral problems, the elliptic
case is more studied, while the study of parabolic case is poor.

2. Preliminaries and basic assumptions

Let Q be a bounded open subset of IRY, p be a real number such that
1<p<ooandw = {w;(z), 1 <i< N} beavector of weight functions, i.e.,
every component w;(x) is a measurable function which is strictly positive
a.e. in . Further, we suppose in all our considerations that, there exists

_ro_
ro > max(N, p) such that w,° " € L},.(?), (1)
and
__1
wip_l € Llloc(Q)7 (2)

for any 0 <i¢ < N.
We denote by W1P(Q,w) the space of all real-valued functions u €
LP(, wp) such that the derivatives in the sense of distributions fulfill

ou
8xi

Which is a Banach space under the norm,

€ LP(Q,w;) forall i=1,...,N.

i
P

N
il = [ / ju(e) Py dz + Y / |3g$>|pwi(m> da:] Y

The condition (1) implies that C§°(Q) is a subset of WP(Q, w) and con-
sequently, we can introduce the subspace WO1 P(Q,w) of WHP(Q,w) as the
closure of C§°(§2) with respect to the norm (3). Moreover, the condition (2)
implies that WP (€, w) as well as W, ?(Q,w) are reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spaces WO1 P(Q,w) is
equivalent to W17 (Q, w*), where w* = {w} = wl_pl, i=20,..,N} and

%

where p’ is the conjugate of p, i.e., p’ = p%l. For more details, we refer the
reader to.!?

Now we state the following assumptions:

Assumption (H;) For 2 < p < oo, we suppose that the expression
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is a norm on W, (9, w) which is equivalent to (3) and that there exists a
weight function o on € such that,
ceL'Q) and o' € LY(Q). (5)
We assume also the Hardy inequality,
1
P

(/Q lu(z)[Po dx>% <c (i_\f:/ﬂ |§;‘Z P, () da:) , ©)

holds for every u € WO1 P(,w) with a constant ¢ > 0 independent of w.
Moreover, the imbedding

Wy P (Q,w) < LP(Q,0) (7)

expressed by the inequality (6) is compact.
Note that (Wy?(Q,w), |||.]]|) is a uniformly convex ( and thus reflexive)
Banach space.

Remark 2.1. Assume that wo(z) = 1 and there exists v € | %, 400 [N

{ﬁ, —|—oo{ such that

N

w1, wi¥ e LYQ) forall i=1,...,N. (8)

2

Note that the assumptions (1) and (8) imply that,

p

N
Ihull = (Z [ I5etruita) dx> )

is a norm defined on W,"*(€,w) and its equivalent to (3) and that, the
imbedding

Wy P (Q,w) = LP(%) (10)

is compact [ see,'? pp 46].
Thus the hypotheses (H;) is satisfied for o = 1.

Assumption (Hs)

N
a(z,t,s,8).6 > aZw¢|£i|p, (11)

i=1

where ¢y (x, t) is a positive function in L¥ (Q), and «, § are strictly positive
constants.
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We recall that, for £ > 1 and s in IR, the truncation is defined as

sif |s| <k
Ti(s) = {kl— it |s| > .

3. Some technical lemmas

3.1. Some functional properties of time-regularization of a
function u

In order to deal with time derivative, we introduce a time mollification of a
function u belonging in some weighted Lebesgue space. Thus we define for
all 4 > 0 and all (z,t) € Qr,

Uy = u[ a(z,s)exp(pu(s —t)) ds where (x,s) = u(z,s)xo,r)(s)-

Proposition 3.1.

1) Ifu e LP(Qr,w;), then, u, is measurable in Qr, aait“ = pu(u—uy,) and

(/ lup|Pwi(z) d dt) ’ < (/ |u|Pw; (x) da dt ’ ,
Q Q

1.€.,

lwllLr @z i) < ullLe(@r.w)-

2) Ifu € Wy (Qr,w), then u, — u in Wy (Qr,w) as p — +00.
3) If un — u in WoP(Qr,w), then (un), — u, in Wy (Qr,w).

3.2. Some weighted imbedding and compactness results

In this section, we establish some imbedding and compactness results in
weighted Sobolev Spaces which allow in particular to extend in the settings
of weighted Sobolev spaces, some trace results and the Aubin’s and Simon’s
results?!.

Let V = W, P(Q,w), H= L*(Q,0) and let V* = W1 (Q, w*), with
(2 <p< ).
Let X = LP(0,T,V). The dual space of X is X* = v (0,T,V*) where
ﬁ +1—1) = 1 and denoting the space Wpl(O,T,V,H) ={veX: v eX}
endowed with the norm

[llwy = llullx + [lu'llx-, (12)
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which is a Banach space. Here u’ stands for the generalized derivative of u,
i.e.,

T T
/ o' (t)p(t) dt = —/ u(t)'(t) dt for all p € C°(0,T).
0 0

Lemma 3.1.
The Banach space H is an Hilbert space and its dual H' can be identified
with him self, i.e., H' ~ H.
Indeed, let
F:HxH—R

(f,9) — /Q fgo dx.

Remark that F' is a symmetric bilinear form, which is also continuous and
defined positively, since

/Qfgadx:/ﬂfo%gaé dz < (/Q|f|2adx);</ﬂ|g|2adx);.

Then, the Banach space H is an Hilbert space.
Finally by a standard argument, we can identified H with its dual H' i.e.,
H ~ H.

Lemma 3.2.°
The evolution triple V. C H C V* is verified.

Lemma 3.3.°
Assume that,

Oun :
% = h'n, + kn m D/(§2)7
where h,, and k, are bounded respectively in LP (0, T, W (Q, w*) and in

LYQr) -
If uy, is bounded in LP(0, T, Wy P (Q,w)), then u, —u in LV (Qr,0).

Lemma 3.4.7

Let g € L"(Qr,7) and let g, € L"(Qr,7), with ||gnllLr(@r.y < 61 <
r < 00. If gn(x) — g(x) a.e in Qr, then g, — g in L"(Qr,7), where —
denotes weak convergence and 7y is a weight function on Qr.
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Lemma 3.5.7
Assume that (Hq1) and (H2) are satisfied and let (u,) be a sequence in
LP(0,T, Wy P(Q,w)) such that u, — u weakly in LP(0,T, Wy (Q,w)) and

/ [a(z, t, upn, Vu,) — a(z, t, tp, Vu)|[Vu, — Vu] dedt — 0. (13)
Q

Then, u, — u in LP(0, T, Wy *(Q, w)).
Lemma 3.6.%% Let V C H C V* be an evolution triple. Then the imbedding
1
Wp (0,7T,V,H) — C([0,T)), H)

18 continuous .

3.3. Main results

Theorem 3.1. Let ug € L*(2) such that ug > 0. Assume that (H,) and
(Hz) hold true. Then there exists at last one solution u € C([0,T]; L*())
such that u(x,0) = ug a.e. and for all T €]0, T,

ELP(O TWO’p(Q w)),u > ae in Q
/ Sk(u(r) = ¢() do + (32 Telu = p)la,

a(z,t,u, Vu)VTi(u — @) dz dt
Qr

< fTie(u— ) de dt + / Sk(ug — o(z,0)) dx
Q- Q

Vk>0 and ¥V € KyNL=(Q) such that %2 € LY (0,7, W1 (Q, w*)),
where Q, = Qx]0, 7].

Proof.
Step 1: A priori estimates
Consider the approximate problem

(P) 8“5 —div(a(z, t, ue, Vue)) — %Tl(
| e € LP(0,T, Wy P (2, w)), ue(w,0) = uf

where f. — f strongly LY(Q), u§ — ug strongly L(€).
Thanks to,? there exists at least one solution of the problem (P,).
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By choosing T’y (ue — T3(ue)), B > ||1] oo as test function in (Pr), we get

(5 T e = o) + [ it 10, V)V, do dt
1 B ue|<B+y
—/Q eT% (ue — )" Ty (ue — Tp(ue)) de dt = /QfETAY(uE — Tps(ue)) dx dt

(14)
On the one hand, we have

Oue
(%8 T, (e — o) /Sﬂ e (T )da;—/gsﬁ(ug) de  (15)

where S’B() = / T,(t — Tg(t)) dt, and by using the fact that
0

/55 ue(T)) dr > 0 and |/ SP(w?) dz| < y|lu?], we get

ou. |?

a/
A< uc| <ty ; O

1
——/T;(ug—@[})_Tv(uE—Tﬁ(uE)) dedt <cy, Ve>0
€ Q €

wi(z) dz dt

(16)

so that

TV(’U’E _Tﬁ(uf)) dr dt < ¢

1
—/ =T1(ue — )~
Q€
1 T (ue — Ts(ue
since —/ =T1(ue — ¢)—M
Qe ° v
we deduce by Fatou’s lemma as v — 0 that

/1T«%—w—ga (17)
Q

€

dx dt > 0, for every 3 > ||¢|| oo,

-

ol

Using in (P.) the test function T (u) we get for every 7 € (0,7,

X(0,7)?

/ Sk (e (7)) dar + / o, T (ue), VT (ue))V Tk () da dt
Q

-

_l/QT%((uE — ) )Ti(ue) da dt < ck

€

which gives thanks to (17)

/sk(ue(f)) dz+/ a(w,t, To(ue), VT (ul) da dt < k. (18)
Q

-

Then,

8Tk (ue) P

oz, wi(z) de dt <ck, Vk>1 (19)

gp>

=1
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Hence, T (u) is bounded in LP(0, T, Wy P (Q, w)).
Let k£ > 0 large enough and Bpr be a ball of €2, we have,

T
k meas({|uc| > k} A Bp x [0,T]) = / / T ()| da dt
{lue|>k}NBRr

< / ' /B T o i (20)
< ([ mtapu ds i) ( [ o dt)

then, thanks to (H;), we deduce that,

o=

1

Ty (u, ’
k meas({|uc| > k} N Bg x [0, 7)) < 0 gm” w;(z) dz dt)
< ckp
(21)
which implies that,
c
meas({|uc| > k} N Bg x [0,T]) < kli% . VEk>1
So, we have,
kliril (meas({(z,t) € Q: |ue >k} NBr x[0,7])=0 (22)

uniformly with respect to €. Consider now a function nondecreasing & €
C?(IR) such that

Multiplying the approximate equation by &}, (ue), we get

P (&r(ue)) — div(a(a, t, ue, Vue)éy (ue)) + alw, t,ue, Vu )€y (ue)
— T3 ((ue = ))& (ue) = fe& (ue),

in the sense of distribution.

This implies, thanks to (19) and the fact that ¢, has compact support,
that & (uc) is bounded in LP(0, T, W, * (9, w)), while it’s time derivative
%(fk(ue)) is bounded in L? (0, T, W~ (Q, w*)) + L*(Qr), hence lemma
3.3 allows us to conclude that & (uc) is compact in LY (Qr,0).

Thus, for a subsequence, it also converges in measure and almost every
where in @ since we have, for every A > 0
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meas({|uec — uy| > A} N B x [0,T]) < meas({|uc| > £} N Bg x [0,7))
+meas({|u,| > £} N Bg x [0,T])
meas({|¢ (1) — &(uy)| > A} 1 Br x [0,7]).
(23)
Let o > 0, then, by (22) and the fact that & (u) is compact in L] (Qr,0),
there exists k(o) > 0 such that,

meas({|ue —un| > A} N Br x [0,T]) <o forall €,n<ey(k(o),\ R).

This proves that (u.) is a Cauchy sequence in measure in Bg x [0, 7], thus
converges almost everywhere to some measurable function u. Then for a
subsequence denoted again ue, we can deduce from (19) that,

Ti(ue) = Ti(u) weakly in  LP(0,T, WyP (€2, w)). (24)
and then, the compact imbedding (7) gives,
Ti(ue) — Ti(u) strongly in  LP(Qr,0) and a.e.in Q. (25)

Step 2: About the gradient of approximate solutions
In the sequel and throughout the paper, we will denote a(e, u, s) all quan-
tities (possibly different) such that,

lim lim lim «(e, p,s) =0.
s—00 p—00 e——+0

Taking now T, (ue — (T (u)),), n > 0 as test function in (P.), we get

<36ute yTy(ue — (Ti(w))u)) —|—/ a(z,t,ue, Vue ) VT (ue — (Tk(u)),)

Q
—%/T
T

((ue =) ") Ty (ue — (Th(u)),) da dt < cn,
which implies that,

<85§;an(“6 - (Tk(u))u» +/ a(a:, L, Ue, VUE)VTU(UE - (Tk(u)),u)

T

<2 [ Ty 0 ) dediton

-

ol

and by (17)
(B T, (ue — Ti(u),)) + / ol ot VU VT (e = (Th()) e
T
<ecn.
The first term of the left-hand side of the last inequality reads as,
U _ /Ouc 0Ty, (u
<83_th77(“6 - Tk(u),u» = <86_t - %a Tn(ue - Tk(u),u» (27)

ATy (u)
(2 T (0, — Ty (u),,)).
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The second term of the last equality can be written as,

(B — O G, D= [ Si(ulT) = T, (7)) da
/ Sy(ug) de > 77/ lug| dx (28)
> —nc.
The third term can be written as,
Ty (u
(e 7 =T )) = e [ (T =Ti, )Ty e~ Ti),) e
(29)
thus by letting e — 0 and by using Lebesgue theorem,
(0w = D)) (T = Tiw),) o e
— [ (Bla) = T, )T~ Telu)) de
Qr
Consequently,
Oue
(S5 Ty e = Ta(w))) 2 e, ) = e (30)

on the other hand,
/ a(z,t, ue, Vue) VI, (ue — T (u),) dz dt
T

= a(z,t, ue, Vue)(Vue — VIg(u),) dr dt
{lue—Tk (w)u)|<n}

= a(z,t, Ti(ue), VI (ue)) (VI (ue) — VT (u),) d dt
T (we) =Tk (w) ) [<n}
+ a(x, t, ue, Vie) (Ve — VIg(u),) dx dt
{luel>k}N{lue =Tk (u),)|<n}

which implies, by using the fact that

/ a(z, t,ue, Vue)Vu, de dt > 0,
{lue|>k}N{ue=Tx(u)p)|<n}

that

/ o, t, To(u), V() (VT () — V() da dt
Tk (ue) =T (u) )| <n}
<ecn+ a(x, t, ue, Vue) | VI (u),| de dt.
{luel>kN{|ue—Tk (u) )| <n}
(31)
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N
Since a(x,t, Tty (te), VTiqn(ue)) is bounded HLP/(QT, w}), there exists

i=1
N
some hypiy € H L? (Qr,w]) such that,
i=1
N
a(ma t7 Tk+77 (Ue), ka-‘r?? (ue)) - hk"r?? Weakly in H L? (QT7 UJ:)
i=1

Consequently,

/ a(z,t, ue, Vue)| VI (u),| de dt
{lucl>k}N{lue—Tk(u),)|<n}

= Nt | VT (w) 4| d dt + a(e)
{lul>E}0{lu—Tk (u)u)I<n}
thanks to proposition 3.1, one easily has,

/ s |V T ()] dae dt+ a(€) = ale, 1),
{lu|>kIN{|u—Tk (u) ) |<n}

Hence,

/ a(z,t, Ti(ue), VIk(ue))(VIk(ue) — VT (u),) do dt
{1 (we) =T (w) ) [<n}

< cn+ ale p).
(32)
On the other hand, note that
/ a1, Te(ue), V(o)) (VT (ue) — VTi(),,) de dt
{ITy (we) =Tk (w)w)|<n}
= a(x,t, Tk (ue), VI (ue)) (VT (ue) — VIR(w)) do dt
{1 Tk (we) =Tk (w) w) [ <n}

+ al(x, t, Tk (ue), VIk(ue)) (VI (u) — VIg(w),) dx dt
{ITk (ue) =Tk (w)w) | <n}
(33)

the last integral tends to 0 as € — 0 and p — oo.
Indeed, we have that

/ a(,t, To(ue), V() (VTk(u) — VTi(w),) do dt —
(T ()T ()| <}

hi(VTi(u) — VIg(u),) de dt as € — 0.

(1T ()T (), | <}

It is obviously that,

/ hig(VTi(u) — VIg(u),) de dt — 0 as p— oo.
{1 (u) =T (uw) ) | <n}
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We deduce then that,

/ a(@,t, Ty(ue), VIk(ue)) (VT (ue) — VT (u)) dv dt
{0 (ue)=Ti (u),) | <n}

< cn+ ale p).
(34)
Let A, be expression in brace above, then for any 0 <n <1
16:/ Afdxdt+/ AY dx dt
{ITk (we) =T (w) )| <n} {ITk (we) =T (u) ) |>n}
N
since, a(x,Tk(ue), VI (ue)) is bounded in H LY (Qr, wilfp/), while
i=1

N
VTk(ue)r,, bounded in HL”(QT,wi), then by applying the Holder’s in-
i=1
equality, we obtain,
0

I. <c / A dx dt
< (1T () =T (w),)|<n} ) (35)
+eg meas{(z, 1) € Qr : |Th(ue) — T(u),)| > n}' =7,
on the other hand, we have,
/ A, dx dt
(1T (u0) =T () [<n}

= a(x, t, T (ue), VT (ue)) (VT (ue) — VIg(w)) dx dt
{1Tk (ue) =T (u) )| <n}

- a(x,t, T (ue), VI (u)(VTg (ue) — VIR (w)) dx dt
{17 (we) =Th (u) )<}
=11 +172
(36)
using (34), we have,

I} <en+ale p). (37)
Concerning 1?2 the second term of the right hand side of the (36), it is easy
to see that

I? = afe) (38)

because for all ¢ = 1,...,N, we have, a;(z,t,Tk(ue), VIg(u)) —
ai(x,t, T (u), VTi(u)) strongly in LP (Qr,w; ?), while ange) — 8T’“x(iu)
weakly in LP(Qr, w;).
Combining (35), (36), (37) and (38) we get,

I < ¢ meas{|Tx(ue) — Ti(u),)| < 77}9 + c(a(e, %n))pe
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and by passing to the limit sup over €, 4 and 7

e—0

lim {[a(aj, t, Ti(ue), VI (uc))
QT

0 (39)

—a(x, t, T (ue), VI (w)][VTk(ue) — VTk(u)]} dx dt =0

and thus there exist a subsequence also denoted by u, such that,
Vue — Vu a.e.in Qr. (40)

Step 3: Passage to the limit
Let ¢ € Ky NL>®(Q), choosing Ty (ue — ©)y,.,, as test function in (P:), we
get,

(%‘tﬂTk(ue —©)o. —|—/ a(x, t, ue, Ve ) VT (ue — @) dz dt

r

_g/Q Ti(ue — o) To(ue — @) dodt  (41)

since, —%/ T1(ue — ) Te(ue — @) dx dt > 0 and ‘95‘; = %(uE —p)+

t

| Sutuc(r) = () da -+ (G2 Tt~ e

/ a(x,t, ue, Vue) VT (ue — @) do dt (42)

< j feTe(ue — @) da dt +/ Sk (ue(0) — (0)) dx.
Q- Q

Lemma 3.7. The sequence (u.) is a Cauchy sequence in C([0,T], L*(12)),
moreover, u € C([0,T], L*()) and (u.) converges to u in C([0,T], L*(£2)).

This lemma will be proved below.

Because of u, — u in C([0,T], L1(2)), then V 7 < T, ue(t) — u(t) in L1 (),

thus
/ Si(ue(r) — (7)) da — / Si(u — @) do (43)
Q Q

/&W@—WMMH/&%—WWM
Q Q

and
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Let M =k + ||¢||0o, then, we can write,

/ a(x, t,Un, Vun ) VT (uy — @) do dt

= a(z, t, Tar(un), VT (un)) VT (un — @) da dt,
Qr

which implies by Fatou’s lemma (and the fact
a(x, t, Tar(un), VTn (ug)) = alz, ¢, Tar(w), VT (u))

N
weakly in H I (Q, wgfp ), that we can deduce,
i=1

/ a(,t, Tag (), VTar () VT3 (u — )
T (44)

e—0

< liminf / a(@,t, Tar (), Vo (u))V T (e — ) da dt.
Q

Moreover, since %—f e LY (0,7, W12 (Q, w*)) and Vi (ue — ) — VT (u—
N

¢) weakly in H LP(Qr,w;), we get,

i=1
dp dyp
/QT 5t —Ti(ue — ) dx dt—>/QT ETk(u—go) dx dt (45)
/ feTi(u ) dx dt — / fTie(u— ) do dt. (46)

Finally, by (42)-(46) we get,

[ Sutuclr) = olr) da + (52 Tutu = e,

+/ a(z,t,u, Vu)VTi(u — ) do dt

< FTi(u — @) do dt + / Sk (u(0) — ¢(0)) d,
Qr Q
which completes the proof of the theorem.
Proof of Lemma 3.7:
Since T;(u) € Ky, for every I > |9 co-
Let v};! = (Tj(u)), + e *Tj(n;) with n; > 0 converges to ug in L'(€2), as
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test function in (46),
— i) dw dt

—|—/ a(x,t, ue, Vue) VT (ue
Q

<aaut€aTk(U/e
_g/ Ty (ue — )" Ti(ue — v);') da dt (47)
0, °
:/Q feTx ue—vu’)dajdt
since,
8u€ o 3 il 8 il
8t_§(u’€ Uu)+§(,u)
0
= o2 (e = vi) + u(Tiw) — )
we deduce,
- U ) Tk( ',l)> =+ Oé(G, 122 l)

duc il _ 2
<57Tk(ue — Uy Na, = <8t(

which implies that,
9 il il Due il
(g7 (e = 0 Tolue = 00)) = (= Ti(ue — v ))o, +ale ul)  (48)

on the other hand, by using the monotonicity of @ and the fact that

1 ,
—/ T1(ue — ) Ti(ue — U:;l) dx dt > 0, we deduce that by (47),

(agf,Tk(ue — vf;l)>QT +/ a(x,t, Ue, va;l)VTk(ue — vf;l) dz dt

< / feTi(ue — vf;l) dx dt
Q-
N ai(xv ta T2k+l (UE)a V’Ufjl) — Q4 (33, tv Tk+2l (U), vvf)jl)

since for all ¢+ = 1, ...,
strongly in L (Q, wil*pl) while %Tk(ue — vf;l) %Tk(u — ’L)L’l) weakly

in LP(Q, w;), we have,
Ou, il .
<§7Tk(u€ _’U,u7 )> < Oé(G,/,L,Z,l). (49)
Therefore, by writing
vt ,
. 7Tk(u6 - ’U:,L,l)>QT

/Sku6 —v())dm <8t’
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and using (48) and (49) we get,
/ Sk (ue(r) — v Hr)) da < ale, pyi,1) (51)
which implies, by writing,
/ Sty gy < /Q <Sk(u€(7) — (7)) + Si(ua(r) — Uzz(T))) dz,
that

/ 5u(M ™) dr < e, N). (52)
Q

Finally, by Holder’s inequality, we have,

/ |u6—u>\|d;v:/ |u6—u>\|d;v—|—/ |ue — uyr| dx

Q {lue—ux|<1} {lue—ux|>1}

< (/ [ue — uy|? dx) meas(Q) 2 / |ue — ux| dx
{Jue—ux|<1} {lue—ux[>1}

+
< meas(€2)2 </ 251 [ue — uy|? dx) / 251 (ue —uy) dz
{lue—ux|<1} {lue—ux|>1}

since

[yl lyl |yl =1
(7))‘“”‘”} = (7 + T)X{\ybl} = S1Y)xgusn
and ( )X{\u\<1} =51 (y)X{\y\Sl} then by (52) we deduce that, / lue(T) —
Q
ux(7)| dz < afe, A), not depending on 7. And thus (ue) is a Cauchy sequence
in C([0,T],LY(R)), and since u. — u, a.e. in @, we deduce that u. — u,

a.e. in C([0,T7], L' (£2)).
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Most common methods used in engineering practice to assess the seismic sta-
bility of slope consists of a pseudo static approach or traditional approaches
based on the limit equilibrium or on the hypothesis of failure calculation. Such
methods are widely used because of their simplicity and there is no need of
sophisticated software for their application. However, they neglect important
elements such as the soil deformability, the dynamic amplification and non lin-
ear soil behavior. The present study concerns the analysis of the seismic slopes
stability using global dynamic approach. It will mainly focus on dynamic am-
plification in the slope under real earthquake records with frequency content
close to the natural frequency of the slope. Analysis is conducted by numerical
modeling using Flac3D finite difference program. Results are presented in the
case of linear visco-elastic then elastoplastic behaviour for earthfill materials
in order to elucidate the influence of plasticity.

Keywords: Seismic slope; Numerical modeling; Elastoplastic behavior.

1. Introduction

Recent devastating earthquakes in Pakistan, Turkey, Algeria and recently
in China call to the mind the high risk exposure of Lebanon. This country
is located over active fault (Harajli et al., 2002) and many geologists and
experts shared the view that a major seismic event may occur in Lebanon
in the future. Moreover, many earthquakes (more than 500 according to
the National Council of Scientific Research in Lebanon), of low magnitudes
between three and five, have been registered in Lebanon between February
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and October 2008. These events lead to great anxiety among Lebanese
population because of high risk exposure in case of earthquake. Indeed there
is no sufficient protection in most of civil constructions to seismic loading.
It is well known that the slopes represent a weak area where the seismic
consequences could be amplified (Davidovici, 1999). Large movement such
as soil collapse, bloc rocks fall, rock or soil sliding could arise in steep
slopes (angle more than 35) in case of earthquake [Keefer, 1984 ; Rodriguez
et al., 1999]. Lebanon topography contains a lot of slopes and actually they
become highly occupied because of the population migration from urban to
surrounded suburb areas. Around the capital Beirut, it can be seen several
slopes zones with high density of population.

The most common method used in engineering practice to assess the
seismic stability of slope consists on a pseudo static approach where the
earthquake effect on a potential soil mass is represented by means of equiv-
alent static horizontal force equal to the soil mass multiplied by a seismic
coefficient. This approach is quite simplistic since it attempts to represent
complex dynamic behaviour in terms of static forces. Stability is expressed
in terms of an overall factor of safety. The implicit assumption is that the
soil is rigid-perfectly plastic behaving as an undeformable block.

Other traditional approaches are based on the limit equilibrium or on
the hypothesis of failure calculation (for example Bishop (1955)). They are
widely used in engineering practice because of their simplicity and there is
no need of sophisticated software for their application. The main assump-
tions are based on the soil behavior (rigid bloc) and on the failure modes
and their localization (circular, plane, ...).

Progress in the area of geotechnical computation and numerical mod-
eling offers interesting facilities for the analysis of the seismic induced re-
sponse of soil and structure systems in considering complex issues such as
the soil non linearity, the evolution of the pore pressure and real earthquake
records. Detailed analysis techniques include equivalent linear (decoupled)
solutions, and non linear finite element and finite difference coupled or de-
coupled formulations (Lin and Chao 1990, Abouseeda and Dakoulas 1998,
Cascone and Rampello 2003, ...).

Wood (1973) showed that where the principal energy of the input mo-
tions approaches the fundamental frequency of the unrestrained backfill,
dynamic amplification becomes an important factor, which is not consid-
ered in engineering approaches that assess the earth fill dam stability. The
present paper proposes a numerical study of the seismic behaviour of slopes.
It will mainly focus on dynamic amplification in the slope under earthquake
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loading with frequency content close to the natural frequency of the slope.
In the present study, analysis is conducted using a finite difference modeling.
Results are presented in the cases of linear visco-elastic and elastoplastic
behaviours for earthfill materials in order to elucidate the influence of plas-
ticity. Indeed, since we deal with unconfined material, the seismic loading
generally induces plasticity in the soil. This plasticity can influence the all
over response of the slope, because of its influence on damping and on the
dominant frequencies.

2. Dynamic analysis
2.1. Problem under consideration and basic equations

The selected example is a simplified representation of typical slope geom-
etry (Figure 1). Mechanical properties of the soil used in the analyses are
presented in Table 1. They correspond to the case of one layer of unconsoli-
dated weak soil. Numerical analyses are conducted using the finite difference
FLAC3D program based on a continuum finite difference discretization us-
ing the Langrangian approach (Flac3D, 2005).

In the Lagrangian formulation adopted in FLAC3D, a point in the

. . . d’U¢
medium is characterized by the vector components z;, u;, v; and e
1 =1, 3 of position, displacement, velocity and acceleration, respectively.

The state of stress at a given point of the medium is characterized by
the symmetric stress tensor o;; . The traction vector [t] on a face with unit

normal [n] is given by Cauchy’s formulae
'Q = 045.1j.

In an infinitesimal time dt, the medium experiences an infinitesimal
strain determined by the translations v;dt, and the corresponding compo-
nents of the strain-rate tensor may be written as

1
&ij = 5(%,]' + j,1)

where partial derivatives are taken with respect to components of the cur-
rent position vector [x]. Application of the continuum form of the momen-
tum principle yields Cauchy’s equations of motion :

pdv;
Oijg + pbi = —
where p is the mass per unit volume of the medium, [b] is the body force per
d
unit mass, and M is the material derivative of the velocity. These laws

dt
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govern, in the mathematical model, the motion of an elementary volume of
the medium from the forces applied to it.

FLAC3D is based on a continuum finite difference discretization using
the Langrangian approach. Every derivative in the set of governing equa-
tions is replaced directly by an algebraic expression written in terms of the
field variables (e.g. stress or displacement) at discrete point in space. An
important aspect of the model is the inclusion of the equations of motion;
the calculation sequence first invokes the equations of motion to derive new
velocities and displacements from stresses and forces. Then, strain rates
are derived from velocities, and new stresses from strain rates. Every cycle
around the loop correspond to one time step. The final solution is reached
(using a damped solution) when the body is in equilibrium or in steady-
state flow (plastic flow), and the out of balance force goes to zero.

Dynamic loading is applied at the base of the foundation layer as a
velocity excitation. Free field boundaries were applied at the sides of the
model in order to stop boundary effect.

Kuhlemeyer and Lysmer (1973) showed that for an accurate represen-
tation of the wave transmission through the soil model, the spatial element
size, Al, must be smaller than approximately one-tenth to one-eighth of the
wavelength associated with the highest frequency component of the input
wave i.e.,

A

Al < 10° (1)
Here, ) is the wave length associated with the highest frequency compo-
nent that contains appreciable energy. The consequence is that reasonable
analyses may be time and memory consuming. In such cases, it may be
possible to adjust the input by recognizing that most of the power for the

input history is contained in lower frequency components (< 10H z).
Rayleigh damping of 5% is used in the analysis to compensate the en-
ergy dissipation through the medium (Paolucci, 2002; Lokmer et al., 2002).
When plasticity is considered, damping occurs mainly through hysteretic
looping, Rayleigh damping is fixed at 2% ; the. The maximum length of
element is fixed to 1m in both vertical and horizontal directions (Figure 2).

2.2. FElastic response

In order to quantify the influence of frequency loading, numerical simula-
tions has been firstly conducted under harmonic loading composed of 15
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Fig. 2. Slope general configuration and finite difference mesh.

cycles. Figures 2 and 3 depict the maximum lateral amplifications accord-
ing to the loading frequency applied at the base. It can be noted that
where the applied frequency approach the fundamental frequency of the
soil mass, the lateral amplification increase significantly from the bottom
to the slope crest. For example, when the frequency loading fch equal the
fundamental frequency of the system, the lateral amplification at the crest
(10.3) is 3 times higher than that obtained at the bottom (3.4). In this
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case, it’s evident that neglecting soil deformability as used in pseudo-static
approach, leads to significant error. From the other hand, when load fre-
quency moves aside the fundamental frequency, lateral amplification shows
little discrepancy between the top and the crest of the slope. In this case,
the hypothesis of constant acceleration could be accepted as presumed in
simplified approach.

2.3. Influence of plasticity

In order to examine the influence of plasticity, the slope system has been
subjected to earthquake loading representative of the 1999 Kocaeli earth-
quake in Turkey (Mw = 7.4, Chen and Scawthorn 2003). Note that the
dominant frequency of applied load is about 0.9 Hz which is close to the
fundamental frequency of the system. Figure 4 shows a comparison between
the elastic and elastoplastic analyses at the maximum lateral amplification.
It can be observed that the plastic deformation leads to a decrease in the
velocity amplification, in particular in the upper part (Figures 5 and 6).
The reduction is dependent on the intensity of the applied loading (Figure
6). For example, it attains about 50% when the velocity (v) is equal to
2m/s. This result could be attributed to the energy dissipation by plastic
deformation and to the influence of plasticity on the reduction of the funda-
mental frequencies of the slope. When the applied velocity exceeds 0.5m/s
which corresponds to a moderate earthquake, the lateral amplification show
little discrepancy between the bottom and the top. For lower values, lateral
amplification shows important difference with the depth and the hypothesis
of constant soil amplification is not valid.
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3. Conclusion

This paper included analysis of the seismic stability of slopes. Analyzes were
conducted for harmonic and real earthquake records. For dynamic loading
with dominant frequency close to the fundamental frequency of the slope,
lateral amplification show a important discrepancy along the depth and the
hypothesis of constant acceleration used in pseudo static approach is not
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valid. Elastoplastic analyzes show that the plastic deformation leads to a

decrease in the velocity amplification, in particular in the upper part. Para-

metric analysis shows for moderate earthquake, the dynamic amplification

still a important parameter and should be taken into account in any stabil-

ity survey. Work is under progress to incorporate the variation of dynamic
amplification in simplified approaches.
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In this paper, we consider the initial-boundary value problem of a nonlinear
parabolic equation with the data belong to L' and no growth assumption is
made on the nonlinearities. We establish the existence and partial uniqueness
theorems of renormalized solutions.
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1. Introduction

This paper is concerned with the following initial-boundary value problem

% — div (A(;v,t)Du + @(u)) Ff(atu) =0 inQx(0,7), (1)
b(x,u)(t =0) = b(z,up) in Q, (2)
u=0 on 9N x (0,7), (3)

where € is a bounded open set of IR, (N > 1), T is a positive real number
while the data b(z,ug) in L1(£2). The matrix A(x,t) is a bounded symmetric
and coercive matrix. The function b(z, s) is assumed to strictly increasing
and C! for s (for every x € ) but which is not restricted by any growth
condition with respect to s (see assumptions (4) and (5) of Section 2), f is
a Carathéodory function in 2 x (0,7") x IR and not controlled with respect
to s. The function @ is just assumed to be continuous on IR.

A large number of papers was devoted to the study of the existence and
uniqueness for solution of parabolic problems under various assumptions
and in different contexts: for a review on classical results (see, e.g. ,2 ,* 6
710 1112y

)
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When Problems (1)-(3) is investigated of difficulty is due to the facts
that the data f and b(x, ug) only belong to L', the function f(x,t,u), ®(u),
does not belong L} (2 x (0,T)) in general, and the main difficulty relies
on the dependence of b(z,u) on both x and u, so that proving existence of
a weak solution (i.e. in the distribution meaning) seems to be an arduous
task.

The existence of renormalized solutions (1)-(3) has been proved in H.
Redwane?? in the case where f(z,t,u) is independent of u and where
—div(A(x,t)Du) is replaced by the operator —div(a(z,t,u, Du)) (the oper-
ator is a Leray-Lions which is coercive and which grows like |Du|P~! with
respect to Du, but which is not restrict by any growth condition with re-
spect to u), and the uniqueness of renormalized solutions has been proved
in H. Redwane?? in the case where f(x,t,u) is independent of w.

2. Assumptions on the data and definition of a
renormalized solution

We take © a bounded open set on RN (N > 1), T > 0 is given and we set
Q=0x(0,T).

b:Q x R — IR is a Carathéodory function such that ; (4)

for every & € Q : b(x, s) is a strictly increasing C''-function, with b(z, 0) =

0.

For any K > 0, there exists Ag > 0, a function Ax in L*°(£2) and a function

By in L*(Q) such that

ob(z, s) 0b(x, s)
0s 0s

for almost every = € Q, for every s such that |s| < K.

A <

< Ag(z) and ‘vm( )‘ <Bg(z)  (5)
A(x,t) is a symmetric coercive matrix field with coefficients (6)

lying in L>°(Q) i.e. A(x,t) = (aij(x,t))1<s, j<n With a;;(z,t) € L>=(Q) and
a;j(z,t) = aj;(z,t) ae. in Q, Vi, j, and there exists o > 0 such that
Az, )€€ > aféf? ae. in Q, VE € RY.

® : R — IRY is a continuous function. (7)
f : @ xR — IR isa Carathéodory function. (8)

For almost every (z,t) € Q, for every s € IR:
sign(s) f(x,t,s) > 0 and f(x,t,0)=0. (9)
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For any K > 0, there exists o > 0 and a function Fx in L?(Q) such that
[f(z,t,8)] < Fre(x,t) + ok |s] (10)
for almost every (z,t) € Q, for every s such that |s| < K.

up is a measurable function defined on © such that b(z,ug) € L(2).(11)

Remark 2.1. As already mentioned in the introduction, Problems (1)-
(3) does not admit a weak solution under assumptions (7)-(11) since the
growths of b(z,u), ®(u) and f(z,t,u) are not controlled with respect to u
(so that these fields are not in general defined as distributions, even when
u belongs L2(0,T; HL(2))).

Throughout this paper and for any non negative real number K we
denote by Tk (r) = min(K, max(r, —K)) the truncation function at height
K. The definition of a renormalized solution for Problems (1)-(3) can be
stated as follows.

Definition 2.1. A measurable function u defined on @) is a renormalized
solution of Problems (1)-(3) if

Tx(u) € L*(0,T; H}(Q)) for any K > 0 and b(x,u) € L>=(0,T; L*()),
(12)
/ A(z,t)Du.Dudxdt — 0 asn — 400, (13)
{t2)€Q ; n<|u(z,t)|[<n+1}

and if, for every a function S in W2 (IR) increasing, which is piecewise
C' and such that S’ has a compact support, we have

0b

% - div(S’(u)A(z, t)) + 8"(u) Az, t) Du.Du (14)

- div(S’(u)CI)(u)) + 8" (w)®(w) Du + f(z,t,u)S' (w) = 0 in D'(Q),
bs(z,u)(t =0) = bg(x,up) in £, (15)
where bg(x,7) :/0 %S'(s) ds.

The following remarks are concerned with a few comments on definition
2.1.

Remark 2.2. Equation (14) is formally obtained through pointwise mul-
tiplication of equation (1) by S’(u). Note that due to (12) each term in (14)
has a meaning in L'(Q) + L?(0,T; H=*(Q)).
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Indeed, if K > 0 is such that suppS’ C [—K, K], the following identifi-
cations are made in (14) :

* bs(z,u) belongs to L>°(Q) because |bs(z,u)| < |[Ax || L) |S||Loe(m)-

* S'(u)A(z, t)Du identifies with S'(u)A(z,t) DTk (u) a.e. in Q. Since
indeed |Tx (u)| < K a.e. in @, assumptions (6) and (12) imply that

S'(u)A(z, t) DT (u) € LX(Q)™.

* S"(u)A(x, t)DuDu identifies with S” (u)A(x,t) DTk (u). DTk (u) and

in view of (6), and (12) one has
S"(u)A(x,t) DTy (u). DTk (u)) € L*(Q).

* S (u)®(u) and S"(u)®(u)Vu respectively identify with
S (u)®(Tk (u)) and S (u)®(Tk (u))VTk (u). Due to the properties of S and
(7), the functions S’, S” and ® o Tk are bounded on IR so that (12) implies
that S"(u)®(Tk (u)) € (L>®(Q))N, and S”(u)®(Tk (v)) DTk (u) € L*(Q).

* f(x,t,u)S (u) identifies with f(z,t, Tk (v))S’(u) and in view of (10)
one has f(z,t, Tk (u))S (u) € L*(Q).

The above considerations show that equation (14) takes place in D’(Q)
and that % belongs to LY(Q) + L?(0,T; H=*(Q2)). Due to the prop-
erties of S and (5), we have bg(z,u) belongs to L%(0,T; H}(2)) (see (17)),
which implies that bg(x,u) belongs to C°([0,T]; L'(2)) (for a proof of this
trace result see 2°), so that the initial condition (15) makes sense.

Remark 2.3. Due to the properties of S (increasing) and (5), we have

Ak |S(r) =S| < |bs(z,r)—bs(z, )| < A (2)|S(r)=S{")| Vr, v € R
(16)
and

|Dbs(x, u)| < | Ak || oo (@ISl Lo () [P Tk (w)| + K| B ()] ||| v (1) -
(17)

3. Existence result

This section is devoted to establish the following existence theorem.

Theorem 3.1. Under assumptions (7)-(11) there exists at least a renor-
malized solution u of Problems (1)-(3).

Proof of Theorem 3.1.
The proof is divided into 7 steps.
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* Step 1: Approximate problem. Let us introduce the following regu-
larization of the data: for € > 0 fixed

be(z,s) = b(m,Té (s))) ae.in Q, Vs € R. (18)

®. is a lipschitz-continuous bounded function from IR into RY  (19)

such that ®. uniformly converges to ® on any compact subset of IR as ¢
tends to 0.

fe(z,t,s) = f(x,t,T% (s)) ae. in @, Vs € R. (20)

us € C5°(Q) : be(z,us) — bz, u0) in L*(Q) as ¢ tends to 0. (21)

Let us now consider the following regularized problem:

W — div (A(x,t)Dus + @s(us)Dus) + f(z,t,u®) =0 in Q,(22)
u® =0 on (0,T) x 09, (23)
be(z,u®)(t = 0) = be(z,uy) in Q. (24)

In view of (18), b. satisfy (4) and (5), and due to (5), there exists A\. > 0,
a function A, in L*°(Q) and a function B. in L?() such that
Ob:(z, s) Ob(z, s)

A< L5 oA (z) and ‘vr( o

S~ )‘ < B.(z) a.e. in §,

(25)
Vs € R. In view of (20), f¢ satisfy (8), (9) and (10), and due to (10), there
exists 0. > 0 and a function F. in L?(Q) such that

|f¢(z,t,8)| < Fe(x,t) + oc |5 (26)

As a consequence, proving existence of a weak solution u® € L?(0,T; H}(2))
of (22)-(24) is an easy task (see e.g. '%).

* Step 2: A priori estimates. The estimates derived in this step rely
on usual techniques for problems of type (22)-(24) and we just sketch the
proof of them (the reader is referred to ,2 2 |7 45
versions of (22)-(24)).

Using Tk (u®) as a test function in (22) leads to

or to ,® ,18 19 for elliptic

/Qb‘;((x,ua)(t) dac—i—/o /QA(;v,t)DuE.DTK(uE) dx ds (27)
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% (x,ug) do

// )DTk (u )d;vds+//f5xtu)TK( %) da ds
[

Obe(z, )
s 0

0
The Lipschitz character of ®., Stokes formula together with the bound-
ary condition (24) make it possible to obtain

for almost every ¢ in (0,7, and where b (z,7) = / Tk (s)

S)DTx (uf) dzds = 0, (28)
[

for almost any ¢t € (0,T).
Due to the definition of b3 we have 0 < /bi((x,ué) dx
Q

IN

K/ b (2, uE)| dz.
Q
Observing that both terms on the left hand side of the above equality

are nonnegative, and since A(z,t) satisfies (6), the properties of b.(x, u§),
permit to deduce from (27) that

Tk (uf) is bounded in L?(0,T; H}(9)) (29)

independently of ¢ for any K > 0.
Proceeding as in ,*> 4 and 7 that for any S € W2°°(IR) such that S’ is
compact (suppS’ C [-K, K])

bs(z,u%) is bounded in L2(0,T; H}(Q)) (30)

and
Obs(x,uf)
ot
independently of €.
As a consequence of (17), (25) and (29) we then obtain (30). To show
that (31) holds true, we multiply the equation for u® in (22) by S’(uf) to
obtain

is bounded in L'(Q) + L2(0, T; H-1(Q)) (31)

obg(z, u®)

o = div (S’(uE)A(aj, t)DuE) (32)

—S"(u%)A(z, t)Du’.Du® + div(®(u))S" (u®) — f(z,t,u®)S" (u®) =0

in D'(Q), where bg(z,r) = /T MS’(S) ds.
0
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Since suppS’ and suppS” are both included in [—K, K], u® may be
replaced by Tk (uf) in each of these terms. As a consequence, each term
in the right hand side of (32) is bounded either in L2(0,T; H~1(Q2)) or in
LY(Q). (see ,2 7). As a consequence of (6), (7), (10) and (29) we then obtain
(31).

For any integer n > 1, consider the Lipschitz-continuous function 6,
defined through 6,,(r) = Ty, 11(r) — Ty (r). Remark that [0, pm) < 1 for
any n > 1 and that 6,,(r) — 0 for any r when n tends to infinity.

Using that admissible test function 6, (u®) in (22) leads to

/Qbam(x,ue)(t) dx—&—/ot/QA(;v,t)DuE.Dﬁn(uE) dx ds (33)

/ / )dﬂfds=/Ot/ﬂf€(x,uf)9n(uf)dxds

be n(z,ug) de,
Q

" Obe(x, 5)

for almost any ¢ in (0,7") and where b, ,(z,r) = /
0

The Lipschitz character of ®., and since
ben(@,7) 20, f(2,t,u%)0n (u®),

equality (33) implies that

t
/ / Alz, ) Duf. DO, (uf) da ds < / be (2, uS) da, (34)
0 Q Q

for almost t € (0,T).

* Step 3: Limit of the approximate solutions. Arguing again as in
23 4% and 7 estimates (30) and (31) imply that, for a subsequence still
indexed by e,

be(z,u°) converges strongly in L'(Q) and almost every where to b(z, u)

(35)
in @ and with the help of (16) and (29),
u® converges almost every where to u in @, (36)
Tk (u®) converges weakly to Tk (u) in L2(0,T; Hi(Q)), (37)
0 (u) — 0, (u) weakly in L?(0,T; H3(S)) (38)

as € tends to 0 for any K > 0 and any n > 1.
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We now establish that b(x, u) belongs to L°°(0,T; L(2)). Indeed using
1T, (u®) as a test function in (22) and letting o go to zero, it follows that

/Q|b5(x,u5)|(t) dx < ||be(2, ug)|| L1 (@) a.e. in (0,7). (39)

With of (21) and (35), we have b(x,u) belongs to L°(0,T; L(12)).

We are now in a position to exploit (34). Due to the definition of 6,
the pointwise convergence of u® to u and b.(x,uy) to b(x,up) then imply
that

Tim Az, t)Duf.Du dx dt < / by (z,u) d.
=70 n<us|<nt1} 0

Since 6,, converge to zero everywhere as n goes to zero. The Lebesgue’s

convergence theorem permits to conclude that

lim lim A(x,t)DT 41 (u®).DT 1 (u®) dedt = 0.  (40)

nte0 =0 Jinglus|<nt1)

1 2 1
Since A(z,t)DTp41(u®).DTyq1(uf) = |A(z,t)2 DT41(u®)| (with A2 de-

notes the coercive symmetric matrix such that A2z.42 = A) and (37), (6)
imply that A(z,t)2 DTy (uf) = Az, )2 DTy 41 (u) weakly in (L2(Q))N,
and (13) is then established.

* Step 4: Time regularization. This step is devoted to introduce for
K > 0 fixed, a time regularization of the function Tk (u) in order to perform
the monotonicity method which will be developed in Step 5 and Step 6. This
kind of regularization has been first introduced by R. Landes (see Lemma 6
and Proposition 3, p. 230 and Proposition 4, p. 231 in '*). More recently, it
has been exploited in ® and '3 to solve a few nonlinear evolution problems
with L! or measure data.

This specific time regularization of Tk (u) (for fixed K > 0) is defined
as follows. Let (vf), be a sequence of functions defined on € such that

vh € L*°(Q) N Hy(Q) for all x> 0, (41)

0§ L) < K Vu >0, (42)
. 1

vy — Tk (uo) a.e. in Q and —||vf||L2() — 0, as p — +oo. (43)
w

Existence of such a subsequence (vfy), is easy to establish (see e.g. 2!).
For fixed K > 0 and p > 0, let us consider the unique solution Tk (u), €
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L>(Q) N L?(0,T; HY(Q2)) of the monotone problem:

8TK (u)#

S+ (T (), = T (w) ) = 0/in D/(Q). (44)

T (u),(t =0) =vf in Q. (45)

Remark that due to (44), we have for g > 0 and K > 0,

oT

% € L*(0,T; H}(Q)). (46)
The behavior of Tk (u),, as i — +oc is investigated in 4 (see also ,* '3 and
21y and we just recall here that (44)-(45) imply that

Tr(u), — Tk(u) ae in Q ; (47)

and in L>(Q) weak % and strongly in L?(0,T; H}(2)) as u — +oo0.

1Tl @) < mae (1Tl I0flzwe) <K (48)

for any p and any K > 0.
Let h € WH°(IR), h > 0, supp h is compact. The main estimate is

Lemma 3.1.

MHJroo e—0

lim lim / ab (2, ,h(ua)(TK(ua)—(TK(u))N)>dtdSZO

where ( , ) denotes the duality pairing between L'(Q) + H~!(Q) and
L>(Q) N HL(Q).

Proof of Lemma 8.1 : The Lemma is proved in .22

* Step 5. In this step we prove the following lemma which is the key point
in the monotonocity arguments that will be developed in Step 6.

Lemma 3.2. The subsequence of u® defined is Step 3 satisfies for any
K>0

T t
T / / / A, ) DTic (uf). DT (u) da ds dt (49)
e=Y%Jo Jo Ja

< /OT/Ot/QA(a:,t)DTK(u).DTK(u)dxdsdt.
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Proof of Lemma 3.2: We first introduce a sequence of increasing C'* (IR)-
functions S, such that, for any n > 1, S,(r) =r for |r| < n, supp(S)) C
[—(n+ 1), (1 + )] and |82l () < 1.

We use the sequence Tk (u), of approximations of Tk (u) defined by
(44), (45) of Step 4, and plug the test function S}, (u®)(Tx (u®) — Tk (u),)
(for € > 0 and p > 0) in (22). Through setting, for fixed K > 0

Wi = Tk (u®) = Tk (u)u) (50)

we obtain upon integration over (0,¢) and then over (0,7):

/OT /Ot<78bf(g£“5) S )W) ds i (51)

/ / / A(z,t)Du®.DW dx ds dt
/ / /S” A(x,t)Duf.Duf dx ds dt
/ / / )DW dx ds dt

T ot
—|—/ //S,’{(u‘g)VV[f(Ps(u‘S)Du‘E dx dsdt
o Jo Jo
T
—|—/ / / fe(x,t,u%)S,, (u®)W dads dt = 0.
o Jo Jo

In the following we pass to the limit in (51) as € tends to 0, then p tends
to 400 and then n tends to +oo, the real number K > 0 being kept fixed.
In order to perform this task we prove below the following results for fixed
K>0:

lim hm/ / 8b (2, u” S;L(uE)Wj> dsdt >0 for any n > K,
M*’*FOO e—0
(52)

lim 1im/ / / S!(u )DW; drdsdt =0 for any n > 1, (53)
p——+00 e—0

Tt
lim lim/ //S,’{(uE)WjCI)t;(uE)Dudedsdt:0 for any n, (54)

p—+ooe—0 fq
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lim  lim hm‘/ / /S” A(z,t)Du®.Duf dx ds dt| = 0,
n—+oo p—-+oo £—0
(55)
and

T ot
lim lim/ / / feS, (u )W drdsdt =0 for any n > 1. (56)
0o Ja

p——+00 e—0 0

Proof of (52). In view of the definition (50) of Wy, lemma 3.1 applies with
h =S, for fixed n > K. As a consequence (52) holds true.

Proof of (53). For fixed n > 1, we have
Sy (uf) @ (uf) DW= S} (u%) P (Trq1 (uf)) DW; (57)

a.e. in @, and where suppS; C [—(n + 1),n + 1]. Since S, is smooth
and bounded, (19) and (36) lead to S, (u®)®.(T+1(u®)) converges to
S (w)®(Thy1(u)) ae. in @ and in L>°(Q) weak x, as € tends to 0. For
fixed p > 0, we have

W = (Tk (u) — T (u),) weakly in L*(0,T; Hy(92)) (58)

and a.e. in @ and in L*°(Q) weak %, as € tends to 0. As a consequence of
(57) and (58) we deduce that

lim / / / S!(uF) @ (uF) DWE da ds dt (59)
:/OT /Ot/gsg(um(u)D[TK(u)—TK(U)N dx ds dt

for any p > 0.
Appealing now to (47) and passing to the limit as g — +oo in (59)
allows to conclude that (53) holds true.

Proof of (54). For fixed n > 1, and by the same arguments that those that
lead to (53), we have

SZ(uE)QE(us)DuEWE = S, (uF) P (Ty1(u®)) DT y1 (u¥)W ace. in Q.
From (19) and (36), it follows that for any u > 0

hmo/ / /S” DuEWE dx ds dt

///SH (Ty+1(u®)) DT g1 (u®)W; da ds dt
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with the help of (58) passing to the limit, as u tends to 400, in the above
equality leads to (53).

Proof of (55). For any n > 1 fixed, we have suppS) C [-(n + 1),—n] U
[n,n + 1]. As a consequence

‘/ / /S” A(z,t) Du.Du*W,; dx ds dt

<TC A(z,t)Du®.Du® dx dt,
{n<lus|<n+1}

for any n > 1, and any p > 0, where C' is a constant independent of n, pu.
With the help of (40) passing to the limit, as € tends to zero, u tends to
+o00 and n tends to 400 and to establish (55).

Proof of (56). For fixed n > 1, and in view (20), (36) and (58), Lebesgue’s
convergence theorem implies that for any 4 > 0 and any n > 1

Tt
lim/ //fa(x,t,TnH(uE))S,'l(uE)Wj dx ds dt
o Ja

e—0 Jg

T t
— [ [ ] et Tua@)S, ) (Tacw) - Ticlu)) do ds .
0 0 Q

Now for fixed n > 1, using (47) permits to pass to the limit as p tends
to o0 in the above equality to obtain (56).

We now turn back to the proof of lemma 3.2, due to (51), (52), (53),
(54), (55) and (56), we are in a position to pass to the lim-sup when ¢ tends
to zero, then to the limit-sup when u tends to +00 and then to the limit as
n tends to +oo in (51). We obtain using the definition of W that for any

K>0
lim lim hm/ //
n—-+400 p——+o0oe—0

xDuED(TK - ())dxdsdt<0

Since S/ (u®) DTk (uf) = DTk (u®) for K <mn.
The above inequality implies that for K <n

T ot
H/ / /A(x,t)DuE.DTK(u‘S) dx ds dt (60)
¢=0Jo Jo Ja

< lim lim hm/ // Az, t)DT 41 (u®). DTk (u), dx ds dt.

n—-+oo p——+oo €—0
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The right hand side of (61) is computed as follows. Due to (37) it follows
that for fixed n > 1
S0, (u) DT 1 (u7) — S (w) D11 (1) weakly in (L(@))Y

when ¢ tends to 0. The strong convergence of Tk (u), to Tk(u) in
L2(0,T; H}(Q)) as p tends to +o0o, then allows to conclude that

lim hm/ // Az, t)DT 41 (u®). DTk (u), drdsdt  (61)

p——400 e—0

/ / /S/ A(z,t) DT 11 (u). DTk (u) dz ds dt

:/OT /Ot/QA(x,t)DTK(u).DTK(u) dx ds di

as soon as K <mn, since S/ (r) =1 for |r| < n.
Recalling (60) and (61) allows to conclude (49) holds true and the proof
of lemma 3.2 is complete.

* Step 6 : The strong convergence of truncates. In this step we
prove the following monotonicity estimate :

Lemma 3.3. The subsequence of u® defined in step 3 satisfies for any
K>0

hm/ / /A (2,t)[DTk (u®)-DTk (u)].[DTk (u®)— DTk (u)]dx dt ds = 0.

e—0
(62)
And

Tx (uf) — Tx (u) strongly in L*(0,T, H}(Q)) (63)

as € goes to zero.
Proof of Lemma 3.3. Let K > 0 be fixed. we have

T t
/ / / Al 1) DTy (w?) — DT (u)]-[DTic () — DTye(w)) de it ds
0 0 Q

(64)
:/OT/Ot/QA(;v,t)DTK(uE).DTK(uE)d;vdtds

_ /0 ! /0 t /Q Az, t) DTy (u) DTy (u) d: dt ds
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T t
~ / / / Afee, )| DTy (u) = DTic(w)].DTic () v it ds.
0 0 Q

Using (49) of lemma 3.2, we obtain

T gt
11m§/0 /0 /QA(x,t)DTK(uE).DTK(uE) dx dtds (65)

e—0
/ //A;vtDTK (u). DTk (u) dx dt ds.

As a consequence of (37) we have for all K > 0

Jim / / / Al 1) DTy (u®) — DTie(w)]- DT (u) et ds = 0 (66)

e—0 Jo

(65) and (66) allow to pass to the lim-sup as € tends to zero in (64) and to
obtain (62) and (63) of lemma 3.3.

* Step 7. In this step, u is shown to satisfies (14) and (15). Let S be
a function in W2°(IR) such that S’ has a compact support. Let K be a
positive real number such that suppS’ C [— K, K]. Pointwise multiplication
of the approximate equation (22) by S’(u¢) leads to
8b5 g
% — div (S’(uE)A(;v, t)DuE) + 8" (u) Az, t)Duf . Du  (67)

— div (s'(ua)@(w)) 8" (uf) o (uf) DUl + £ (w, t,uf) S’ (uf) = 0 in D'(Q).

" Ob
where bg(z,7) = MS’(S) ds. In what follows we pass to the limit
0 88
as ¢ tends to 0 in each term of (67).
* Since S is bounded, and b%(x,u®) converges to bs(z,u) a.e. in Q and in

L*>(Q) weak x. Then M converges to % in D'(Q) as ¢ tends to
0.

* Since suppS’ C [-K,K|, we have forS' (u®)A(z,t)Du =
S'(u®)A(x,t) DTk (u®) a.e. in Q. The pointwise convergence of u® to u as €
tends to 0, the bounded character of S” and (37) imply that

S’ (u¥) Az, t) DTx (uf) — S’ (u)A(x, t) DTk (u) weakly in (L2(Q))Y,

as € tends to 0. And the term S’(u)A(x,t)DTk (u) = S'(u)A(z,t)Du a.e.
in Q.
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* Since suppS” < [-K,K], we have S"(u®)A(z,t)Du.Du* =
Az, t)DS'(uf).DTk (uf) a.e. in Q. Due to (29) and (36), DS’(u®) con-
verges to DS’(u) weakly in (L*(Q))" as ¢ tends to 0, and (63) of lemma
3.3 allow to conclude that

A(z,t) DS’ (uf). DT (uf) — A(x,t) DS’ (u). DTk (u) weakly in L*(Q),

as € tends to 0. And A(z,t)DS’(u).DTk (u) = S"(u)A(z,t)Du.Du a.e. in
Q.

* Since suppS’ C [—K, K], we have S'(u®)®.(u®) = ' (u®)P. (Tk (uf)) a.e.
in Q. As a consequence of (19) and (36), it follows that for any 1 < ¢ <
+00, S (u®)®.(uf) converges to S’'(u)®(Tk(u)) strongly in LI(Q), as €
tends to 0. The term S'(u)®(Tk (u)) is denoted by S’ (u)®(u).

x Since S € WUY®(R) with suppS’ < [-K,K], we have
S"(uf) P (u®)Duf = O (Tk (u®)) DS’ (uf) a.e. in @, we have, DS’ (u®) con-
verges to DS’(u) weakly in LQ(Q)N as € tends to 0, while ®.(Tk (u®)) is
uniformly bounded with respect to ¢ and converges a.e. in @ to ®(Tk (u))
as € tends to 0. Therefore

S" (u)®. (uf)Duf — ®(Tk (u))DS'(u) weakly in L*(Q).

* Due to (20) and (35), we have f(z,t, Tj11(u))S'(u®) converges to
f(z,t,Tyi1(u))S (u) strongly in L1(Q), as € tends to 0.

As a consequence of the above convergence result, we are in a position
to pass to the limit as € tends to 0 in equation (67) and to conclude that u
satisfies (28).

It remains to show that bg(x,u) satisfies the initial condition (29). To
this end, firstly remark that, S € W?%°(IR) such that S’ has a com-
pact support, as a consequence of (17) we have bg(z,u®) is bounded in

L2(0,T; H§(Q)). Secondly, (67) and the above considerations on the be-

obg(x, u®)

havior of the terms of this equation show that is bounded

in LY(Q) + L2(0,T; H=1(2)). As a consequence, an Aubin’s type lemma
(see, e.g, ,2* Corollary 4) implies that bs(z,u) lies in a compact set of

CO([0,T); W=15(Q2)) for any s < inf(2,%). It follows that, on one
hand, bg(z,u®)(t = 0) = bg(x,uf) converges to bg(z,u)(t = 0) strongly
in W=15(Q). On the other hand, (21) and the smoothness of S im-
ply that bg(z,u§) converges to bg(x,u)(t = 0) strongly in LI(Q2) for all
q < 400.Then we conclude that bg(x,u)(t = 0) = bg(z,up) in Q. As a
conclusion of step 1-step 7, the proof of theorem 3.1 is complete.
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4. Comparison principle and uniqueness result

This section is concerned with a comparison principle (and a uniqueness
result) for renormalized solutions in the case where f(z,t,u) is independent
of u. We establish the following theorem.

Theorem 4.1. Assume that assumptions (4), (5), (6), (7) and (11) hold
true and moreover that
For any K > 0, there ezists a positive real number B > 0, such that
Ob(z,z1)  Ob(x, 22
s s

for almost every x in §, and for every z1 and every zs such that |z1] < K
and |z < K.

)‘ < Bk ‘Zl - 22‘ (68)

D is a locally lipschitz-continuous function on IR. (69)

Let then uy and us be renormalized solutions corresponding to the data
(f1,ud) and (f2,u3) for problem (i =1,2)

% — div (A(x,t)Dui + @(ui)) = fi(w,t) in Qx(0,T), (70)
bz, us)(t = 0) = b(z,u}) in Q, (71)

u; =0 on 82 x (0,T), (72)

f1, f2€ LY x (0,T)). (73)

If these data satisfying f1 < fo and ul < ug almost every where, we have

u1 < ug almost every where.

Sketch of the Proof of theorem J.1.Here we give just an idea on how uy <
ug can be obtained following the outlines of .23

The proof is divided into two Steps. In Step 1, we define a smooth
approximation S, of T;,, and we consider tow renormalized solutions u; and
uy of (70)-(72) for the data (f1,u$) and (f2,ud) respectively we plug the
test function 17, (bsn (z,uq1) —bg, (z, uQ))) in the difference of equations
(14) for uy and ug in which we have taken S = S,,.

In Step 2, we investigate the behavior of the different terms in the
estimate obtained in step 1 (estimates (76)) as o tends to 0 and when n
tends to +oo.
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* Step 1. Remark that when & is locally-continuous on IR the following
derivation is licit for any function S and wu satisfying the conditions men-
tioned in Definition 2.1.

div (s’(u)cp(u)) — §"(w)®(u)Du = S (u)® (u)Du = div(Ps(u))  (74)

Where &g = ((I)S,h Dso,--- 7(I)S,N) with

bgi(r) = /OT 5.4()S'(t) dt.

Let us now introduce a specific choice of function S in (14). For all
n > 0, let S, € C1(IR) be the function defined by S/ (r) = 1 for |r| <
n;SL(r)=n+1l—|rlforn<|r]<n+1andS)(r)=0for|r|>n+1. It
yields, taking S = S,, in (14)

W - div(S’(ui)A(:v,t)Dui) + 8"(us)A(z, t)Du;Du;  (75)
— dwv (q)sn (ul)) = fzS;Z(ul) in DI(Q) )
for i = 1,2 and where bg, (z,7) = / w&’l(s) ds.
0 S

1
We use —T.¢ (bsn (x,u1)—bg, (, Ug)) as a test function in the difference

of equations (75) for u; and ws.

%/OT /Ot<3(bsn(a:,u1)8; bsn(x,uz)) ; TF (bsn(a:,ul) - bsn(x,u2))>d(icé§

+AS = B +CJ + D5,

for any ¢ > 0, n > 0, and where
1 T t
A7 =~ / / / S (u1) At @) Dus = S, (u) At 2)Dua | (77)
0Jo Jo Ja
DT (bsn (z,u1) — bs, (, uQ)) dz ds dt

T t
B? = %/ / / Sg(ul)A(x,t)DulDulT;' (bsn (z,u1) — bsn(l’,ug)) dx dsdt
0 0 JQ
(78)

T
—l/ / / S (ug)A(x,t) Dug Dus T (bsn (z,u1) — bg, (x,uQ)) dx ds dt
gJo Jo Ja
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- %/OT /Ot/Q {@Sn (u1) — ®g, (uz)} DT, (bsn (z,u1) — bsn(l’yuQ)) da ds dt

(79)

— %/OT /Ot /Q [flS%(m) - fQS;’L(UQ):| T (bsn (z,u1) — bg, (ZII,UQ)) da ds dt.

(80)
In the sequel we pass to the limit in (76) when o tends to 0 and then n
tends to +o00. Upon application of lemma, 2.4 of ,° the first term in the right
hand side of (76) is derived as

%/OT /0t<3(bsn(x,ul)8; bsn(x,w)) ; T (bsn(x,ul) — bsn(x,’u,g))>d(58(f;

_ lfQ ~+( (z,u1) — b, (, uQ)) dz dt
LT (bs z,ud) —bs, (z, Uo)) dx

where T3 () = /t T (s)ds.

Due to the assumption uj < u2 a.e. in Q and the monotone character
of bg, (z, .) and T (.) , we have

/QT; (bsn (z,u}) — bs, (x,ug)) dr =0 (82)

It follows from (76), (81) and (82) that
1 ~
> T (s, (o) = bs, (o)) ot + 47 = B7 + €7+ D7 (89
Q

g

for any o > 0 and any n > 0.

* Step 2. In this step, we study the behaviors of the terms AZ, B, CZ
and D¢ when o tends to 0 and n — +o0. More precisely, we prove the
following Lemma

Lemma 4.1. We have
lim hmA >0, (84)

n—+o00 0—0

lim limBy =0, (85)

n—-+oo o—>0

lirr%)CZ =0 foralln, (86)
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lim lim DJ < 0. (87)

n—+oo o—0

Proof of Lemma 4.1. The lemma is proved in .23
In view of estimates (82), (83), (84), (85), (86) and (87) we have

/Q (b(x,ul) — b(z, ug))+ dxdt <0,

so that b(z,u1) < b(x,us) a.e. in Q which in turn implies that u; < us a.e.
in @, theorem 4.1 will be then established.

References

1. P. BENILAN, L. BocCARDO, T. GALLOUET, R. GARIEPY, M. PIERRE and J.-L.
VAZQUEZ, An Ll—theory of existence and uniqueness of solutions of nonlinear
elliptic equations, Ann. Scuola Norm. Sup. Pisa, 22, (1995), 241-273.

2. D. BLANCHARD, Truncation and monotonicity methods for parabolic equa-
tions equations, Nonlinear Anal., 21, (1993), 725-743.

3. D. BLANCHARD, and F. MURAT, Renormalized solutions of nonlinear parabolic
problems with ! data, Fxistence and uniqueness, Proc. Roy. Soc. Edinburgh
Sect., A 127, (1997), 1137-1152.

4. D. BLANCHARD, F. MURAT and H. REDWANE, Ezistence et unicité de la so-
lution reormalisée d’un probléme parabolique assez général, C. R. Acad. Sci.
Paris Sér., 1329, (1999), 575-580.

5. D. BLANCHARD, F. MURAT and H. REDWANE, Existence and Uniqueness of
a Renormalized Solution for a Fairly General Class of Nonlinear Parabolic
Problems, J. Differential Equations, 177, (2001), 331-374.

6. D. BLANCHARD and A. PORRETTA, A Stefan problems with nonlinear diffu-
sion and convection, J. Diff. Equations, 210, (2005), 383-428.

7. D. BLANCHARD and H. REDWANE, Renormalized solutions of nonlinear
parabolic evolution problems, J. Math. Pure Appl., 77, (1998), 117-151.

8. L. BoccAarDO, D. GIACHETTI, J.-I. DiAZ and F. MURAT, Existence and requ-
larity of renormalized solutions for some elliptic problems involving derivation
of nonlinear terms, J. Differential Equations, 106, (1993), 215-237.

9. L. BoccArDO, F. MURAT and J.-P. PUEL, Ezxistence of bounded solutions for
nonlinear elliptic unilateral problems, Ann. Mat. Pura Appl., 152, (1988),
183-196.

10. J. CARRILLO, Entropy solutions for nonlinear degenerate problems, Arch. Ra-
tion. Mech. Anal., 147(4), (1999), 269-361.

11. J. CARRILLO and P. WITTBOLD, Uniqueness of renormalized solutions of de-
generate elliptic-parabolic problems, J. Differential Equations, 156, (1999),
93-121.

12. J. CARRILLO and P. WITTBOLD, Renormalized entropy solution of a scalar
conservation law with boundary condition, J. Differential Equations, 185(1),
(2002), 137-160.



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

169

A. DALL’AGLIO and L. ORSINA, Nonlinear parabolic equations with natural
growth conditions and L' data, Nonlinear Anal., 27, (1996), 59-73.

R. LANDES, On the ezistence of weak solutions for quasilinear parabolic
initial-boundary value problems, Proc. Roy. Soc. Edinburgh Sect., A89,
(1981), 217-237.

J.-L. LioNs, Quelques méthodes de résolution des probléemes aux limites non
linéaire, Dunod et Gauthier-Villars, Paris, (1969).

R.-J.DiPERNA and P.-L. LioNs, On the Cauchy problem for Boltzmann equa-
tions : Global existence and weak stability, Ann. Math., 130, (1989), 321-366.
J.-P. L10Ns, Mathematical Topics in Fluid Mechanics, Vol. 1 : Incompressible
models, Oxford Univ. Press, (1996).

F. MuRAT, Soluciones renormalizadas de EDP elipticas mnon lineales,
Cours a I’Université de Séville, Publication R93023, Laboratoire d’Analyse
Numérique, Paris VI, (1993).

F. MuRAT, Equations elliptiques non linéaires avec second membre L'S ou
mesure, Comptes Rendus du 26eme Congres National d’Analyse Numérique
Les Karellis, (1994), A12-A24,

A. PORRETTA, Ezistence results for nonlinear parabolic equations via strong
convergence of trauncations, Ann. Mat. Pura ed Applicata, 177, (1999), 143-
172.

N. GRENON, Résultats d’existence et comportement asymptotique pour des
équations paraboliques quasi-linéaire, (1990). Theése Université d’Orléans,
France.

H. REDWANE, Ezistence of a solution for a class of parabolic equations with
three unbounded nonlinearities, Adv. Dyn. Syst. Appl., 2, (2007), pp. 241-264.
H. REDWANE, Uniqueness of renormalized solutions for a class of parabolic
equations with unbounded nonlinearities, Rendiconti di Matematica, VII,
(2008), pp. 189-200.

J. SIMON, Compact sets in LP(0,T; B), Ann. Mat. Pura Appl., 146, (1987),
65-96.



170

Existence and uniqueness of solutions of some nonlinear
equations in Orlicz spaces and weighted Sobolev spaces

L. Aharouch

Faculté polydisciplinaire Ouarzazate
BP 638 Ouarzazate, Morocco
E-mail: laharouch@gmail.com

A. Benkirane*, J. Bennouna', and A. Touzanit

Département de Mathématiques et Informatique
Faculté des Sciences Dhar-Mahraz
B.P 1796 Atlas Fés, Morocco
E-mails: * abd.benkirane@gmail.com, Tjbennouna@hotmail.com,
tatouzani@menara.ma
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1. Definition and existence of renormalized solutions in
Orlicz space

Let Q be a bounded open subset of IR" with the segment property.

Let M be an N-function satisfying the As-condition and let P be an
N-function such that P << M.

Let A : D(A) C WgLn(Q) — W1L(2) be a mapping (not defined
everywhere) given by A(u) = —div a(z,u, Vu), where a : Q x R x RY —
RYis a caratheodory function satisfying for a.e. z € Q and all t € IR, &,€
with € # ¢
-1 Ja@t8) |<d@) + kP Mlko | t]) + ks Mk | € ),

(1-2) [a(z,t,€) — a(z,t,E)][€ — €] > 0,
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|€|

(1-3) a(x,t,6) € > aM (=),

where d(z) € Eg7(Q),d > 0,0, A € IRk, kg,kg,k4 ceR,.
Consider the nonlinear elliptic problem

(1—-4) —div a(z,u, Vu) — divg(u) + g(z,u) = f in Q,

(1-5) u=0 ond,

where

(1-6) f e W™ Ey(Q),

and ¢ = (¢1,...,¢n) satisly

(1-7) ¢ € (CO(R)™

Let g(x,t) be a caratheodory function such that for a.e.x € Q and allt € IR
(1_8) g(fﬂvt)tZO»

(1-9) s 19(.1) |=hnl) € L'(Q) Vn.

Note that no growth hypothesis is assumed on the function ¢, which implies
that for a solution u € W Ly(£2) the term divg(u) may be meaningless,
even as a distribution. As in® we define the following notion of renormalized
solution, which gives a meaning to a possible solution of (1-4)-(1-5).

The notion of renormalized solutions in the usual sens was introduced
by R.J. Diperna and P.L. Lions'? for the study of the Boltzmann equations.
This notion was then adapted to the study of the problem (1-1)-(1-2) by
L. Boccardo, D. Giachetti, J.I. Diaz and F. Murat® when the right hand
side is in W1’ (€2), by J.M. Rakotoson'? when the right hand side is in
LY(Q), and finally by G. Dal Maso, F. Murat, L. Orsina and A. Prignet?
for the case of right hand side is general measure data.

Definition 1.1. Assume that (1 —1)—(1—-3),(1 —6)— (1 —9) hold true.
A function u is a renormalized solution of the problem (1 —4) — (1 —5) if

(1-10) u € Wi La(Q), g(z,u) € LY(Q),ug(x,u) € L)

(1-11) —div a(z,u, Vu) h(u) — div(p(u)h(u)) + ¢(u)h () Vu
+g(z, u)h(u) = fh(u) in D'(Q), Vhe CHR).
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Remark 1.1. Let us note that in (1 — 11) every term is meaningful in the
distributional sense (in contrast with (1 — 4)).

Lemma 1.1. Let Q be a bounded open subset of R™ with the segment
property. If u € (WL ()N then

/divudz =0.
Q

Theorem 1.1. Let M be an N-function satisfying the Aq-condition. Under
assumptions (1 —1) — (1 —3),(1 —6) — (1 —9), there exists a renormalized
solution u (in the sense of Definition 1.1) of problem (1 —4) — (1 —5).

Proof of Theorem 1.1 see?

In the last theorem, we have supposed the N-function M satisfying the
As-condition. In the next theorem we prove the same result without any
restriction on the N-function M (i.e. without the As-condition).

Theorem 1.2. Under assumptions (1—1)—(1—3),(1—6)—(1—9), there
exists a renormalized solution u (in the sense of Definition 1.1) of problem
(1-4)—(1-5).

Proof of Theorem 1.2 see!

2. Definition and existence of entropy solutions in Orlicz
space

Let © be a bounded open subset of IRY with the segment property. Let
M, P be two N-functions such that P << M.

Let A : D(A) C WgLy(Q) — W1L37(Q) be a mapping (not defined
everywhere) given by: A(u) = —diva(z,u, Vu) where a : @ x R x RY —
IRYis a caratheodory function satisfying for a.e. x € Q and all £, € RY
with € # &:

2-1)  |a(e,t,6) |< d@) + kP Mko | ¢ )+ ksM Mk | € )

(2 - 2) [a(m7t,§) - CL(.’IJ7t,Z)] [5 - ] >0
1€

[782%

(2-3) a(z,t,§) € = aM(—-)

|



173

where d(z) € E57(Q),d > 0,0, X € IR’ k1, ko, k3, ks € IR,. Consider the
nonlinear elliptic problem

(2 —4) —diva(z,u, Vu) = f — divé(u)
(2 -5) u=0 ondQ

where

(2 —6) ferLy()

and ¢ = (¢1,...,¢n) satisfy

2-17) ¢ € (CO(R)™

Note that no growth hypothesis is assumed on the function ¢, which implies
that the term divg(u) may be meaningless, even as a distribution. The
notion of entropy solution, used in,” allows us to give a meaning to a possible
solution of (2-4)-(2-5).

We introduce the following notation, see,!3'!

Definition 2.1. Let M be an N-function, we define the following set:

Ay ={Q: Qis an N-function such that QM

Q/ i M/
and [, QoH~*( 171%)d7" < oo where H(r) = @}

Remark 2.1. Let M (t) = t? and Q(t) = t?, then the condition Q € Ay,
is equivalent to the following conditions:

i)2— 4+ <p<N,

i) g < = U

Definition 2.2. Assume that (2—1)—(2—-3),(2—6)— (2 —7) hold true,
and suppose that Ap; # 0. A function u is an entropy solution of problem

(2—4)—(2-5) if

u € WyLo(Q) VQ € Au,

Ti(u )EW(}LM(Q) vk > 0,

Joalz,u, Vu) VT [u — vlde < [, fTi[u — v]dz + [, ¢(u) VT}[u — v]dz
Vo € W(}LM(Q)OLOO(Q)

Theorem 2.1. Assume that (2 —1) —(2—3),(2—6) — (2 —7) hold true,
and suppose that Ay # 0, there exists an entropy solution u of problem
(2—4) — (2 —=15) (in the sense of Definition 2.1).
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Proof of Theorem 2.1 see?®

Remark 2.2. In the case M (t) = t¥, our theorem gives a refinement of the
regularity result (i.e. u € Wy9(Q),q < p = (p];—i)lN)
In fact by Theorem 2.1 we have u € W Lo(Q2) VQ € Ay (for example
_ _tP
for Q(t) = W, o > 1)

3. Existence and uniqueness of solution of unilateral
problems with L'-data in Orlicz spaces

Let Q be a bounded open subset of IRY with the segment property.

Let M be an N-function, satisfying the As-condition.

Let A: D(A) C WgLu(Q) — W1L37(2) be a mapping (not defined
everywhere) given by: A(u) = —div a(z, Vu) where a : Q x RY — RVis
a caratheodory function satisfying for a.e. x € Q and all £,€ € R" with

AT

(3-1) | a(@,€) |< d(x) + kM M(ks | € ))
(3-2) la(z,€) — a(z, )] [€ — €] > 0
(3-3) az,€) & > aM(| €)

where d(z) € E3;(Q),d > 0,0, k1, ko € R4

Let

Ky ={veWyLy(Q)NL®(Q):v>ae in Q)
where ¢ : Q — IR, is a measurable function on €2 such that:
Y € Wi Lar() N L>®(9).

Assume that

(3—4) fe L.
We suppose the regularity assumption on the obstacle function :
(3-5) there exists ¢ € K such that 1 — 1 is continuous on €.
Consider the nonlinear elliptic unilateral problem:
u € W&LQ(Q) VQ € Am
(3-6) u>1 a.e. in
Tk (u )EWOLM(Q) Yk >0

Joalz, Vu) VI [u —v]dx < [, fTi[u — v]dx Vo € Ky.
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It is our purpose, in this paper, to show the existence and uniqueness of
solutions for the problem (3-6) in the setting of the Orlicz Sobolev space
Wi L (). Our result, theorem 3.1, generalizes that of Boccardo® and gives
in particular a refinement of his result.

Theorem 3.1. Assume that (3 —1) — (3 —5) hold true, and suppose that
A # 0, then there exists an unique solution of problem (3 — 6).

Proof of Theorem 3.1 see?

4. Existence of solutions for nonlinear elliptic degenerated
equations

Let Q be a bounded open subset of IRY. A is a nonlinear operator of the
Leray-lions type from a weighted Sobolev space WP (Q, v) (where v = v(z)
is weight function defined on 2). A is defined by A(u) = —div a(z,u, Vu)
where a is caratheodory function from Q x R x RY — RY satisfying for
a.e. x € ), and for all &, &,

(4=1) la(2,6,8) |< K(| & e @){d@)+ [ & P+ 77 g P71,

where K verify that SIIL]‘)<€];98 K(|s|) <oo, Vk>0,andd(z)e L (Q).

(4-2) [a(, &0,€) — alx, &, )] [€ —n] > 0 where & 7 1.

Let A be a continuous function such that A > 0 and defined on IR, the
degeneracy of the operator A is expressed by the assumption

(4-3) a(@,80,8) & 2 v(@) Al & |) [ €17,
holds for all &y, and let Ay such that

(4— 1) M (s) = / O] dt, s>0 with Aj(00) = 0o,
0
Furthermore, we shall assume that for some mg > 0,
_ ; p-(lprf) ;
(4-—5) mlgrfno(m [mgégﬁnﬂ At)]) > 0.

For instance A(t) = t7 fort>1,0< v < 1 (small).
We will suppose that

4-6 ve Ll (Q), vimt € LY(Q),
loc
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(4—7) vt e LNQ) mmseﬂ%aﬂﬂ%%?m)
We consider the nonlinear elliptic problem

(4-138) —div a(z,u, Vu) — divg(u) + g(z,u) = f,
(4-9) u=0 onofQ,

where ¢ = (¢1, ..., ) satisty

(4 —10) ¢ € (CO(R)™.

Note that no growth hypothesis is assumed on the function ¢. Let g(z,t)
be a caratheodory function such that for a.e.x € Q and all ¢t € IR,

(4-11) gz, t)t >0

(4—-12) sup | g(.,t) |= hn(.) € LY() Vn.

ltl<n

The right-hand side in (4-8) is of the form

N

ofi
(4—13) fzzaj;’
i=1 v

where the family {f; i = 1,..., N} satisfies the conditions

fie LN QuT) = LV (Qv7 ) = (LP(QL,v))* fori=1,...,N, with r > p/.

We distinguish two cases.

The first case if r > r. with r, = quN'p%l and ¢ > N. In this case we
prove in Theorem 4.1 that the solution u of problem (4-8)-(4-9) is bounded,
and then the term divg(u) has meaningful as a distribution. In Theorem
4.2, we prove that the last problem admits a weak solution (see Definition
4.1).

The second case if p’ < r < r. the solution u is not bounded and
the term divg(u) may be meaningless, even as a distribution. As in® we
define the notion of renormalized solution (see Definition 4.2), which gives
a meaning to a possible solution of (4-8)-(4-9). In Theorem 4.3 we prove
the existence of renormalized solution.

We show in the paper L estimates for the solutions (see Theorem 4.1)
and the existence of a weak and renormalized solution, and is also showed
the fact that the main operator is degenerate in the space variable.
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4.1. Regularity and existence of weak solutions

Definition 4.1. Assume that (4 —1) — (4 — 7),(4 — 10) — (4 — 13) hold
true.A function u is a weak solution of the problem (4 — 8) — (4 —9) if

(4—14)  weWyP(Qv)NL2(Q), g(z,u) € LYQ),ug(z,u) € L'(Q)

(4-15) [ alo.u. Va)Vdos | ou)Videt [ gla.u wdfﬂ—z / e
Q Q2 @ ’

Yo € D(Q).

In Theorem 4.1 we prove the boundness of the solution of the problem (4-
8)-(4-9), in Theorem 4.2 we prove the existence of weak solution if r > r..

Lemma 4.1. Let Q be a bounded open subset of RY . Ifu € (Wy* (€, v))N
then

/divudmzo.
Q

Lemma 4.2. Let F': IR — IR be uniformly lipschitzian with F(0) = 0. Let
ue WyP(Q,v), then F(u) € WP (Q,v).

Let u € WO1 P(Q,v) and let Spj a real lipschitzian function defined for
6 >0,h >0 by

1 fr>0+h

o fo<r<0+h
Se,h(T) = 0 if|7’|§9

T if —0—h<7<—0

-1 fr<-0-h

then Spn(u) € WyP(,v) by Lemma 4.2 and we suppose that u satisfies
V6 €]0,supess | u|[,Vh €]0,supess | u | —0],

/ a(x,u, Vu)VSy 5 (u dx—i—/ d(u)VSp p(u) + /g(@u)S’g,h(u)dac
(4-16) " o :
= Z/ ~So,n(u

Remark 4.1. It is easy to see that each possible solution of problem (4-
8)-(4-9) verifies the relation (4-16).
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Theorem 4.1. Under assumptions (4 —1) — (4 —7),(4 — 10) — (4 — 13).

Letu € Wol’p(ﬂ, v) which satisfies (4-16), and we suppose furthermore f; €

L™(Q,v7 ), withr > r, where ro = Q*LN'I% and g > N. Then u is bounded

and we have the following estimate

(4 — ].7) )\1(” u ||oo) < CNalagag <~ || u ”oog )\II(CNalagag) = ]\4'7

where
1
(65} :||VP HL‘I(Q)7 )
(N r E
Qg = (21':1 H i HL*(QW%))I’ ,
Q .
o3 = (IO‘ Igm(l—%)do-)%’ with % + ﬁ 4 % =1,
Cn = 1; , an is the measure of the unit ball of RV,
Nall\,v

A1 is the converse of the function M1 (see (4-4)).

Proof of Theorem 4.1. The proof is based on the method of relative
rearrangement see® .

Theorem 4.2. Under assumptions (4 —1) — (4 —7),(4 — 10) — (4 — 13).
There exist a bounded weak solution u € WyP(Q,v) N L=(Q) (in the sense
of Definition 4.1) of problem (4 — 8) — (4 —9).

Proof of Theorem 4.2. See® .

4.2. FExistence of renormalized solutions

If p’ <r <., the solution of the problem (4-8)-(4-9) may not be bounded
and the term div(¢(u)) may have no meaning even a distribution. Then we
consider the nonlinear elliptic problem (4-8)-(4-9) in €, and we consider
the following notion of renormalized solution which gives a meaning to a
possible solution of (4-8)-(4-9).

Definition 4.2. Assume that (4—1)—(4—7), (4—10)— (4 —13) hold true.
A function u is a renormalized solution of the problem (4 —8) — (4 —9) if

ue WyP(Q,v), g(z,u) € LYQ),uglz,u) € LY(Q)
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/a(x,u,Vu) I () Ve + h(u )w]dH/ B (u)[h (1) Ve
Q

+ hwVelda + | gfo @dw—Z/ Lt

Vh e CHIR),p € W07P(Q,V) N L>(Q)

In Theorem 4.3 we state the existence of renormalized solution of (4-8)-(4-
9).

Theorem 4.3. Under assumptions (4 —1) — (4 —7),(4 —10) — (4 — 13),
and furthermore for % <r <r. with q > N, there exists a renormalized
solution w (in the sense of Definition 4.2) of problem (4 —8) — (4 —9)

Proof of Theorem 4.3 is given in® .
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Existence of solutions for variational degenerated unilateral
problems

L. Aharouch, E. Azroul, and M. Rhoudaf

Département de Mathématiques et Informatique
Faculté des Sciences Dhar-Mahraz
B.P 1796 Atlas Fés, Morocco

An existence result is proved for a variational degenerated unilateral problems
associated to the following equations

Au+ g(e,u, Vu) = f,

where A is a Leray-Lions operator acting from the weighted Sobolev space
Wol’p(Q,w) into its dual W_lvp/(Q,w*), while g(z,s,£) is a nonlinear term
which has a growth condition with respect to £ and a sign condition on s,
ie. g(z,s,£).s > 0 for every s € IR and for every x and & in their respective
domains. The source term f is supposed to belong to W’lvpl(ﬂ,w*).

Keywords: Degenerate unilateral problem; Existence result.

1. Introduction

Let © be a bounded open subset of IRY (N > 2), p be a real number such
that 1 < p < oo and w = {w;(x);0 < < N}, be a collections of weight
functions on 2, i.e. each w;(z) is a measurable a.e. strictly positive function
on Q satisfying some intergrability conditions (see section 2).
In this paper we are interested in the study of the degenerated obstacle
problem associated to the following Dirichlet problem
{Au—f—g(m,mVu):f in Q ()
u=0 on 01,
where Au = —div(a(z,u,Vu)) is a Leray-Lions operator act-
ing from W,?(Q,w) into its dual WP (Qw*) with w* =
{w}*p/;o <i<N:,p = ﬁ is the conjugate exponent of p and where
g(z,u, Vu) is a nonlinearity term satisfying some p-growth condition with
respect to Vu, and satisfies the sign condition g(z,u, Vu)u > 0, but has
unrestricted growth with respect to w.
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The source term f is assumed to belong to W =1 (Q, w*).
Let us start by the case of equation and recall that in the particular
case where g(z,u, Vu) = —Co|u[P~2u the following degenerated equation

—div(a(z, u, Vu)) — ColuP~?u = h(z,u, Vu),

has been studied by Drabek-Nicolosi’ under some more degeneracy and
some additional assumptions on h and a. While the existence solution for
the variational Dirichlet problem (1) is treated in the work® but under the
following integrability condition

o/t e L} (Q) for some ¢ suchthat 1< ¢ < oo, (2)

where ¢ is the so-called Hardy exponent and ¢ is the so-called Hardy weight
(see (14)) below).

Now we turn our attention to the degenerated unilateral case and we
will give some known about the following problem

Find u € Ky, g(x,u, Vu) € L'(Q), g(z,u, Vu)u € L'(Q)
/ a(x,u, Vu)V(u — v) de + / g(z,u, Vu)(u —v) dx
Q Q

§<f,u—’0>,

(3)
vV ve Ky N L&),
where the convex set Ky is defined as
Ky ={veW,?(Quw); v>1% ae in Q},

with an obstacle ¢ which is a measurable function on 2.
Akdim et al. have proved in? the existence of a solution for the problem
(3) under the following conditions

o"TT e Ll .(Q) with 1<qg<p+yp, (4)
and
e Lo(Q) N WP (Q, w). (5)

For that, the authors in* have approximated the nonlinear term g by some
function involving yqo, where . is a sequence of compacts covering the
bounded open set £ and xq, is a characteristic function, i.e.

9(z,s,§)

ge(z,8,8) = mXQE(CC)
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So there are consider the following approximate unilateral problem
ue € Ky such that
/ a(x, ue, Vue)V(ue —v) da +/ ge (@, ue, Vue)(ue —v) dz
Q Q

< <f,u5—v>,

(6)

v UEKd,,

Note that, the hypotheses (4) and (5) used in* have played an important role
for to assure the boundedness, coercivity and pseudo-monotonicity of the
operator associated to the approximate problem (6) and also for to prove
the boundedness of the approximate solution wu. in the space VVO1 P(Q,w)
(see® for more details).

The aim of this paper is then to study the existence solution for the same
degenerated unilateral problem (3) but without assuming the condition (4)
nor (5).

To overcome the difficulties mentioned above, we have changed in the
present paper the classical coercivity,

N
a(a:, S, 5)5 > O(sz(ﬂf)|§z|p
=1

by the following one,

N
a(w,5,€)(§ = Vo) = a)_wi()|&P - 6(x), (7)

i=1
where vy is some element of K, N L°°(Q) and §(x) is an element of L'(Q)

and also we have replaced the approximation term g. (of the nonlinearity
g) by the following one,

g(x,s,8)
1+ L{g(z,s,9)|

where the function 6, (z) is defined according to the Hardy weight o and
hardy exponent g, i.e.,

gn(z,5,§) = On (), (8)

On(w) = nTy /(0" (2)).

(T' r, is the truncation operator at height 1/n see (18)).

It would be interesting at this stage to refer the reader to our previous
work! in which the same unilateral problem with L'-data is studied under
the integrability condition (4) and under the regularity condition (5). An-
other work in this direction can be found in? where the existence solution
of the same unilateral problem (with L!-data) is proved by assuming the
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previous hypotheses (4) and (5), but the sign condition (22) is violated and
the classical growth condition of the nonlinearity g (see (23)) is replaced by

N
92, 5,6)| < c() + p(s) S wiléP, (9)
=1

(with p € L1(2),p > 0).

We refer also to the work,'# where the authors have solved an analogous
problem in the classical Sobolev space but where the obstacle function is
supposed to satisfy the condition 1 € Wy P(Q) N L=(Q).

The outline of this paper is as follows. After giving some preliminary
results about the weighted Sobolev space in section 2, we formulate in
section 3 our problem and we give the main existence result, which its
proof is giving in section 4. And we achieve the paper by an appendix in
section 5 where some intermediate results are proved.

2. Preliminaries

Let © be a bounded open subset of RN (N > 2). Let 1 < p < oo and
let w = {w;(x);i=0,...,N}, be a vector of weight functions, i.e., every
component w;(z) is a measurable function which is strictly positive a.e. in
Q. Further, we suppose in all our considerations that,

w; € Liy(9) (10)
and

1
w, "' € L},.(Q), for 0<i<N. (11)

K2

We define the weighted space with weight v in Q as,
LP(27) = {ulw),ur € LA(Q)},

which is normed by,

e = ([ Juta2 0 dx)% |

We denote by W1P(Q, w) the weighted Sobolev space of all real-valued func-
tions u € LP(€Q,wp) such that the derivatives in the sense of distributions
satisfy,

Ju

T

€ LP(Q,w;) forall ¢=1,...,N.
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This set of functions forms a Banach space under the norm

v :
ou
o0 = ( J epwods + 32 [ 17w dx) )

To deal with the Dirichlet problem, we use the space VVO1 P(Q,w) defined as
the closure of C§°(Q2) with respect to the norm (12). Note that C§° () is
dense in W, P, w) and (WyP(Q,w), ||.|1.p.w) is a reflexive Banach space.

We recall that the dual of the weighted Sobolev spaces Wy (Q,w) is
equivalent to W12 (Q, w*), where w* = {w* = wil_pl}, i=1,...,N and
p’ is the conjugate of p, i.e., p' = ﬁ. For more details we refer the reader
to.11

Now, we state the following assumptions.

(Hy) The expression,

N
Jul = (Z P da:> (13)

is a norm on W, (Q,w) equivalent to the norm (12).
There exists a weight function o strictly positive a.e. in €2 and a parameter
q, 1 < g < oo, such that the Hardy inequality

(/Q lu|o () da:)% <C <i/Q |385Z 1w () da:)é ’ (14)

holds for every u € WO1 P(Q,w) with a constant C' > 0 independent of w.
Moreover, the imbedding

Wy P (2, w) < LI(Q, 0) (15)

determined by the inequality (14) is compact.
Note that, (W, "*(€,w), || ||) is a uniformly convex (and thus reflexive)
Banach space.

Remark 2.1. Assume that wo(z) = 1 and in addition the integrability
condition:

There exists v e]%,oo[ﬂ[p%l,oo[ such that w; ¥ € L'(2) holds for all
i=1,..., N (which is stronger than (11)). Then

N P
Jull = (Z [ 1geruita) dx)
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is a norm defined on W, ?(Q,w) and it is equivalent to (12). Moreover
WEP(Q,w) = L9(Q)

forall 1 < g <pjifpr < Nlwv+1)and for all ¢ > 1if pv > N(v + 1),

where p1 = 25 and p} = N_pgl = N(VT{)”_W is the Sobolev conjugate of

p1 (seell). Thus the hypotheses (Hy) is satisfied for o = 1.

Remark 2.2. If we use the special weight functions w and o expressed in
terms of the distance to the boundary 0€2. Denote d(z) = dist(z, 9Q2) and
set

w(z) = dz), o(z)=d"(z).

In this case, the Hardy inequality reads

|u|?d" (z) da %gc |VulPd(z) dx %.
() <e (] )

(i) For, 1 < p < g < o0,

N N A N N
A<p—1, ———+1>0, E-24 " _Z4is0 (16)
q p q p q p
(ii) For, 1 < ¢ < p < o0,
A 11
A<p—1, B4 i1 (17)
¢ p q p

The conditions (16) or (17) are sufficient for the compact imbedding (15)
to hold (see for example [,!° Example 1], [,}! Example 1.5, p.34], and [,*¢
theorems 19.17 and 19.22]).

Now, we give the following technical lemmas which are needed later.

Lemma 2.1. ¢f.%1% Let g € L"(Q,7) and let g, € L™(Q,7), with ||gn|la, <
¢, 1<r<oo. If gn(z) — g(x) a.e. in Q, then g, — g weakly in L"($2,~).

Lemma 2.2. cf. %1% Assume that (Hy) holds. Let F : IR — IR be uniformly
Lipschitzian, with F(0) = 0. Let u € Wy (0, w). Then F(u) € WP (2, w).
Moreover, if the set D of discontinuity points of F' is finite, then

d(Fou) {F'(u)g—; ae. in {x€Q:u(x)¢ D}
0x; 0 ae. in {xe€Q:u(x)e D}.
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We introduce the truncation operator. For a given constant k& > 0 we define
the cut function Ty : IR — IR as

s if |s| <k

Tils) = {k sign(s) if |s| > k. (18)

For a function v = u(z),z € 2, we define the truncated function Tpu =
Tk (u) pointwise: for every = € Q the value of (Tku) at x is just T (u(x)).
From Lemma 2.2, we deduce the following.

Lemma 2.3. ¢f.? Assume that (Hy) holds. Let u € W, P(Q,w) and let
Ty (u) be the usual truncation (k € R™). Then Ty (u) € Wy (Q,w). More-
over, we have

Ti(u) — u strongly in Wy P(Q,w).
We states that every element of W’Lp,(ﬂ, w*) can be decomposed as fy —
divF where fo € L' (,wy ') and F € [] L (2,w] ™).

=1

3. Main results

Let © be an open bounded subset of RY, N > 2. Given a measurable
function 9 :  — IR (so-called obstacle) and consider its associated convex
set,

Ky ={uecWyP(Qw); u>1 ae in Q}. (19)

Let A be the nonlinear operator from Wol’p (Q,w) into its dual
WL (Q, w*) defined by,

Au = —div(a(z,u, Vu)),

where a : Q x IR x RN — IRY is a Carathéodory function satisfying the
following assumptions:
(Hg) Fori=1,...,N

ai(a,5,6)| <w (@)[k(z) + o7 |s| +Zw% g, (20)

[a(x,s,&) —a(z,s,m)](€—n) >0 forall {#£n¢€ RY, (21)
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for a.e. x in Q,s € R, where k(z) is a positive function in L? ().
(Hs) g(z,s,€) is a Carathéodory function which satisfies the following clas-
sical conditions,

g(z,5,£).s >0 (22)
and
N
l9(z,s,8)| < b(\S\)(sz'(ﬂf)léilp + (), (23)

where b: IRT — IR" is a positive increasing function and c(z) is a positive
function in L!(€2).

Our main result in this note is the following

Theorem 3.1. Assume that (H,)— (Hs) and (7) hold and f € W17 ().
Then there exists at least one solution of the following unilateral problem,
u € Ky g(z,u,Vu) € LY(Q), g(z,u, Vu)u € L*(Q)

/ a(x,u, Vu)V(u —v) de + / g(z,u, Vu)(u — v) dx
0 0 (24)
< <fa U — U>7
vV ve KyNLXQ).

Remark 3.1. Note that if we take w = 1 and o = 1 in the statement of
the previous theorem, then we get a new result in the nondegenerated case.

4. Proof of Theorem 3.1

For the reason of simplicity we take f = —divF where F €
N

127 @ wi).

i=1

The following lemma play an important role in the proof of our main result,

Lemma 4.1. #1° Assume that (Hy),(Hz) and (7) are satisfied, and let
(tn)n be a sequence in Wy P (Q,w) such that u, — u weakly in Wy™* (€, w)
and

/Q[a(gmun, V) — a(z, tn, Vu)]V(up —u)dz — 0

then, u, — u in Wy (Q, w).
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We shall give the proof of Theorem in several steps.

STEP 1: Construction of the approximate unilateral problem and
existence of a solution.

Let us approximate the nonlinear function g by g,, defined through (8). We
consider the following approximate unilateral problem

Up € Kw,

(Aup, uy — ) —|—/ In (T, U,y V) (un, —v) do < (f,u, —v) (25)
Q

Yov € Kﬂ"

It is easy prove that g, satisfies the following conditions:

gn(,5,8)s > 0, |gn(z,5, )| <lg(z,5,8)| and [gn(z,s,£)] <n

for a.e. z in Q,s€ IR and all ¢ € RV.
Thus, we can define the operator G,, : Wy (Q, w) — W12 (Q, w*)
by,

(Gru,v) :/gn(x,u,Vu)vdac
Q
and
<Au,v>:/a(x,u,Vu)Vvdx.
Q

By virtue of Holder’s inequality and due to (13) and (14), we have for all
u e WyP(Q,w) and all v € WP (2, w),

|~

< (f mte vt o5 o) ([ v ar)
Q Q

L
7

(/ o7 /15—4'/a dx) ’ [v]lq,0
Q

n
< Cullvll.

/ gn(x,u, Vu)v dz
Q

IN

(26)

Definition 4.1. Let Y be a reflexive Banach space. A bounded operator B
from Y to its dual Y* is called pseudo-monotone if for any sequence u,, € Y
with u, — u weakly in Y, and lim sup(Buy,, u, — u) < 0, we have

n—-+oo

lim inf (Buy,, up, — v) > (Bu,u —v) Vv eY.

n—-+o0o
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Consider the operator B, : Wy ™(Q,w) — W12 (Q, w*) defined as

(Brv, w) :/gn(x,va)wdm—i—/a(@qu)dex. (27)
Q Q

Lemma 4.2. The operator B, from K, into W5 (Q w*) is pseu-
domonotone. Moreover, B, is coercive in the following sense:
(Brv,v — vp)

ol — +oo if ||v|| — +o0,v € Ky,
v

where vy is associated to a through (7).

The proof of this Lemma will be given in Appendix 1.

Lemma 4.2 implies that the problem (25) has a solution, applying the
classical result for nonlinear equations associated to pseudo-monotone op-
erators (see [,!5 Theorem 8.2]).

STEP 2: A priori estimates on the approximate solution and con-
vergence.

Let k > [|vo]|oe and let ¢g(s) = se?®, where = (@)2.

An essential role will be played the following property enjoyed by ¢g(s)
(the proof is trivial):

2b(k)

op(s) — —ler(s)] > 5, Vse R (28)

1
a 2’
Taking u, — n9r(Ti(u, — v9)) (n small enough) as test function in (25),
where [ = k + ||vo]|c0, we obtain

/ a(z, Un, Vu, ) VT (uy, — vo) ok (T) (uy, — vo)) dx
Q

+ / (2 1 Vit Yo (Ti (1t — 00)) iz < {f 1(To(ttm — v0))-
Q

Using the fact that g, (2, un, Vug)er(Ti(un, — v9)) > 0 on the subset {z €
Q: |up ()] > k}, we get

/ a(Z, tun, Vg )V (un — v0) @) (T (un — vo)) dz
{lun—vo|<1}

< |9 (2, i, Vg || @ (Ti (un, — vo))| dae
{lun| <k}

+/ FVTi(up —v0)¢ (Ti(un — v0)) da.
Q
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Now we use (7) and (23), we can write

a/ ZUh 8”71 |p [ e (T1(un — o)) dx
{

|up— vo|<l}Z 1
N

S <c<x> + Zwmn”g—jjj’”w) (T — o)) da

=1

—I—/ 5(x) ) (T (up, — o)) dx + / FNunoi, (Ty (upn, — vo)) do
Q {lun—vo| <1}

_|_/ F.VU()(P;,C (Tl (un - UO)) dux.
{lun—vo|<1}

N
Applying the Young’s inequality and the fact that F' € H LP (9 w; P ,),
=1
we get
N
of Pk (Tilun — o)) do
{lun—vo| <1} Z
aT (up
< b(|k|) / ( +Z k )| ) lor(Ti(un — vo))| dx
al ou
+s wil@)| 22 P (T — v0)) do
2 S —vol <ty ; O

+/ §(x)p) (Ti(un — vg)) + C1(k)
Q

where C1(k) is a positive constant depending on k.
Thanks to {z € Q, |u,(z)| <k} C {x € Q: |un, — vo] <1} and the fact that
¢, 6 € L1(Q), we have

/ Z aTk (in |p{ (Tz(un—vo))_%(IC)WIC(TZ(WZ_”O))' dz < Cy(k).

Thus by (28), we deduce
| Z ol )y < 20,0, (29)

Now, we claim that,

/Zwl |%|Pd < C.
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Let k > ||vo||oo- Taking v = vy as a test function in (25), we get

/ a(x, U, Vg, )V (u, — vg) dx + / In (T, U, V) (uy, — vo) da
@ (30)
/ FV - UO

Furthermore, since g¢n(x,un, Vup)(un, — vg) > 0 on the subset {z €
Q, lup(z)| > k}, the inequality (30) implies that

/ a(x, U, V)V (u, —vg) da
Q

< 2k/ |gn(x,un,Vun)|dac+/ FV (up — vo) dz,
{lun|<k} Q
which gives by using (23) and Young’s inequality

/ a(x, Up, V)V (uy — vo) d
Q

< 2kb(k) [/ dsr:+/ Z 2 2 “")|pd ]
/Zwl |%|Pd +C.

Using (29) and (31), we obtain

(31)

/a(a:,un,Vun)V( — o) dx < /sz |%|pdx+03(k)
Q

Thanks to (7), we have

(32)

N
aun
f @15

Then, we conclude that there exists a function u € Wy?(Q, w) such that

u, — u weakly in Wy (Q,w),

up, — u strongly in L9(2,0) and a.e. in Q. (33)
N ’
This yields, by using (20), the existence of a function h € H LY (Q,w! 7)),
i=1

such that
N

a(x, up, Vuy,) = h weakly in H ¥ (Q,wilfp/). (34)

i=1
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STEP 3: Almost everywhere convergence of the gradient.
We fix k > ||vg|oo, and let wy i = Th(un) — Tk(uw).
For n > 0, we consider the following function:

Up = Up, — NPR(Wn,k)- (35)

We choose 7 such that v, € Ky (see Appendix 2). As in,” we take v,, as a
test functions in (25), we get

/ a(Z, U, Vg )V @5 (Wn. k) d;zc+/
Q Q
S <f7 ka(wn,k»

Remark that, we have

Gn (&, Up,, VUR )0k (Wh i) do (36)

kE—Te(u)>0 if u, >k
Tr(un) — Ti(u) = S up — Te(u) <0 if |u,| <k
—k—Ti(u) <0 if u, <—k

IA IA

which implies, by using (22), g(z, un, V) (wn k) > 0 on the set {z €
Q, |un(x)| > k}. So by (36),

[ ate st Vu) Vunnghwns) do+ [ gl Van)on () do
Q {lun|<k}

< {f, or(wn i)
(37)
Splitting the first integral on the left hand side of (37) where |u,| < k and
|un| > k, we can write,

/a(x,un,vun)vwn,k@;c(wn,k) dux
Q
= [l V) Telun) ~ VTl )

+ a(x, U, Vun)vwmk@;c(wn,k) da.
{lun|>k
(38)

Now we estimate the first term in the right hand side of (38) as follows

/ a(x, Un, V)V, 1@ (Wn 1) de
{lun|<k}

> /Qa(%Tk(Un)a VT (un))[VTk(tn) — VT ()@ (wn ) dz
N
At [ S o T 01 T

|t | >k} i—1

(39)
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We claim that last term of the above inequality goes to zero as n tends to
zZero.

Indeed we have, for that i = 1,...,N |a;(z,Tk(un),0)[X{|u,|>k} CcOD-
verges to |a(x, Tk (u),0)|x{|u/>k} strongly in LY (Q,wilfp/), moreover, since
|a:g’“—w(i")| € LP(Q,w;), then

8@’;(:0 | dz = 2(n).

2k’ Z|a1 Z, Tk un )

{lun|>k} ;=1
Where €(n) is a quantity (which is possible to be changed from a line to

another) such that lirf e(n) = 0 We now investigate the behaviour of the
n—-—+oo

second term in the right hand side of (38) we get,

/ a(@, U, Vg ) Vs, k@) (W) do
{lun|>k}

8Tk(u)
> —).(2k) |a;(z, wn, Vuy)|| | d
{Jun|>k} ; Ox;
(40)
By (34) and the fact that
0Tk (u) 0Tk (u)
B, Xlunl>k) = 5 X Jul>k) = 0
in LP(Q, w;), we have by (34)
— ¢l (2k) ( ) gy = 41
or( Zlaz z umVun)ll | dz = e(n) (41)

{unl>k} 321
Gathering (39), (40) and (41) we have that (38) implies:

/ a(z, un, Vi)V @) (W) dz
Q

> /Qa(;v, T (tn), VT (un)) [V Tk (un) — VT (u)] oy (wn k) da
+e(n).
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Which implies that

/ a(, U, Vi) Vo, k) (wn, k) da
Q

> /Q[a(x,Tk(un),VTk(un)) — a(z, Ti(un), VTi(u))]
X [VTx(un) — VIk(w)] @) (Wn i) dx

—l—/Q a(z, T (un), VI (w) VT (un) — VT (w)] @) (wn, k) dx
+e(n).
(42)

) we have for all i =

By the continuity of the Nemitskii operator (see
1,..., N,
a;i(x, Ti (un ), V()@ (T (un) — Tr(u)) — ai(x, Ti(u), VI (u))¢'(0)

strongly in L’ (Q,w}fp/), while a(ngf;")) — 8(7(;,;(;)) weakly in LP(Q, w;).
Which yields

lim [ a(x, Tk (un), V() [VTk(un) — Vg ()]0 (Wnk) dz = 0. (43)

n—oo 9]

Du to (42) and (43), we conclude that

/Qa(x, Un, VUur) [V (un) — VT (u)]@ (wn) dz

> / [a(x, Tk (un), VI (uy)) — a(x, Tk (un), VI (u))]
Q

X [VTg(upn) — VT (u)]¢' (wn,k) dx + e(n).
(44)
We now, discus the behaviour of the second integral of the left hand side
of (37).
Using (23), we have

/ In (&, Un, Vg o (Wn i) do
{lun|<k}

/ +Z A2 ) 1 )]
>/c mwmczﬂ“’“/é Yeow (wn i)
Q

a(x, Ty, (un), VI (un)) VT (un)| ok (wn k)| do

a(z, T (un), VT (un)) Voo ok (W k)| d.

:o\:a\
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N
From (20) and (29), there exists a function hy, € H Lp/(Q, wilfpl) such that
i=1

N
a(z, T (un), VT (un)) — hy weakly in H LY (Q,wg_p,) (45)

=1

N
Moreover, since Vug|og(wp k)| — 0 in H LP(Q,w;) as n tend to infinity,

i=1
the third term of the right hand side of the last inequality tend to zero as
n tend to infinity, hence

/ Gn (&, Up,, VUR )0k (Wh i) do
{lun|<k}

< k) / a(2, To(tn), VT (1)) VT (1) |00 (wn )| da
Q

[e3

+ b(k)/ c(@)]or (wn i | dz + %’j)/ 8() ok (wn,)| do + ().
Q Q
(46)
Next we estimate the first term in the right hand side of (46) as follows:

o) / (2, Th(ttn), Vi (1)) VT (1) ok ()|
Q

[e3

N M/Q[a(ﬂf, Ty (un), VTk(un)) — alz, Ty (un), Vg (u)]

X[VTi(un) — VT (w)]| ek (wn,k)| dz

+M/Qa(ﬂf,Tk(un),VTk(U))[VTk(un) = VT ()]l (wn.k)| da

[e3%

L) / (2, To (), VT (1)) VT ()01 ()|
Q

(47)
By Lebesgue’s Theorem, we deduce that

N
VT (w)|pr(wn k)| — VTi(w)|er(0)] =0 strongly in HLP(Q, w;).
i=1
Which and using (45) implies that the third term of (47) tends to 0 as
n — 00.
On the other side reasoning as in (43), the second term of (47) tends to 0
asn — 00.
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From (46) and (47), we obtain

/ gn (33, Un, vu’n)(pk (w’n,k) dl?
{lun|<k}

< ‘/Q[CL($7 Ty (Un)7 VT (un)) - a(mv Ty (un)7 VT (u))] (48)
X[VTi(un) — VT (w)]| ok (wn,k)| dz

-|-b(k)/Q c(z)| ok (W k)| dx + M/Q 5(2)|pr (wn k)| dz + (n).

[e3

Combining (37), (44) and (48), we obtain

/Q[a(a:,Tk(un), VTi(un)) — a(z, Ti(un), VTk(u)))
< [VTk(un) = V()] (2 (wn k) — 222 |op (wn p)]) da

< b(k) / ()| 0x (wn )| dar + 222 / 5() |k (wn p)| d

+<f7 ka(wn,k» + E(n)
(49)
Therefore (28) implies

/Q (a(er, Te(tn), VT (1)) — (e, T (11, VT (1))
X[V (un) — VI (uw)] dz
< 2(k) / (@) on (wn )| d + 22 / 5(2) ok (wn )| o
Q Q

+(F or(wn )+ £(n).
(50)
Now, since ¢,d € L)), or(wnr) — 0 weakly in Wy (Q,w) as n — oo,
all the terms of the right hand side of the last inequality tends to 0 as
n — +00.
This implies that

nli»néo [a(x, Tk (un), VI (uy)) — a(x, Tr(ug), V()] [V (un)
—QVTk(u)] dx = 0.
Finally, Lemma 4.1 implies that
T (un) — Ti(u) strongly in WoP(Q,w) Vk > 0. (51)
Since k arbitrary, we have for a subsequence

Vu, — Vu a.e.in Q. (52)

Indeed, we show that (as in®) Vu,, converge to Vu in measure (and there-
fore, we can always assume that the convergence is a.e. after passing to a
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suitable subsequence).
Let £ > 0 large enough, we have

kmeas({|un| > k} N Br) = / | Tk (uy)| da < / [Tk (uy)| da

{lun|>k}NBr Br .
o

< </ [t [Pwo dx) ’ </ w(l)—i” dx) ’
Q Br .

Nau P
<ec Z P, (x) dx
< (/pw («) )

<c

where Br = {z € Q; |z| < R}. Which implies that

meas({|un| > k} N B) < ck—l vk > 1. (53)
same, since u € W, P(Q, w), we get
meas({|u| > k} N Br) < % Yk > 1. (54)

We have, for every ¢ > 0,

meas({|Vu, — Vu| > §}) < meas({|un| > k}) + meas({|u| > k})
+meas({|VTi(un) — VTi(uw)| > 6})
< meas({|un| > k} N Bgr) + meas({|u| > k} N Bg)
+2meas({|z| > R}) + meas({|VTk(un) — VT (u)| > 6}).
(55)
Since Ty (uy) converge strongly in W, * (€2, w), we can assume that V7% (uy, )
converge to VT (u) in measure in 2.

Let € > 0, for R large enough, by (53), (54) and (55), there exists some
no(k, R,d,€) > 0 such that meas({|Vu, — Vu| > §}) < e foral n,m >
no(k, R, d,¢). This concludes the proof of (52).

Which yields

a(x, up, Vu,) — a(z,u, Vu) a.e.in Q
. (56)
In (T, Un, Vuy) — g(z,u, Vu) ae. in Q.
Step 4: Equi-integrability of the nonlinearities.
We need to prove that
Gn (T, U, Vuy) — g(x,u, Vu) strongly in L'(€), (57)

in particular it is enough to prove the equi-integrable of g, (x, u,, Vu,). To
this purpose. We consider the function T4 (u, — vo — Th(un — v9)) (with
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h > ||vo|leo)- This function can be write as follows

O lf |un — ’U0| S h
Up—vg—h if h<u,—v9<h+1
Ty (un —vo — Th(un —vo)) = un—vo+h if —h—1<wu, —vg<—h
1 if up,—v9o>h+1
-1 if up,—v9<—-h-1
which implies that
In (T, U, Vup)Th (U, — vo — Th(un — v9)) >0 (58)
and
Gn (T, U, Vur )Ty (Un — vo — Th(tn — v0)) = |gn (2, Un, V)| (59)

on the set {z € Q; |u,, —vo| > h + 1}.
Now, we take u,, — T1 (u, — vo — Th(un, — vp)) as a test function in (25),
we obtain by using (58) and (59)

/ a(x, Up, Vn)V(uy, — vo) dz
{h<|un—vo|<h+1}
+ |gn (@, tn, Vuy,)| de
{|un—vo|>h+1}
< / FV (up —wvo) dx
{h<|un—vo|<h+1}

using the Young’s inequality and (7), we deduce

N
J oo, V) < 3 (7w} da
{|wn—vo|>h+1} i1 J {lun—vo|>h}

+/ (|FVuo| +6(x)) dx
{lun—vol>h}

(60)
Let € > 0, since the functions |Fi|p/wi17p/, |FVvg| and & belongs to L*(Q)
then there exists h(e) > 1 such that

/ |g(x, Un, Vuy,)| dz < €/2. (61)
{lun—vo|>h(e)}
For any measurable subset E C (2, we have

/ 00, V)| o < [ BOAE) + 0]} ()
(62

+Z 1|8Th(s)+llvm|oo(un)|p) d$+/ |g($7un7vun)| dr.
{lun—vo|>h(e)}
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In view of (51) there exists () > 0 such that

N
[ otne) + et + o THE=L ) s < cp2 (o)

i=1

for all E such that meas E < n(e).
Finally, combining (61), (62) and (63), one easily has

/ |gn (2, un, Vuy)| de < e for all E such that meas E < n(e),
E

which implies (57)
Step 5: Passing to the limit.
We take v € Ky N L>(Q) as test function in (25), we can write

/ a(x, Un, V)V (u, —v) do +/ Gn (T, Un, Vug) (uy —v) do

) ) (64)
S <f7 Up — U>-

This implies

/ a(x, Up, Vr,)V(uy, — vo) do —|—/ a(x, Up, Vuy)V(vg —v) dz
Q Q

—I—/ gn (T, Up, Vup)(u, —v) dz (65)
< (g}, Up — V).
By Fatou’s Lemma and the fact that
a(x, Un, Vuy) = a(z,u, Vu)

N
weakly in HLPI (Q,w] ") one easily sees that
i=1

/ a(z,u, Vu)V(u — vg) dz +/ a(z,u, Vu)V(vg — v) dzx
Q Q

—1—/9 g(x,u, Vu)(u —v) dx (66)
< (f,u—v).

Hence

/Qa(gc7 u, Vu)V(u —v) de + /Q g(z,u, Vu)(u —v) dx (67)

<{f,u—wv).
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On the other hand, for h large enough we have

/Q|gn<a:,un,wn>|dxs/ﬂwmnvonoo +Z 2t ot () 1y g

—|—/ lg(x, un, Vuy,)| d.
{lun—vo|>h}
(68)
combining (61), (68) and the fact that u,, bounded in Wy?(Q,w), we get
/ |gn($7un7 vun)| dr < (69)
Q
taking also vy as a test function in (25), we have
/ In (T, Un, Vup)uy, de < co (70)
Q

by (69), (70) and Fatou’s Lemma we deduce
g(z,u, Vu) € LY(Q), g(z,u, Vu)u € L*(Q).

This proves Theorem 3.1.

5. Appendix

Appendix 1: Proof of Lemma 4.2

From Holder’s inequality, the growth condition (20) we can show that A is
bounded, and by using (26), we have B,, bounded. The coercivity follows
from (7), (22) and (26). it remain to show that B,, is pseudo-monotone.
Let a sequence (ug) € Wy (€, w) such that

up — u weakly in Wy P (Q,w),

lim sup(Bypuk, ur, — u) < 0. (71)
k—+o00

Let v € WP (€2, w), we will prove that

lim inf (B, uk, ur, — v) > (Bpu,u — v).

k—+

Since (ug)r is bounded in WyP(Q,w), by (20) we deduce that
(a(x, ug, Vug))k is bounded in Hfil LY (9, wgfp/), then there exists a func-
tion h € [, L¥' (9, w!™?") such that
N
a(z, up, Vug) — h weakly in HLP, (Q,wilfp/),

=1
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similarly, it is easy to see that (g, (x, ux, Vug)) is bounded in LY (Q, 01*‘1/),
then there exists a function p, € L9 (2, 0'~7) such that

gn(x,ug, Vug) — p, weakly in LY (Q,0177).

It is clear that, (15)

lim inf (B, uk, up — v) = liminf/ a(x, ug, Vug)Vuy dx —/ hVv dz
k—-+o00 k—-4o00 Q Q
+ [ pn(u—v)de.
Q
(72)
On the other hand, by condition (21), we have

/(a(ac, ug, Vug) — a(z, ug, Vu))(Vug — Vu) dz > 0
Q
which implies that

/a(a:,uk,Vuk)Vuk dx > —/ a(x, ug, Vu)Vu da:—|—/ a(z, ug, Vug)Vu dz
Q Q Q

—|—/ a(x, ug, Vu)Vuy dz,
Q

hence

likm inf [ a(x,uk, Vug)Vui do > / hVu dx. (73)
—00 [9) Q

Combining (72) and (73), we get

lim inf (B ug, up, — v) > / hV(u —v) dz +/ pn(u—v) dz. (74)
k—-+o00 Q Q

Now, since v is arbitrary and lim gn (T, ug, Vug)(ur —u) de = 0, we

k— o0 Q
have by using (71) and (74)

lim a(x, uk, Vug)V(ug —u) de =0
k— o0 Q

we deduce that

kliI}_l (a(z,ug, Vug) — a(x, ug, Vu))V(ur — u) de = 0.
— 100 0

In view of Lemma 4.1, we have Vup — Vu a.e. in , which with (74)
yields

lkiminﬂBnuk, up —v) > (Bpu,u — v).
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Thus complete the proof of Lemma 4.2.

Appendix 2: We claim that v, € Ky (v, defined in (35))

We have e7%n.k < cg, let p = i Since vy, = up — NPE(wn k), we remark
that

Unp, if wup <0
Up, 2 . ’
Up — Wy if wpp >0

then it suffices to prove that u,, —wy, 1 > 1% we have

Up — Wn g =4 Up —k+Tg(u) if w, >k
Up +k+ Ti(uw) if u, <—k

which implies that

Te(u) if |uy| <k
Up — Wn i > § Ti(uw) if uy, >k
Unp, if u, < -k

since u € Ky, k > ||volloo then Ty (uw) > 1, which implies that u, —wy, k > .
Finally since v, € Wy (€, w) then v, € K.

References

1. L. AHAROUCH and Y. AKDIM, Ezistence of solution of degenerated unilateral
Problems with L' data, Annale Mathématique Blaise Pascal Vol. 11 (2004)
pp 47-66.

2. L. AHAROUCH, Y. AKDIM and E. AZROUL, Quasilinear degenerate elliptic
unilateral problems, AAA 2005:1 (2005) 11-31. DOI: 10.1155/AAA.2005.11

3. Y. AkpiM, E. AZROUL and A. BENKIRANE, Ezistence Results for Quasilin-
ear Degenerated Equations via Strong Convergence of Truncations, Revista
Matemédtica Complutence, Madrid, (2004), 17; N 2, 359-379.

4. Y. AkpiM, E. AZrROUL and A. BENKIRANE, Ezistence of solution for Quasi-
linear Degenerated Unilateral Problems, Annale Mathématique Blaise Pascal
Vol. 10 (2003) pp 1-20.

5. P. BENILAN, L. BoccARDO, T. GALLOUET, R. GARIEPY, M. PIERRE and J.
L. VAZQUEZ, An Ll-theory of existence and uniqueness of nonlinear elliptic
equations, Ann. Scuola Norm. Sup. Pisa 22 (1995), 240-273.

6. L. BoccArDO, F. MURAT, and J. P. PUEL , Ezxistence of bounded solutions for
nonlinear elliptic unilateral problems, Ann. Mat. Pura e Appl., 152 (1988)
183-196.

7. L. Boccarpo, T. GALLOUET and F. MURAT, A unified presentation of two
existence results for problems with natural growth, in Progress in PDE, the
Metz surveys 2, M. Chipot editor, Research in Mathematics, Longman, 296
(1993), 127-137.



204

8.

10.

11.

12.

13.

14.

15.

16.

G. DALMASO, F. MURAT, L. ORSINA and A. PRIGNET, Renormalized solutions
of elliptic equations with general measure data, Ann. Scuola Norm. Sup Pisa
CL. Sci 12 4 (1999) 741-808.

P. DRABEK, F. NICcOLOSI, Existence of bounded solutions for some degenerated
quasilinear elliptic equations, Ann. Math. Pura Appl. (4) 165 (1993), 217-
238.

P. DRABEK, A. KUFNER and V. MUSTONEN, Pseudo-monotonicity and de-
generated or singular elliptic operators, Bull. Austral. Math. Soc. 58 (1998),
213-221.

P. DRABEK, A. KUFNER and F. N1icoLOSI, Non linear elliptic equations, sin-
gular and degenerate cases, University of West Bohemia, (1996).

D. GILBARG and N.S. TRUDINGER, FElliptic partial differential equations of
second order, Springer-Verlag, Berlin, (1977).

A. PORRETTA, Ezistence for elliptic equations in Lt having lower order terms
with natural growth,Portugal. Math. 57 (2000), 179-190.

A. ELMAHI and D. MESKINE , Unilateral elleptic problems in L' with natural
growth terms, Journal of Nonlinear and Convex Analysis, 5 N. 1, (2004),
97-112

J. LIONS, Quelques méthodes de résolution des problémes aux limites non
linéaires,Dunod, Paris (1969).

B. Opic and A. KUFNER, Hardy-type inequalities, Pitman Research Notes in
Mathematics Series vol. 219, Longman Scientific & Technical, Harlow, 1990,
ISBN 0-582-05198-3.



205

Existence and multiplicity results for some p(x)-Laplacian
Neumann problems

M. Bendahmane

Al-Imam University, Faculty of Sciences, Department of Mathematics
P. O. Boz 90950, Riyadh 11623, Saudi Arabia
E-mail: mostafab@ing-mat.udec.cl

M. Chrif

Department of Mathematics, Faculty of Sciences, Atlas-Fes
Fes, 3000, Morocco
E-mail: moussachrif@yahoo.fr

S. El Manouni

Department of Mathematics, Faculty of Sciences, Al-Imam University
P. O. Bozx 90950, Riyadh, 11623, Saudi Arabia
E-mail: samanouni@imamu.edu.sa

In this paper, using an equivalent variational approach to a recent Ricceri’s
three critical points theorem,!3 we obtain the existence of at least three non-
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1. Introduction

Let © be a bounded domain of R™, N > 2 with a smooth boundary 95.
We consider the following Neumann problem for the corresponding elliptic
problem

P —div(|Vul[P@=2Vy) + [u|P®) =2y = A f(x,u) + pg(z,u) in Q

! % =0 ondQ2

where p € C(Q),p(z) > 1 for every z € 2. f is a C-function on € x [0, 00)
satisfying
(1.1) [f(@ )] <ert™™® 7 ey V(a,t)
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for some a € Cy () with
(1.2) ot <p,
where

h™ =suph(z) and h~ = inf h(x) Vh € CL(Q).

z€Q e
(1.3) f(z,t) <0, forall t €]0,1],
(1.4) f(z,t) > M, for allt > tg

where M is a positive constant and ¢y > 1. The function ¢ is assumed to
be a measurable function with respect to x in €2 for every ¢t in IR, and is a
C'-function with respect to t in IR for almost every z in Q and satisfies
(1.5) sup |g(z,t)| € L(Q)
tI<s

for all s > 0. Here €2 is a bounded domain in IR" with smooth boundary
0%, div(|Vul[P®)~2Vy) is the p(z)—Laplacian, the generalization of the
classical p—Laplacian operator, and v is the outward unit normal to 2.

Recently, elliptic equations with variable exponents have been exten-
sively investigated and have received much attention. They have been the
subject of recent developments in nonlinear elasticity theory and electrorhe-
ological fluids dynamics RuZicka.!> In that context, let us mention that
there appeared a series of papers on problems which lead to spaces with
variable exponent. We refer the reader to Fan et al.,®° Ruzicka!'® and the
references therein.

Let us point out that when p(x) = p = constant, there is a large lit-
erature which deal with problems involving the p-Laplacian with Dirichlet
boundary conditions for elliptic equations in bounded or unbounded do-
mains and we do not need here to cite them since the reader may easily
reach such papers.

Note also that many papers deal with problems related to the p-
Laplacian with Neumann conditions. We can cite, among others, the articles
Anello et al.! and Bonanno et al.* and the references therein for details.
The case of p(x)—Laplacian with Neumann conditions has been studied by
Dai,®> Mihailescu'® and Shi and Ding,'” all the authors used a past result
of Ricceri.'?

Finally, it would be interesting at this stage to refer the reader to the
recent work Manouni et al.® where the authors established the existence
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of at least three nontrivial solutions for elliptic systems involving the p-
Laplacian with Neumann boundary conditions.

Our objective is to study the Neumann problem for such an equation of
the type (Pp). Precisely, based on a recent result due to Ricceri,'® we are
interested in the existence and multiplicity of weak nontrivial solutions for
the problem (P;) in the Sobolev space WP(®)(Q).

Along this paper we fix p~ > N. Recall that a weak solution of system

(Py) is any u € WP (Q) such that
/Q (IValP@-2TuVp + [uP@ 2up) dz = /Q (Nf () + g, u))p da

for all p € WHPE)(Q).

Remark 1.1. Let us remark that (1.2) and (1.5) guarantees that integrals
given in the right side are well defined.

In particular, we will consider the following Neumann problem

(P —Apyu+ |ulP@ 20 = A(Ju*@ =2y — 1) + plu[ @2y in Q
! % =0 on 01,

where

(1.6) yECL(Q), v>1
and o satisfies

(1.7) at <p.

To prove the existence of at least three weak solutions for each of the given

problems (P;)" and (Py), we will use the following result proved in Ricceri'?

2

that, on the basis of Bonanno,” can be equivalently stated as follows

Theorem 1.1. Let X be a reflerive real Banach space; ® : X — IR is
bounded on each bounded subset of X, continuously Gateauz differentiable
and sequentially weakly lower semi-continuous functional whose Gateauz
derivative admits a continuous inverse on X*;J : X — IR a continu-
ously Gateauz differentiable functional whose Gateaux derivative is com-
pact. Moreover, assume that

(4) lim (®(u) + AJ(u)) = 400 for all A € ]0,400]

llull—o0

and that there are v € IR, ug,u; € X such that

(17) Pug) <r < P(uy)
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. (®(u1) — r)J(uo) + (r — ®(uo))J (u1)
(MZ) uE@*ll%f;oo,r]) J(U) = @(ul) — (I)(’LL()) '

Then, there exist an open interval A of 10, +o00[ and a positive real number
t such that for every A € A, and every continuously Gateauz differentiable
functional ¥ : X — IR with compact derivative, there exists § > 0 such
that for each p € [0, 4], the equation

O (u) + AJ (u) + p¥ (u) =0

has at least three solutions in X whose norms are less than t.

2. Preliminaries

We list some well known definitions and basic properties and recall some
background facts concerning generalized Lebesgue-Sobolev spaces LP(#) (Q),
WirE)(Q) and Wol’p(z) (Q), where € is an open subset of IRY and introduce
some notations used below. For more details about these spaces, we refer
the reader to the book of Musielak'! and the papers of Kovacik et al.” and

Fan et al.39

Set
L) ={h; h € L*>(Q),ess i(rzlf h(z) > 1 for all z € Q}.
rE

For any h € L$°(£2) we define
h™ =esssuph(z) and h~ = essinfh(z).
z€Q €N

For any p(x) € L°(£2), we define the variable exponent Lebesgue space

LP®)(Q) = {u uis a measurable real-valued function such that
Jo lu(@)P@) dz < oo}

We define a norm, the so-called Luzemburg norm, on this space by the
formula

|u|pz)—1nf{u>0/| dx<1}

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in
many respects: they are Banach spaces (Theorem 2.5, Kovacik”), the Holder
inequality holds (Theorem 2.1, Kovaéik?), they are reflexive if and only if
1 < p~ < p" < oo (Corollary 2.7, Kovacik”) and continuous functions
are dense if p* < oo (Theorem 2.11, Kovacik”). The inclusion between
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Lebesgue spaces also generalizes naturally (Theorem 2.8, Kovacik”): if 0 <
|| < oo and 71, ro are variable exponents so that 71 (z) < ro(x) almost
everywhere in Q then there exists the continuous embedding L"2(*)(Q) —
L @)(Q), whose norm does not exceed [Q| + 1. We denote by L? (©)(Q)
the conjugate space of LP(*)(Q), where 1/p(z) + 1/p/(z) = 1. For any u €
LP@)(Q) and v € LP ©)(Q) the Hblder type inequality

‘/Ude| < — + —)|u|p(r)|v|p

holds true. An important role in mampulating the generalized Lebesgue-
Sobolev spaces is played by the modular of the LP(*)(Q) space, which is the

mapping
Pp(z) * Lp(w)(Q) — R

2/ |u|p(w) dx
Q

If u € LP(®)(Q) and pt < oo then the following relations hold

defined by

|u|p(w) >1 = |U|Z(;) < Pp(z )( ) < |U| (I)a

+
[ulpz) <1 = |U|Z(I) < Ppa) (1) < |U|p(r)a

[tn — Ulp@) — 0 < pp)(Un —u) — 0.

We also consider the weighted variable exponent Lebesgue spaces. We define
also the variable Sobolev space

WhP@(Q) = {u e LP®(Q) : |Vu| € LF(Q)}.

On W1P()(Q) we may consider one of the following equivalent norms

”u”p(z) = |u|p(z) + |VU|P(1)
or

\Y z z
el = inf {s > 0: / ( u(z) @ ‘u(a:) P 4 < 1),
Q H H

Set

Ip(z)(u) _ / (|vu|p(w) + |u|p(m)) dr
Q
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For all u € WP(®)(Q) the following relations hold

- +
(2.1) lull > 1 = full” < Ty (u) < [lul”;

+ —
(2.2) lull <1 = lull” < Iy (u) < lu”

Finally, we remember some embedding results regarding variable exponent
Lebesgue-Sobolev spaces. For the continuous embedding between variable
exponent Lebesgue-Sobolev spaces we refer to (Theorem 1.1, Fan et al.®):
if p : @ — IR is Lipschitz continuous and p™ < N, then for any ¢ € L3 ()
with p(x) < gq(z) < 1\]7\]?158)’ there is a continuous embedding W1 P(®)(Q) —
L1#)(Q). In what concerns if N < p~ = ess inf_ gp(z) < p(z) for any
z € Q, by Theorem 2.2 in Fan et al.” we deduce that W1HP(#)(Q) is contin-
uously embedded in WP (Q). Since N < p~ it follows that WP (Q) is
compactly embedded in C(Q2). Thus, we obtain that W) (Q) is contin-
uously embedded in C(9).

From now on, E is the space WP(#)(Q) with the norm

1/p(x)
Jul = ( [ 19+ fup dm) ,
Q

which is clearly equivalent to the usual one, on the space C(2) we consider
the norm |[ul|cc = sup,cq |u(x)|. When p~ > N, Sobolev’s Theorem implies
that E is compactly embedded in C(£2), hence

(2.3) c= sup (LS
ueE\{0} [l

Proposition 2.1. Let I : E — E* be the operator defined by

< 400

I(u)p = / (|Vu|p(z)_2VuV<p + |u|p(z)_2u<p) dx
Q
for all u,p € E. Then I admits a continuous inverse on E*.

Proof.
Denoting by (., .) the usual inner product in IRY. We have for some positive
constant C

(I(u),u) Tp(a) (1)

>Ch P 201”11,”17_71.
[[ull [[ull

Hence,

{L(u),u)

= +o0.
lul—+oo  [Jull
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Then [ is coercive. Moreover, by simple arguments we can easily verify
that I is hemicontinuous. It remains to show that I is uniformly monotone.
Indeed, recall first the well known inequality

|z —y|™ < 2m<|x|m_2x — |y|m_2y, x—vy), Ya,y € RN Vm > 2.

Thus, it is easy to see that

1
<I(u1) — I(ug),ul — u2> > ZZ'T / |Vu1 — Vu2|:0(w) + |U1 — u2|:0(w) dx
Q

+
> c(p™)llur — ug?,

for every u; and us belonging to E. This means that I is uniformly mono-
tone operator in E. Therefore, the conclusion of Proposition 2.1 follows
directly from the result (Theorem 26. A) of Zeidler.!?

Our main result are the following

Theorem 2.1. Suppose p~ > N and let a satisfying (1.2). Assume that
f: QxR — IR is a function which is measurable in Q and C* in IR
satisfying (1.1), (1.3) and (1.4). Then, there exist an open interval A of
10, +00[ and a positive real number t such that, for every A € A and every
function g : Q x IR — IR which is measurable in Q and C' in IR satisfying
(1.5), there exists o > 0 such that for each p € [0,0] the system (Py) has
at least three weak solutions whose norms in E are less than t.

3. Proof of the main result

We begin by setting

w = [ (vur® 4 @) de
Bu) = [ = (TuP + ) d

J(u) = —/QF(x,u)dx
and

1
U(u) = / ——|u]® dx
o v(T)
for each u € E. It is well known that ® and J are well defined and contin-

uously Gateaux differentiable with

P (u)p = /Q(|Vu|p(””)*2VuV<p + |u|p(w)*2u<p) dx
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and

g

for all uw,¢ in E. Note that J' is compact and ® is clearly weakly lower
semi-continuous and bounded on each bounded subset of E. Proposition
2.1 ensures that ® admits a continuous inverse on E*. Moreover, it is easy
to see that

(®(u) + AJ(u)) = 400

llu||—o00

for all A\ €]0, +o0|. Indeed, since E is embedded in C°(£2), we have
J(u) > —|Q|( Sl + eallulloo),

where || denotes the measure of 2. Then, the coercivity of ® + AJ can be
easily deduced from (2.1) since ™ < p~ and A > 0 and from the fact that
lulloo < D||u|| for some positive constant D. Then () is verified.

In the sequel, we will verify the conditions (i¢) and (ii¢) of Theorem 1.1.
By (1.3) and (1.4), it follows that F'(z,¢) is increasing for t € (1,00) and
decreasing for ¢ € (0,1), uniformly with respect to « and F'(z,0) = 0 is
obvious. Also, by (1.4), we can choose § > 1 such that

F(z,u) > 0= F(z,0) > F(z,7), Yu>4d, 7 €]0,1].

Let b,d be two numbers such that 0 < b < min{1, ¢}, with ¢ given by (2.3)
and d > ¢ such that d? |Q] > 1. Then we obtain

sup F(x,u) <0< F(z,d)d
/Qo<ugb () p+dp /

Define the real number r by

By choosing
uo(x) =0and uy(z) =d for every z €

we have

O (up) = J(up) =0,P(u1) = /Q ﬁwp(w) dx

—/QF(x,d)d:r

and
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Then we clearly have
1 _
D(up) > de Q] > 7.
Thus we deduce that
D (up) <r < ®(uq).

Then (é¢) in Theorem 1.1 is verified.
On the other hand, we have

_(@(ur) = 1) J(ug) + (r — ®(u))J (w) _ | Pz, d)de »
@(ul) — @(uo) L (@) . .
gyt

We also have

1
Fjp(w) (u) < (I)(u)v

which implies that
Loy (u) < ptr <1,

for all z € Q and for all w € F such that ®(u) < r. Using (2.1), we get
|lu|| < 1. This implies that

1
o llull < &(u) <.

Taking into account that

lu(z)] < e(pTr)7F < b

for all x € Q and for all u € E such that ®(u) < r, with ¢ = sup,cg ”mlﬁ".
It follows

- inf Ju)= sup —J(u) < / sup F(x,u)dz <0.
u€P~1(]—o0,r]) ®(u)<r Q 0<u<b

Consequently, we obtain

. (®(u1) —7)J(ug) + (r — ®(ug))J (u1)
weo b W) > (uy) — d(uo) '

This means that condition (4i¢) in Theorem 1.1 is verified.
Moreover, since the function G : 2 x IR — IR is a measurable in
Q and C' in IR x IR satisfying the condition (1.5), then the functional
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U(u) = / / g(x,t)dt | dx is well defined and continuously Géateaux
2 \Jo

differentiable on F, with compact derivative, and one has

/

W (u)p = / o(e, u(@))p (@) da

for all u,p € E. So, in view of Proposition 2.1 and Theorem 1.1, the proof
of Theorem 2.1 is achieved.

Corollary 3.1. Suppose p~ > N. Let « satisfying (1.2). Then there exists
an open interval A of 10, +oo[ and a positive real number t such that, for
every A € A and every ~y, with v > 1 there exists o > 0 such that for each
w € [0,0] the system (Py)" has at least two weak nonzero solutions whose
norms in E are less than t.

Proof.
Let
1
D(u :/— Vul|P®) 4 [u|P®) dx
(u) Qp(x)(| | |ulPt)
I = = [ (el = ) ds
o a(r)
and

o= [ L@ g
W) = [ gt

for each u € E. It is well known that ® and J are well defined and contin-
uously Gateaux differentiable with
¥ (= [ (VP2 VaVi + o) ) da
Q
and

J/(u)go = —/Q |u| @ =2y da

for all u, in E. Note that J  is compact and ® is clearly weakly lower
semi-continuous and bounded on each bounded subset of E. Proposition
2.1 ensures that ® admits a continuous inverse on E*. Moreover, it is easy
to see that

(®(u) + AJ(u)) = +oo

llu||—o00
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for all A €]0, +o00[. Consider now

1 o\T
H(z,u) = %M @) .

Since a(x) > 0 for all x € Q we have

lim H(z,u) = +oc.

Ju|—o0

Choose 6 > 1 such that

for all u > é. Hence we get
H(z,u) > 0= H(z,0) > H(z,7), Yu>d, 7 €]0,1].

Let us choose b,d two real numbers and uy and w; the same as in the
proof of Theorem 2.1. Then we obtain (i7) and (ii7) of Theorem 1.1 when
adapting the techniques given in the proof of Theorem 2.1. On the other

hand, the functional
1
U(u :/ ——|u["® dg
T

is continuously Gateaux differentiable on E, with compact derivative. So,
in view of Theorem 1.1, the proof is completed.
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Positive solutions with changing sign energy to nonhomogeneous
elliptic problem of fourth order
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In this paper, we study the existence for two positive solutions to a nonhomoge-
neous elliptic equation of fourth order with a parameter A such that 0 < A < A
The first solution has a negative energy while the energy of the second one is
positive for 0 < A < Ap and negative for A\g < A < . The values Ao and A
are given under variational form and we show that every corresponding critical
point is solution of the nonlinear elliptic problem (with a suitable multiplicative
term).

Keywords: Ekeland’s principle; p-Laplacian operator; Palais-Smale condition.

1. Introduction

We consider the problem with Navier boundary conditions

(P)) u=Au=0 on Of.

{ AZu = Nul??u + |u|""?u in Q
Here Q is a smooth domain in RY (N > 1), Az is the p-biharmonic operator
defined by A%u = A(| Au [P=2 Au), X is a positive parameter, p, ¢ and r
are reals such that
Np

5 = if p< N/2,
V2 N—2p p /
p5 = +00 if p> N/2.

1<g<p<r<p;, where

Such kind of problems with combined concave and convex nonlinearities
were studied recently by several authors? "% 1117 in the case of operator
Ap. Our main results here can be summarized as follows:

Let us put X = WoP(Q) N W2P(Q). We find two characteristic values Ao
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and A (Ao < ) under variational form, i.e.

V) do=Colp,q, T)uegl\f{o}F(u) and A= C(p,q,7) ueﬁ?\f{O}F(“)’
such that two branches of positive solutions to (Py) exist for A €]0, A[ (the
functional F will be given below). Moreover, the energy of the first positive
solution is negative for A €]0, 5\[ while the energy of the second positive
solution changes sign at A, i.e. it is positive forA €]0, \g[ and negative for
A €], 5\[ Notice that these two positive solutions are found simultaneously
and that our approach does not use the mountain-pass lemma.

On the other hand, we show that every solution of (V') is a solution of
the problem (Py) (with a suitable multiplicative term). This second point
lets expect that the first nonlinear eigenvalue ¢ of (V), i.e.

¢ =sup{A>0:(Py) hasa nonnegative solution}

may satisfy a variational problem similar to (V) (see? for p = 2). Let us
precise that A coincides with ¢ when ¢ — p and that A constitutes a good
minoration of ¢ in the general case 1 < ¢ < p.

We consider the transformation of Poisson problem used by P.Drabek
and M.6tani (cf.!?):
We recall some properties of the Dirichlet problem for the Poisson equation:

—Au=f inQ
’ 1
{ u=0 on JN. (1)
It is well known that (1) is uniquely solvable in W22 (Q) N W, *(Q) for all
f € LP(Q) and for any p €1, +oc0].
We denote by :
X = W2r(Q) N Wy™(Q),
lull, = (/ lufPdz)/? the norm in LP(Q),
Q

[ull2,p = (| Aullh + [|ul[5)'/? the norm in X,

lt]lco the norm in L*°(2),

and < .,. > is the duality bracket between LP(Q) and L¥ (), where p’ =
p/(p — 1). Denote by A the inverse operator of —A : X — LP(Q).

The following lemma gives us some properties of the operator A (cf.,1216 )

Lemma 1.1.

(i) (Continuity): There exists a constant ¢, > 0 such that
[Afll2.p < cpll fllo
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holds for all p €]1,+o00[ and f € LP(Q).
(ii) (Continuity) Given k € N*, there exists a constant cp > 0 such that
[Af w2 < cprll fllwer

holds for all p €]1,+oc[ and f € WFP(Q).
(iii) (Symmetry) The following identity:

/Au-vdxz/u-Avdx
Q Q

holds for all u € LP(Q) and v € L¥ (Q) with p €]1, +oo].
(iv) (Regularity) Given f € L*°(Q), we have Af € C1*(Q) for all « €]0,1];
moreover, there exists co, > 0 such that

[Afllcre < CaHf”oo'

(v) (Regularity and Hopf-type maximum principle) Let f € C(2) and f >0
then w = Af € CH*(Q), for all a €]0,1[ and w satisfies: w > 0 in
Q, 2% <0 on O9.

(vi) (Order preserving property) Given f,g € LP(Q) if f < g in Q, then
Af < Ag in Q.

Remark 1.1. (Vu € X)(Vv € LP(Q)) v=—Au <= u = Av.

Let us denote N, the Nemytskii operator defined by

{Np(v)(ﬂﬁ) = |v()|P"?v(z) if v(z) # 0
Np(v)(z) =0 if v(x) =0,

and we have Yo € LP(Q),Yw € L¥' (Q) :
Np(v) =w <= v = Ny (w).
We define the functionals P, @, R : LP(2) — R as follows:
P) = lvllp,  Qv) = [|Av]l7  and  R(v) = [[Av][;.

The operator A enables us to transform problem (Py) to an other problem
which we will study in the space L?((2).

Definition 1.1. We say that u € X \ {0} is a solution of problem (Py), if
v = —Auw is a solution of the following problem

{ Find v € LP(Q) \ {0}, such that

(PY) N,(v) = AM(N,(Av)) + A(N.(Av)) in  LP ().
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For solutions of (Py) we understand critical points of the associated Euler-
Lagrange functional E\ € C'(LP(Q)), given by

1 1 1
E\(v) = SP(v) = A-Q(v) - 1 R(v)

As in (cf.1319), we introduce the modified Euler-Lagrange functional defined
on R x LP(Q) by Ex(t,v) = E(tv). If v is an arbitrary element of L?(f2),
O Ex(.,v) (resp. OuEx(.,v))are the first (resp. second) derivative of the real

valued function: ¢t — E\\(t,v).

2. Preliminary results

Since the functional E) is even in ¢ and that we are interested by the
positive solutions, we limit our study for ¢ > 0.

Lemma 2.1. For every v € LP(Q) \ {0}, There is a unique A(v) > 0 such
that the real valued function t — OFE\(t,v) has exactly two positive zeros
(resp. one positive zero ) if 0 < A < A(v) (resp. A = A(v)). This function
has no zero for A > A(v).
Proof: Let v be an arbitrary element of L?(Q2) \ {0} and let us write
i Ex(t,v) = t7YE\(t,v), where F)(t,v) = tP"9P(v) — AQ(v) —t" "I R(v).
Then
duEx(t,v) = (q — D)t 2E\(t,v) 4+ t97 20, F)\(t,v),

holds true, with

OcFA(t,v) = 71 (p — ) P(v) = (r — @)t" " R(v)].

It is clair that the real valued function t — F (£, v) is increasing on ]0, t(v)[,
decreasing on ]¢(v),+oo[ and attains its unique maximum for ¢ = t(v),
where

_p=aqPv), 1
M) == ")) (2)

Thus, if F(t(v),v) > 0 (resp. F)(t(v),v) = 0), the function ¢ — F)(t,v) has
two positive zeros (resp. one positive zero) and has no zero if Fj(¢(v),v) < 0.
On the other hand, a direct computation gives

~ r—p(p—qP(v)

B\t v) = o= (— R(U))?iZR(U) —2Q(v).
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We deduce that Fy(t(v),v) > 0 (resp. Fx(t(v),v) < 0) for A < A(v) (resp.
A > A(v)) and Fy,)(t(v),v) = 0, where

P Ev) )

Av) = é—
Q)R (v)

with

T =P ,p—q,r=
¢ = ( )rr.
pP—qTr—g
Hence, if A € ]0, A(v)[, the real valued function t — 8,Ej(t,v) has two
positive zeros, denoted by t1(v,\) and t2(v, \), verifying 0 < t1(v,A) <
t(v) < t2(v, ). ) )

Since F)\(t1(v,A),v) = Fx(ta(v,\),v) = 0, 0:F)(t,v) > 0 for t < t(v)
and 0. Fy(t,v) < 0 for t > ¢(v), it follows that

O Ex(t1(v,)),v) >0 and  duEx(t2(v,\),v) < 0. (4)

This means that the real valued function t +— Ej(t,v), (t > 0) achieves
its unique local minimum at ¢ = ¢1(v, A) and its global maximum at ¢ =
to (U, )\)D

Lemma 2.2. If we put A = A(v), then A > 0.

inf
veL?(Q)\{0}
Proof: By Sobolev injection theorem, we have X — LY(Q) and X —
L"(£2). Thus there exists two positive constants ¢y and ¢z such that
[Av]lg < cullvllp et [[Av]]r < o |v]lp.

Then (3) implies for every v € LP(Q) \ {0}

A(v) > ——

- q r(p—a)
T—p
1€

> 0.

U
Consider A\ €]0,A[ and let (v,) be minimizing sequence of v
E)\(t1(v,A),v) in LP(Q2) \ {0} (resp. of v — Ej(t2(v,\),v)).
Put V,, = t1(vp, AN)v, and Wy, = ta(vp, A)vy,.

Lemma 2.3. The sequences (V,,) and (W,,) verify :
(i) limsup||Va]lp < +o0  (resp. limsup ||W,]||, < +o0 )
n—-+oo n—-+oo

(i1) lim}_nf Vallp >0 (resp. lim}_nf [[Wallp > 0)
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Proof: (i) We know that 0; Ex[t1(vn, \), v,) = 0.
Hence

VAl = AAVL[G + [[AV]]7- (5)

Suppose that there is a subsequence of (V},), still denoted by (V},) such that
hr+n [|Vallp = +00. Us r > g, there exist a constant ¢ > 0 such that
n—-—1+0o0o

[|[AVLllg < ¢||AV4||r. Then the relation (5) implies that lirf [|[AVL]r =

+-00. The fact that 0 < ¢ < r enables us to deduce: [[AV,]|2 = on(|[AVL[]}).
Then

[Vallh = [[AVL|[5(1 + 0, (1)),
and

Ex(Va) = [[AVall; (— - - +0n(1))

which implies that E)(V},) tends to +oo as n goes to +oo and this is
impossible.

The same arguments with a minimizing sequence (vy,) of v — Ej (t2(v, \), v)
show that limsup ||[W,][, < 4o0.

n—-+4oo
(i) Relation (5) and the fact that 9y Ex[t1(vn, A), v,) > 0, implies

(p = DIIVallp — Mg = DIAVA][G = (r = D[|AVL[[ > 0. (6)
If we combine (5) and (6), we obtain for every n € N

A = DIAVLIE + (p = T)|[AVL]]7 > 0.
So

R r-p
E\x(V,) = A " QVy,) + o R(V,,)

—1
< (f_q(A(p —@)Q(Va) + (p — ) R(vy))

Suppose that there is a subsequence of (V;,), still denoted by (V,,)
such that hm [[Vallp = 0. By Sobolev injection theorem we de-

duce that hrf ||AV ll; = 0 and lirf [|AVL]l» = 0. It follows that

lim E\(V,) =0, i. inf  Ex(t1(v,\),v) = 0, which is i ibl
m (V) ZeveLPI(I}Z)\{O} A(t1(v, A),v) which is impossible

since E,\(tl(vn, A), vp) < 0 for every n.
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Let (v,) be a minimizing sequence of v+ Ej(t2(v),v) in LP(Q) \ {0}.
Sinse 0; Ey (t2(vn),vn) = 0 and O Ex(t2(vy),vn) < 0, it follows that

(0= 1) [Wallp — Mg = D[AW[[T = (r = D[|AW, ][5 < 0.

Combining the two last inequalities and by Sobolev injection theorem there
exist a constant ¢’ such that for every n we have

(p = DIIWlh < (r = Q[AWLI]L < & [[Wall;
Hence
(p—q) < Wl 7.

Now, suppose that there is a subsequence of (W,,), still denoted by (W5,)

such that h&l [|[Wy||p = 0. This implies that p—¢ < 0. which is impossible
n—-+0o0o

since p > q. (]

Lemma 2.4. The functionals v — Ex(t1(v,\),v) and v — Ex(ta2(v, A),v)
are bonded below in LP(Q).

Proof: Let (v,) be a minimizing sequence of the functional v —
Ex(t1(v, A),v). )
We know that 0y E(t1(vn, ), v,) = 0, then

(1 (v, MIP[[onllf; = Alta (vn, M)[Aval[§ + [E2 (vn, M]"[[Ava[7-

Hence

B (t1(0s ) ) = A = a0, Nl 4 (= Dlta (o, VA

As p < r, we conclude that

By(t1(0n, ), 00) 2 A5 = 2t s A1 A0 . (")

Sobolev injection of X in L?(2) and the fact that limsup [|V,||, < 400,
n—-+o0o
implies that there exists ¢ and k positive such that for every n in N, we

have ||V, ||p < k. and ||[AV,|lq < ¢||[Vallp < ke. As ¢ < p, the inequality (7)
implies

EA(tl (Un, )\), Un) > (

Akl

K=
Q|
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We show by the same method that the functional v — E(ta(v, \),v) is

bonded bellow. O
Put
A= inf  Ex(ti(v,\),v). 8
W= it Ex(t(v.0).0) ®)
= inf E .
o= imf  Ex(ta(v.0).0) )

We have the following lemma:

Lemma 2.5. If A €]0,\[, then

a1(A) = veg}fzo Ex(t1(v,A),v) and as(N\) = veg,lfzo Ex(t2(v,A),v),

where S is the unit sphere of LP(Q).

Proof: Let t > 0. If 3;E\(t,v) > 0, then t €]t1 (v, \), t2(v, ).
Since |Av| < Alv|, we deduce that

8tEI)\(ti(|U|7>\)av) > 8tEA(ti(|U|7A)a |U|) = 07 1= 1a 2.

It follows that Jt1(Jv|, A), t2(Jv], M) C Jt1(v, A), ta(v, A)[.
Hence, t1(|v],A) > t1(v, A).

Using the fact that ¢t — E(¢, |v]|) is decreasing on 10,1 ([v], A)], we get
Ex(t1((0, ), [0]) = Ex(ta(Jvl, ), [o])
and since |Av| < Alv], we get
Ex(t1(v, \),v) > Ex(ti(v, \), [v]).
Hence we conclude that
Ex(t1(v], 2), [v]) < Ex(ta(v,0), ).

Since |[Av| < Alv| and the function ¢t — Ex(t,v) is creasing on
[t1(v, A), t2(v, N)], we obtain

Finally, we have showed that for every v € LP(Q2) \ {0}

E)\(ti(|v|7>\)a |U|) < Ek(ti(va A)7’0)7 where i = 17 2. (10)
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Moreover, for every v > 0 , we get

v
E)\(’Yt7 _) = E)\(tav)v
Y
011, 2) = Lo, Bt 0)
sy ) — T yU),
t LY ~ ~ (ZSDN

~ v 1 ~
8ttEA (’}/t, ;) = ﬁattE)\(t, U).

It follows that

1 v
tl(va/\) = _tl(_v)\)a (11)
fa(0, ) = ~to(2 ) (12)
2\Y, v 2 77 .
By the virtue of (10), (11) and (12), we conclude that
a (A) = vegr,lfzo E)\ (tl (Ua A)7 U)7 (13)
OZQ(A) = vE%S'r,llf)‘ZO E)\ (tQ (Ua A)7 U)7 (14)
where S is the unit sphere of LP(2). O

Lemma 2.6. Let (vy,) C S be a minimizing sequence of (13) (resp. of (14)).
Then, (Vy,) := (t1(vn, AN)vr) (resp. (Wy) = (ta(vn, A)vy)) are Palais-Smale
sequences for the functional E).

Proof: We will show this lemma only for the sequence (V,,), the proof for
(W) can be done in the same way.
Let A €]0, A[. Then liar_l E\(V,) = a1 (V).

Now we show that lirf E\(V,)=0.

Notice that for every v € LP(Q) \ {0}, we have 8, E\(t1(v,\),v) = 0 and
D1 Ex(t1(v, \),v) # 0. The implicit function theorem implies that the func-
tional v — ¢ (v, \) is O since E) is. Let us introduce the C' functional
fi,x defined on S by

fia() = Ex(t1(v, \),v) = Ex(t1(v, \)v).
Hence

1) = Il ialv) = Jnf, fial) and - Hm fia(on) = oa(R).
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Using the Ekeland variational principle on the complete manifold (S, || ||,)
to the functional fi x, we conclude that

1
[fiata)(@)l < —llellp,  forevery ¢ eT,,5,

where T, S is the tangent space to S at the point vy,.
Moreoever, since 0 E) (t1(vn, A),v,) = 0, then for every ¢ € T, S, one has
FLA0n)(9) = 0B (t1 (Vs A), ) Dt (0, A) (0)
+81~1E>\ (t1(vn, A); vn) ()
- avE)\(tl (’Un, )\)a ’U’I’L)(SD)7
where 0,t1(vy,, A) denotes the derivative of 1 (., \) with respect to its first
variable at the point (v, A).
Furthermore, let
P:LP(Q\{0} =R x S
v
v (Pi(v), Pa(v)) = (v lps =)
v lp

Applying Hélder’s inequality, we get for every (v, ¢) € LP(Q)\{0} x LP(Q?) :

lellp

lvllp

From lemma 2.3 and by the fact that ||V,,||, = t(vn, A), there exists positive
constant C such that

1P (0)(@)llp < 2

t1(vp, A) > C,¥n € N.
Hence for every ¢ € LP(€2), we obtain
|E' (Vi) (@) = 10:Ex(P1(Va), Pa(Va)) P (Vi) ()
= |00 Ex(t(vn), vn) P2 (Vi) ()]
|f{7)\(vn)P2/(Vn)(<p |
(

< LI B Iy
_Blely
—n C

We easily conclude that
lim E'(V,)=0 in L”(Q).

n—-+4oo

O

Remark 2.1. Until now, the minimizing sequences we consider are in S
and are nonnegative.
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3. Existence results

Theorem 3.1. Let 1 < ¢ <p <7 < pj and A € ]0, A Then the problem
(Py\) has at least two positive solutions.

Proof: We will use the notations of the previous lemmas.
Since the sequences (V,,) and (W),,) are Palais-Smale for the functional E},
it suffices to show that E) (0 < A < A) satisfy Palais-Smale condition.

By lemma 2.3, we deduce that (V,,) is bonded in L”(2). Passing if nec-
essary to a subsequence, we get

Vo = V1 in LP(Q),
AV, = AV} in X, (15)
AV, - AV; in L"(Q), (andin L%(£2)).

On the other hand we have,
(Np(Vi), Viu = Vi) = ( EA(V), Vi — V1) + )\/ Ny(AVL)(AV, — AV1)dx
Q
+ / N (AV,)(AV,, — AV)dz.
Q

Moreover, E} (V,,) — 0, Ny(AV,) — Ny(AV1) and N, (AV,) — N, (AV).
Then (N,(V,,),V, — V1) — 0.
The fact that N, is (S+) type implies that V,, — V; in LP(Q).
We know that for any minimizing sequence (v, ) of (13), there is a sub-
sequence still denoted by (v,) such that V,, = ¢1(vn, A)v, and t1(v,, A) =
[|Val|p- Hence

t1(vn, A) = [Vallp = t,
which implies that
Un—>V1/t1:U1, and tlztl(’l}l,)\),

where v; € S.
In the same way, for any minimizing sequence (v,,) C S of (14), passing
if necessary to a subsequence, there is t2 € |0, +-00[ such that

to(vp, \)v, — 2 in R,
vy — V2 = Va/ta,

where V3 is the limit of the sequence (W,,) := (t2(vn, A)v,) in LP(Q) and
ta = [|Vallp = ta(v2, A).
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At this stage, it is easy to see that V7 # V,. Indeed, since
O E\(t1(v1,A),v1) > 0 and OuEx(t2(va, N),v2) < 0, it follows that
O Ex(t1,V1/t1) > 0 and 0y FE(t2, Va/ta) < 0. This achieves the proof.
O

In the sequel the solutions Vi and Vs of (P}), for A €]0, A[, will be de-
noted by Vi and V5. Also, t1 x, 2.1, v1,x and v x will stand for ¢1(vy, M),
ta(va, A), v1 and vy respectively.

Theorem 3.2. Let 1 < g <p<r <p5. Then
(i) Ex(Vin) <0 for Xelo, A

() {EA(‘/QQ\) >0 fO?” A E }0,)\0[,
U BA(Van) <0 for A€ Jho, Al

where

r—q

)=r A

Ao =

= IR

(

r
p
Proof: (i) Let us recall that 9;Ex(t1x,v1.0) = 0 and 9y Ex (15, v1.2) >
0. Then

{ P(Vix) = AQ(Vixn) — R(Vin) =0,
(p—=1DPV1ix) = Mg —1)Q(V1x) — (r =1)R(V1,x) > 0.

Using the fact that 1 < ¢ < p < r, we get
Ap —@)Q(Vix) + (p—r)R(Vin) > 0.

Hence
_ .
Ex(Vin) = 212w + Z=LRr(w)
rq pr

< ;—qlwp —Q(Vir) + (p— r)R(110))
< 0.

(14) Let v be an arbitrary element of L?(2) \ {0} and let us write
P

—q

t A
, P =2 QW) -

~ ~ ~ r—q
Ba(t,v) = 1905 (t,0), where CG(t,v) = t

" R(v).

It follows that

8tEA (ta U) = qtqilé)\ (ta U) + tqaéA (ta U)a
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with
0Gat,0) = 71 (A P() = P R()),

It is clear that the real valued function t — G\(t,v) is increasing on
10,t0(v)[, decreasing on Jtg(v),+oo[ and attains its unique maximum for
t =to(v), where

)t (v), (16)

and ¢(v) is defined by the relation (2).
On the other hand, a direct computation gives

~ 1 r r—ar—p p—qP), r-a

Ga(to(v),v) = =(=)» =P
Ato(o)) = 7 () L EI T .

Similarly, G (to(v),v) > 0 (resp. Ga(to(v),v) < 0) if A < Xo(v) (resp.
A > Ao(v)) and
G xo(v)(to(v),v) = 0, where

with A(v) given by (3). Thus, we get

E?A(to(v),v) >0 if A< Xo(v),
Ex(to(v),v) =0 if A= Ao(v), (18)
E)\(to(’U),’U) <0 if A> )\0(1]).

First, since the function

10,1 — R
Int
L
1—t
is increasing, then for every real numbers x and y such that 0 < = < y, one
has
1 1—2

In(=
n(m)>1_y

ln(i) = In(

and consequently

l—x

0<z(l/y)Tv < 1.

In the particular case x = 4 and y = B, we get
r r
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and therfore 0 < Ag(v) < A(v).

Moreover, for every v € LP(2) \ {0}, one has C:')\O(v) (t,v) <0 fort e
10, +00[\{to(v)} and G, (v)(to(v),v) = 0. Hence, the real valued function
t — By, (tv), (t > 0), attains its unique maximum at ¢ = ¢o(v) and we
obtain the following interesting identity

tz(l), /\0(11)) = to(v). (19)
On the other hand, let
Ao = inf Ao (V). 20
0= et oy ) (20)
(3) and (16) implies that
ror . P (v
)‘O(U) = B(_)T_pc qu) .
ap Q)R (v)

Let us put

p—gq

M ={veLP(Q),Qw)R—r(v) =1}.

It is clair that M is weakly closed.

Moreover, the functional v +— P (v) is weakly lower semi-continuous
and coercive on M. Thus this functional attaints its minimum on M. The
homogeneities of v — P%(v) and v +— Q(U)R%(U) enables us to con-
clude that there is v* € S such that

uiéljl\c4 Ao(v) = veLPi(Ing)\{O} Xo(v) = 522 Ao(v) = Ao(v™) = Xo.
Now, let A € ]0, \g[, Then, for every v € LP(Q) \ {0} one has A < Ao(v)
and consequently, E(to(v),v) > 0 holds from (18). Then the function ¢
Ex(t,v), (t > 0) attains its maximum at t5(v, ) such that Ej(ta(v, \),v) >
0 for every v € LP(2) \ {0}. In particular, we have Ex(t2(va.x, \),va.x) > 0,
i.e. EA(‘/Q))\) > 0.
If A = Ao, then

EAO (‘/2>)\0) = E)\o (;tz(’U?,Ao)v’UZ,Ao)
= gelg Ex, (t2(U7 )‘0)7 ’U)
< B, (t2(0", Ao(v7)), v%)
= E)\O(v*)(to(v*),v*)
= 07

which implies that Ey,(V2,) < 0. In addition, it is known from
(18) that E\,(to(v),v) > 0, for every v € LP(Q) \ {0}. Then,
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since Ey, (t2(v2.0,A0), V2.,) 1S a global maximum of the function ¢
Ey,(t,v2,5,), (t>0), we have

EAO (tQ (UQJ\oa /\0)7U2,A0) > EAO (tO(UQJ\o)v UQ,)\O) > 0.
We conclude that
Exy(Vang) = Ex, (t2(v2,00, M), V2,2, ) = 0.

Finally, suppose that Ay < A < A
We know that for every (¢,v) €]0,+oo[xLP(2) \ {0}, the real valued

function A — E)\(t, v) is decreasing on [Ag, A], hence we deduce

Ex(t2(va,x, A), v2,0) = vlrelg Ex(t2(v,A),v)
< Ex(ta(v7,0),0%)
< By, (ta(v, A),v).

Moreover, the real valued function t — Ey,(t,v*), (t > 0), attains its
unique maximum for ¢ = ¢o(v*).Then

Hence E)\(tg (v2,x, A),v2,2) < 0, which achieves this proof. O

Theorem 3.3. if v* is a solution of (20), then to(v*)v* is a solution of
(P5,)-

Proof: Let v* be a solution of (20), then A\g = Ag(v*) and for every h €
LP(Q2), we have

B}, (to(")0") (h) = }gtg*(v)m(v), By — %tg*(vx@’(vw
T ) (R (o), )
_ PO (P0). 1
P P(v)
_p/\O tq—p <Q/(U)7 h> _ Btr—p <R/(U)7 h> )
¢ T Rw) 0 P

By the virtue of relations (2), (3), (16) and (17), a direct computation
gives for every h € LP(Q)

@tqu <Q/(’U*), h> r—p <Q/(U)7 h>
g *  Pr) r—q Q) ’
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and
Btr—p <R/(U*)v h>) _ b—q <R/(U)7 h>
o P(v) © r—gq R@*)
Then
By, tolo)o") () = e (-= 2 LTI (QROM, 29 (TROLM,
where
K= e

On the other hand, the relations (3) and (17) implies that for every h €
Lr(Q)

r—q{P'W),h) (Q*)h) p—q(R(©)h

<)‘6(U*)7h> = AO(U*)(T—p P(’U*) Q(’U*) r—p R(U*) )
Since (Aj(v*), h) = 0 for every h € LP(Q2), we deduce that
(B3 (ta0")07) ) = 3 (7). ) =0,

for every h € LP(2).
Which implies that to(v*)v* is a solution of (Py ).

Remark 3.1. It is very interesting to notice that in the case of homoge-
neous Dirichlet boundary condition, we have

R Pd
lim A = in 7fﬂ [v(@)[Pdx ,
q—p veLr(@\{0} [q |Av(z)[Pdx

Hence, in the case where p = ¢, \ is the first eigenvalue of the problem
(P%), i.e. the problem (Pj) has positive solutions for A €]0, A] and has no
positive solution for A > A.
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A survey on potential theory on Orlicz spaces

N. Aissaoui

Département de Mathématiques
Ecole Normale Supérieure
B. P. 5206, Ben Souda, Fés Morocco

In this survey we expose the fundamentals of the strongly nonlinear potential
theory and relate some of its components. As applications, we establish a rela-
tion between this theory and Partial Differential Equations, and show whether
the equation A g4u 4+ h = 0 possesses a solution or not, for a fixed function
h. Here A 4 is the A-Laplacian which is the p-Laplacian Ap, when the Orlicz
space L 4 reduces to the Lebesgue space LP.

Keywords: Orlicz spaces; Capacity; Potentials.

1. Introduction

The nonlinear potential theory on Lebesgue spaces studied by different
schools has introduced the notion of capacity in these spaces and has per-
mitted very rich applications in functional analysis, in harmonic analysis,
in the theory of probabilities, in the partial differential equations theory,
and so forth.

This theory has taken a considerable time for a development in different
directions and in different schools. It is one of the most complete theories.
Its results permitted, among others, to deepen our knowledge of Sobolev
spaces and to solve a great number of problems in higher mathematics.
Currently, it makes intervene more general spaces that Sobolev spaces, like
Besov spaces and Lizorkin-Triebel spaces. The birth of this theory goes up
again to years seventy, to the works of V. G. Maz’ya [75], [76], J. Serrin
[89], [90], Yu. G. Reshetnyak [86], and B. Fugled [49], [50], [51], [52], [563]. It
took a new thrust during 1970’s with notably the works of B. Fugled [54],
[55], [56], [57], N. G. Meyers [80], [81], [82], [83], [84], L. I. Hedberg [63],
[64], [65], [66], [67], [68], V. G. Maz’ya [77], [78], Yu. G. Reshetnyak [87], T.
Sj6din [91], D. R. Adams [1], [2], [3], [4], [5], [6], [7], D. R. Adams and N.
G. Meyers [18], [19], D. R. Adams and J. C. Polking [21], V. P. Havin [60],
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[61], V. P. Havin and V. G. Maz’ya [62], C. Fernstrom [48], K. Hansson [59]
and others. Other components and applications of this theory are treated in
different papers. See for example D. R. Adams [8], [9], [10], [11], [12], [13],
D. R. Adams and A. Heard [14], D. R. Adams and L. I. Hedberg [15], D.
R. Adams and J. L. Lewis [17], D. R. Adams and M. Pierre [20], H. Aikawa
[24], [25], [26], [27], B. Fugled [54], L. I. Hedberg [69], L. I. Hedberg and Th.
H. Wolff [70], B. Jawerth, C. Pérez, G. Welland [71], B. O. Turesson [95]
and others. The interested reader can consult the indispensable books by
D. R. Adams and L. I. Hedberg [16], by W. P. Ziemer [96], by E. M. Stein
[92] and by V. G. Maz’ya [79]. We are sure that many important references
are missing, because the number of publications is very important, so it is
impossible to mention them.

The increasing necessity to work on other spaces to solve other types of
equations, says strongly non linears, motivated the creation of a strongly
non linear potential theory, that we have introduced in different works. An
embryo of this theory is in the thesis of A. Benkirane [46] and in the paper
[47] by A. Benkirane and J. P. Gossez. This new theory uses Orlicz spaces
and Sobolev-Orlicz spaces that are natural generalizations of Lebesgue and
Sobolev spaces. It is important to notice that the main results of the non
linear theory spread to the case of strongly non linear one. This new theory
doesn’t stop marking progress. In this survey we mention some components
of this theory, namely

1) the introduction and the study of a capacity in Orlicz spaces, the
capacitability of analytic sets and a potential in Orlicz spaces,

2) the study of the continuity of the potential and in particular, the
Bessel potential in Orlicz spaces,

3) the study of the instability phenomena of the capacity in Orlicz
spaces,

4) the study of some relations between the capacity and maximal oper-
ators in Orlicz spaces,

5) the introduction and the study of Wolff inequality in strongly non-
linear potential theory and applications,

6) the introduction and the study of the notion of quasicontinuity in
Orlicz spaces.

The first relation between the Strongly Nonlinear Potential Theory and
Partial Differential Equations is the fact that a compact set K is removable
for an elliptic linear operator of order m, with constant coefficients, if and
only if its Bessel capacity is null (i.e. By, a(K) = 0).

On the other hand we know that an important application of the non
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linear potential theory is the resolution of some equations involving the p-
Laplacian operator. Hence the p-Laplace equation A,u+h = 0on RN, N <
p, has no solution if h has a non zero average and the equation A u+g =0,
on a p-hyperbolic manifold M, has a solution with p-integrable gradient for
any bounded measurable function g : M — IR with compact support. In
[37] we establish that if the N-function A satisfies the Ay condition and
RN is A-parabolic, then the equation A u + h = 0 has no weak solution
for any function h having a non zero average. Here A 4 is the A-Laplacian
which is the p-Laplacian A,, when the Orlicz space L, is the Lebesgue
space LP. We establish also, for a large class of Orlicz spaces L 4 including
Lebesgue spaces L? (p > 1), that if the function h is in L>° and has a
compact support, then the equation A 4u+h = 0 has a weak solution when
RN is A-hyperbolic. These results generalize those of V. Gol'dshtein, M.
Troyanov in [55] and of M. Troyanov in [91].

We can’t develop here other components like the boundedness principle,
the weighted strongly nonlinear potential theory or the strongly nonlinear
potential theory on metric spaces, because they are out of the scope of this
survey. The interested reader can consult [33], [36], |38], [40], [41].

2. Preliminaries
2.1. Orlicz spaces

An N-function is a continuous convex and even function A defined on IR,
verifying A(t) > 0 for ¢ > 0,

lim M = (O0and lim @ = 400.
t—0 ¢ t—+oo ¢

Il
We have the representation A(t) = [ a(z)dx, where a : Rt — R" is

0
non-decreasing, right continuous, with a(0) = 0, a(t) > 0 for ¢ > 0 and
limy—, 4o a(t) = +00.

The N-function A* conjugate to A is defined by A*(t) = [ a*(z)dx,

where a* is given by a*(s) = sup{t: a(t) < s}.
Let A be an N-function and € an open set in IRYY. We note £4(£2) the
set, called an Orlicz class, of measurable functions f, on €2, such that

pf.AQ) = [y Alf(x))de < oo.

Let A and A* be two conjugate N-functions and let f be a measurable
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function defined almost everywhere in Q. The Orlicz norm of f, ||f]|a,q or
[|f]]4 if there is no confusion, is defined by

[1f1la = sup{ [ |f(x)g(x)ldx : g € La- (), and p(g, A", Q) < 1}.

The set L4 (Q) of measurable functions f such that || f|]4 < oo, is called
an Orlicz space. When Q = IRY | we set L4 in place of La(IRY).

The Luzemburg norm |||f||la.q or |||f]||a if there is no confusion, is
defined in L4 () by

|||f|||A—1Hf{7“>0 Jy A ( ))d;v<l}

Orlicz and Luxemburg norms are equivalent. More precisely, if f €
L4(€), then

LA Ia < 1 f 1 < 2[]1F]]] a-

Let A be an N-function. We say that A wverifies the Ay condition if
there is a constant C' > 0 such that A(2t) < CA(t) for all ¢t > 0.

Recall that A verifies the As condition if and only if £4 = L 4. Moreover
L4 is reflexive if and only if A and A* verify the Ay condition.

We recall the following results. Let A be an N-function and a its deriva-
tive. Then

1) Averifies the Ay condition if and only if one of the following holds
) Vr>1,3k=k(r): (Vt > 0,A(rt) < kA(t)) ;
1) Ja>1: (VE >0, ta(t) < aA(t));
1@i)3B > 1: (Vt >0, ta*(t) > BA*(t)) ;

BN .
0)3d >0 <Vt >0, (AT“)) > d“T(t))

Moreover « in i) and 3 in #ii) can be chosen such that =t 4+ 371 = 1.
We note a(A) the smallest a such that 4¢) holds.
2) If A verifies the Ay condition, then
i)Vt > 1, A(t) < A(1)t* and Vt <1, A(t) > A1)t~
i) Vt > 1, A*(t) > A*(1)tP and Vt < 1, A*(t) < A*(1)tP.
See for instance [47], [73] and [88].

Let A be an N-function such that A and A* satisfy the Ay condition.
We note a(A4) = o and a(A*) = o*. Then we have from 2) above

Vit >0, a*A*(t) > ta*(¢).

Hence § < a*.
If 6 = «a*, then Vt > 0, a*A*(t) = ta™(t).
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This implies that there exists a constant C', such that: Vt > 0, A*(t) =
ot

This means that we are in the case of Lebesgue classes L, which is
treated in the literature. Hence we suppose in the sequel that 8 < a*.

Let A be an N-function and let A be an N-function equal to A in a
A0 g <

1
N

neighborhood of infinity and such that (see [23, lemma 4.4]): 01

oo If | ’f:g) dt = 0o, we define a new N-function A; by the formula
1 N

and we let A; to be an N-function equal to A in a neighborhood of 0 and to
A; in a neighborhood of infinity (see [23, lemma 4.5] for the construction of

1
such N-function). If [ All +$) dt = oo, we start again the same construction
1 v

and we put Ay = (A1)1, ... .

o0 -1
Let j = J(A, N) be the smallest integer such that [ 4
1

it

S)dt<oo.
N

If [ A0 gt < oo, we put J(A,N)=0.
0

1
N

Observe that J(A, N) < N because there exists a constant C, such that
A7L(t) < Ct, vt > 1.

Let m be a positive integer. The Orlicz-Sobolev space W™L 4 () is the
space of real functions f, such that f and its distributional derivatives up to
order m, are in L 4(2). The space W™L4 (Q2) is a Banach space equipped
with the norm:

Wflllma= 3 D' fllla, f € WTLa ().

li|l<m

Let WL« () denote the space of distributions on §2, which can be
written as sums of derivatives up to order m of functions in L 4« (Q2). It is a
Banach space under the usual quotient norm.

Recall that if A and A* satisfy the Ay condition, the dual of
W™L,4 (IRY) coincides with W =L« (IR").

For more details on the theory of Orlicz spaces, see [22[, [72], [73], [74]
and [88].
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2.2. Capacity and Bessel potentials

We define a capacity as an increasing positive set function C' given on a o-
additive class of sets I', which contains compact sets and such that C'() = 0
and C( U Xz) < Z C(Xi) for X; € F, = 172,... .

i>1 i>1
C is called outer capacity if for every X € T,

C(X)=inf{C(O) : O open, X C O}.

Let k be a positive and measurable function on IR" and let A be an
N-function. For X ¢ RV, we define

Cra(X)=1f{[[[fllla: f € L and kxf>1on X},
and
Cra(X) = 4 (Cpa(X)),

where kx f is the usual convolution. The sign + deals with positive elements
in the considered space.

If a statement holds except on a set X where Cj 4(X) = 0, then we say
that the statement holds Cj, a-quasieverywhere (abbreviated Cy 4 — g.e or
(k, A) — g.e if there is no confusion).

We call a function f in ng such that kx f > 1 on X, a test function for

1.4 (X). Moreover, a test function, say f, for Cj_, (X)) such that C} 4 (X) =
[ f]|]4 is called a Cj,_,—capacitary distribution for X and k x f is called a
C}.a—capacitary potential for X.

M denotes the vector space of Radon measures. M is the Banach space
of measures equipped with the norm ||u|| = total variation of u < oco.

The space of measures supported by a compact K is denoted by M(K),
and the cone of positive elements is M (K).

F will stand for the o—field of sets which are p—measurable for all
pe M.

If u € M, we say that yu is concentrated on X if u(y) = 0 for all sets
Y which are y—measurable and such that Y C ¢X.

Let A and A* be two conjugate N-functions. For X € F, we define

Dy a(X) =
sup {||p|| : p € MY, p concentrated on X and ||k * p

<)

where k % p is the convolution of k and p defined by (k * p)(z) = [k(z —
y)du(y)-
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A measure u € My such that p is concentrated on X and ||k || 4. <1
is called a test measure for Dy 4(X). If in addition Dy 4(X) = ||ul|, we
say that p is a Dy 4—capacitary distribution for X and k * p is called a
Dy, 4—capacitary potential for X.

For m > 0, the Bessel kernel G,, is defined through its Fourier trans-

form IF(G) as [F(Gp)] (z) = (2m) % (1 + |x|2) * where [F(f)] (z) =
(27‘1’)_% [ fly)e™™¥dy for f € L'. G,, is positive, in L' and verifies the
equality: G,45s = G, * Gs.

For more details on Bessel kernels, see [44], [45] and [92].

We note I, (z) = ||™ " the Riesz kernel.

We put By, 4 = CGm7Aa B;n,A = C&WHA’ R4 = CIm7A and R;’n,A =
Cr, A

3. Capacity and non linear potential in Orlicz spaces
The essential results concerning the notion of capacity in Orlicz spaces are
resumed in the following theorem; see [28] and [42].

Theorem 3.1. Let A be an N-function. Then

a) C’,;A is an outer capacity defined on all subsets of IRYN .
b) C} 4(X) =0 if and only if there exists f € LY such that k * f = +oo.
c) If fn — [ strongly in Ly, then
(1) k* fn — k= f in C} 4—capacity,
(2) there exists a subsequence (f”y)n of the sequence (fn)n such that
kx f7n — kxf Cj a-quasi uniformly,
(3) k* f"n —kx[f Cj s-quasi everywhere.
d) If (Kn)n is a decreasing sequence of compact set and K = N, K,,, then
lim Cl/c,A(Kn) = OIQ,A(KH)

e) If (X,)n is a increasing sequence of sets in RN and if L is a reflevive
Orlicz space, then lim,, C,’C7A(Xn) = C,{C’A(Uan),

f) If La is a reflexive Orlicz space, then analytic sets are C,’C,A-capacitable.

g) If Avis an N-function and Dy, 4 is the outer capacity associated to Dy, 4,
then for any set X, Dy 4(X) = Cj, 4(X).

h) If La is a reflexive Orlicz space, then for all analytic sets X

Dy,a(X) = Cp a(X).
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Let A be an N-function and k a positive and measurable function defined
on IRYN. Let X be any set such that Ch.4(X) < 0o. We consider the following
variational problem: Find fy € Lz such that k* fo > 1 C,’C7A—q.e. on X and

Il follla = mE{[[Lfllla - f € La®, ks f > 1 Ch e on X},

An answer is given in the following theorem; see [43].

Theorem 3.2. 1) Let L4 be a reflexive Orlicz space and X be any set such
that C}, 4(X) < co. Then X has a unique Cj,_,-capacitary distribution f;
feLli, kxf>1o0nX and CI’C,A(X) =1Ifllla-

2) Let La be a reflexive Orlicz space and X be an analytic set. If v
is the Dy a—capacitary distribution for X and f is the 01;7 A-capacitary
distribution for X, then

ke = [lao (f AN ] o (F AR ae.

Moreover k x f <1 on suppy, where a is the derivative of A.

a-]

4. On the Bessel potentials in Orlicz spaces
4.1. On the continuity of Bessel potentials in Orlicz spaces

The results in this subsection show that Bessel capacities in reflexive Orlicz
spaces are non increasing under orthogonal projection of sets; see [29]. This
is used to get a continuity of potentials on some subspaces. The obtained
results generalize those of Meyers and Reshetnyak in the case of Lebesgue
classes.

Theorem 4.1. 1) Let A be an N-function such that A and A* satisfy the
Ay condition. Let k be a kernel on IRN which is spherically symmetric and
non-increasing as |x| increases. If S is an affine subspace of RN and X a
subspace of RY, then

Ck7A (PsX) < Ck,A (X)

2) Let A be an N-function such that A and A* satisfy the Ao condi-
tion. Let k be a kernel on IRN which is spherically symmetric and non-
increasing as |x| increases. Further, suppose that k is locally integrable with
lim| ) —oo k(z) = 0. Let S be an affine subspace of RYN. Then

a) For f € Ly and € > 0, there exists a closed set F C S such that
Cra(S—F)<eandkx fcCy(F+Sh).
Hence

kxfe Co(ﬂi—FSL) Cra—qe. inS.
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b) Let (fi), be a sequence convergent to f in La. Then there is a subse-
quence (fir),, such that given ¢ > 0, there exists a closed set F© C S
with the property

Cra(S—F)<eandkx* fy — kx fin Co(F+ST).
Hence
ks fi — kx fin Co(x+S*) Cra—qe. inS.

Theorem 4.2. Let A be an N -function such that A and A* satisfy the Aq
condition. Let S be an affine subspace of R and 0 < s < m. Then

(1) For f € Ly and € > 0, there exists a closed set F' C S such that
Bp_sa(S—F)<e
and
DI (G % f) € Co(F + S7F) for all j, |j| < s.
Hence for such j,
Dj(Gm x f) € Co(z + SJ‘) Bri—s,4 —q.e. in S.

(2) Let (f;); be a sequence convergent to f in L. Then there is a subse-
quence (fir),,, such that given ¢ > 0, there exists a closed set F© C S
with the property

Bp_sa(S—F)<e
and
DI (G * fr) = DI (G # f ) in Co(F + S7) for all j, |j] < s.
Hence for such j,
DI (G % fir) — DI (G % f ) in Co(z +S*) Bpsa—qe. inS.

Theorem 4.3. Let A be an N-function and T be a one to one map of R™
onto itself. Suppose that T and its inverse T~ satisfy a Lipschitz condition.
Let p, 0 < p < oo, and X C RN be such that diam X < p. Then there
ezists a constant C, independent of X such that

ma[T(X)] < CB;, 4(X).
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If RY is the affine direct sum of G and H, we define Pgy as the pro-
jection of RN onto G, parallel to H.

Theorem 4.4. Let A be an N -function such that A and A* satisfy the Aqy
condition. Let p, 0 < p < oo and X C IRYN be such that diam PopX < p.
Then there exists a constant C, independent of X such that

B, a(PanX) < CBj, 4(X).

4.2. Instability of capacity in Orlicz spaces

In this subsection we describe the instability of certain capacities in Orlicz
spaces. Our results generalize some of those obtained by C. Fernstréom in
[48] and the Theorem 9 of Hedberg in [7] in the case of Lebesgue spaces.
See [30].

For m > 0 we define the Riesz kernel, I,, by I (z) = |z|™ " for
r € RN,

We suppose that m < N. If A is an N-function and X any subset of
RN, we define R, , (X) as

rooa (X) =if{[||f]|la: f € L} and L, » f > 1 on X}.

We know that R;, , is an outer capacity; see [40]. We let R, 4 =
AoR), 4.

Definition 4.1. Let X be a Borel set and m be the Lebesgue measure on
RN . Then z is a density point for X if

lim, om(B(z,7)) ' m(X N B(z,r)) = 1.

Theorem 4.5. Let A be an N -function verifying the Ao condition. Suppose
that m < % Let X be a Borel set and x a density point for X. Then

tim [}, 4 (B(z, )]

Corollary 4.1. Let A be an N-function verifying the Ay condition. Sup-
pose that m < % Let X be a Borel set. Then

R, A (XN B(x,r) = 1.

lim [Rin.a (B(;v,r))]fl. moa(XNB(x,r) =1, a.e on X.

Theorem 4.6. Let A be an N -function verifying the Ao condition and E
be a Borel set. Suppose that m < % Then a.e. on RN one of the following
relations holds

lim [R), 4(B(w,7)] "

.R;n’A(E N B(z,r)) =1
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or

lim limr =™ .R,, 4o(E N B(z,7)) = 0.
Theorem 4.7. Let A be an N -function verifying the As condition and E
be an everywhere dense Borel set. Suppose that m < % Then the following
are equivalent.

(1)) Ry, A(ENO) = Ry, a(O) for every open O.
(i) R A(ENB(x,7)) = R, a (B(z,r)) for all z and r.
(iii) For almost all x (with respect to Lebesque measure)

lir% supr%R%A(E N B(xz,r)) > 0.

The next Theorem gives a connection between Riesz and Bessel capac-
ities in the case of Orlicz spaces.

Theorem 4.8. (a) Let m be a positive number such that m < N. Then
there exists a constant &, such that for all N-functions A and all sets X C
RV,

;n,A (X) < 5B;n,A (X) .

(b) Let A be an N -function verifying the As condition such that m < %
Let B, be the ball centered at 0 with radius r. Then for all sets X C B,,
there exists a constant 9, independent of X, but dependent on r, such that

oA (X) <OR;, 4 (X).

Remark 4.1. Since A verifies the Ay condition, there exists a constant 7/,
independent of X, but dependent of r, such that

Bm,A (X) S ’V/Rm,A (X) .

4.3. Bessel potentials in Orlicz spaces

In this subsection it is shown that Bessel potentials have a representation in
term of measure when the underlying space is Orlicz. A comparison between
capacities and Lebesgue measure is given and geometric properties of Bessel
capacities in this space are studied. Moreover it is shown that if the capacity
of a set is null, then the variation of all signed measures of this set is null
when these measures are in the dual of an Orlicz-Sobolev space; see [31].
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4.3.1. Representation of potentials and comparison with Lebesgue
measure

Theorem 4.9. Let A be an N-function such that A and A* satisfy the
Aq condition. Let m be a positive integer and X a set in RN such that
0< By, 4(X) < o0

Let f be the B;n’A—capacitary distribution of X. Then there exists a
positive measure px such that:

1) G * f = By, 4(X).Gp * [a™t o (G * px)], where a is the derivative
of A.

2) supp ux C X.
If in addition we suppose that X is compact, then

3) G mxf<1onsupp pux.

Theorem 4.10. Let A be an N-function such that A and A* satisfy the
Aq condition. Let m be a positive integer. Then

(1) If m < J(A, N) there ezists a constant C = C(A, N, m) > 0 such that

e ()]

for all set X such that m*(X) # 0. (Here m is the Lebesgue measure
on RN and m* is the outer measure associated to m).

(2) If m > J(A, N), there exists a constant C = C(A, N, m) > 0 such that
for all set X # 0,

o (X)>C.
Theorem 4.11.

(1) Let A be an N-function and m be such that 0 < m < N. Let S, =
B(x, p) be the open ball centered at x and with radius p. Then there
ezists a constant C' independent of p such that

1n.a(Sp) < Cp™™ for 0 < p<1.

(2) Let A be an N-function satisfying the Ao condition and let m be such
that 0 < m < N. Let C(A) be the smallest constant C' such that:
A(2t) < C'A(t), Vt.

Then there exists a constant C' independent of p such that: By, 4(S,) <
C279p™™ for (])V< p < 1, where q is the greatest positive integer such

-
that g < nggg(A).
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4.3.2. Relation between capacity and Hausdorff measure

Theorem 4.12. Let A be an N-function such that A and A* satisfy the
Ag condition. Let m be a positive real such that am < N, where a = a(A).
Let u be a positive, decreasing function defined on IR, continuous from the
right and such that

G (r) < a(r) and lim @(r)Gp (1) = +oc.

r—0

If B' = B, ,, then lim, o B'(S,)B;, 4(S,)~" = 0.
In particular, if am < N, then lim, o B}, 4(S,) = 0.

Definition 4.2. Let ¢(r) be a positive, increasing function in some interval
[0, 7'[ and such that lim, g ¢(r) = 0. If X is an arbitrary set, the Hausdorff
p-measure of X is given by

Hyy(X) = ;ig})(infz o(ri)),
i>1
where the above infimum is taken over all countable coverings of X by
spheres S(z;,r;) such that r; <s.

Note that H, is a capacity which has the property
Hyy (X) = Hyry (Y),
where Y is a G-set containing X.

Theorem 4.13. Let A be an N-function such that A and A* satisfy the
Ao condition and let X be a subset of RN . Let m be a positive real such
that am < N, where a = a(A) and let o(r) = B,, 4(Sr). Then

Bm’A(X) =0 iwa(T)(X) < 00.

4.3.3. Capacities and measures in Orlicz-Sobolev spaces

Theorem 4.14. 1) Let A be an N-function such that A and A* satisfy
the Ag condition and let m be a positive integer such that m < J(A, N).
Let T € WL g~ (BN) N M; (BN) and let K be a compact set such that
B a(K) =0 and T~ (K) = 0.
Then |T|| (K) = 0.
2) Let A be an N-function such that A and A* satisfy the Ao condi-
tion and let m be a positive integer such that m < J(A,N). Let T €
W="La- (RY) N My (RY) and let X be a ||T||-measurable set such that
Bna(X)=0and T (X) =0.
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Then ||T|| (X) = 0.
3) Let A be an N-function such that A and A* satisfy the Ao condi-
tion and let m be a positive integer such that m < J(A,N). Let T €
WL g« (IRN) NM; (RN) and K be a compact set such that By, 4(K) =
0. Then ||T|| (K) = 0.
4) Let A be an N-function such that A and A* satisfy the Ao condi-
tion and let m be a positive integer such that m < J(A,N). Let T €
WL g« (IRN) N My (IRN) and let X be a set such that By, a(X) = 0.
Then ||T| (X) = 0.

5. Another developments of strongly nonlinear potential
theory

We establish some relations between potentials and maximal functions in
Orlicz spaces. We give a definition of quasicontinuity and obtain a descrip-
tion of quasicontinuous representative in some potential spaces. We also
give a result on smooth truncation of potentials in Orlicz-Sobolev spaces
and compare some capacities. As a consequence: a compact is removable
in Orlicz space for an elliptic linear operator of order m with constant
coefficients if and only if its Bessel capacity of order m is null. See [32].

5.1. Maximal operators and potentials

Let f be a locally integrable function. The Hardy-Littlewood max-

imal function associated to f is defined by Mf(x) = Myf(zx) =
sup,o [B(z,m)| " [ |f(y)ldy.
B(z,r)

Here |B(x,r)| is the Lebesgue measure of B(x,r) on IRY.

The fractional maximal function associated to f is defined for 0 < a <
N, by Mo f(2) = sup,q [B(z, )| "% [5, [f@)ldy.

And for 0 < o < N, and § > 0, the inhomogeneous version of these
functions is defined by Mo 5 f(x) = supss,.~o [B(x,7)| S | 1f(y)ldy.

For 0 < a < N, and 6§ > 0, we define the modified Riesi(ligr)nel, Ios by

Ios(x) =1n(z), if |z| <0,
Ins(x)=0,4if |z]>4.

The Riesz potential I, * u, 0 < a < N, where p is a positive measure,
can be estimated below by the fractional maximal function associated to .
In fact, for every r > 0,
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N
[l =yl =Nduly) > [ |e—y" Vduly) = [ dply).
R lo—y|<r le—y|<r
The reverse inequality is false in general.
In the first part of the following theorem, we give a generalization to
Orlicz spaces, of the classical theorem of B. Muckenhoupt and R.I. Wheeden
[85], which establishes the opposite inequality in term of L norms.

Theorem 5.1. Let A be an N-function satisfying the Ao condition, and
let 0 < < N. Then

(1) There is a constant C > 0, such that for any positive measure p,
i) C [A(Mop)de < [A(Iy x p)de < C [ A(Mqp)dz
i) C™H||[Mapll|la < [|la * pllla < Cll[Mapl||a-
(2) If 6 is a positive number, there are positive constants C1, Ca and Cs
such that for any positive measure L,
[ Mas pllla < CulllLas * pllla < Col[|Ga * pll|a < Csl[|Ma,s plf| a-

5.2. Quasicontinuity
We recall the general definition of quasicontinuity.

Definition 5.1. Let C be a capacity on IR and let f be a function de-
fined C—q.e. on IRN or on some open subset of IRYN. Then f is said to be
C—quasicontinuous if for every € > 0, there is an open set O such that
C(O) < e and f |p-€ C(O°).

In other words, the restriction of f to the complement of O is continuous
in the induced topology.

For Bessel capacity B, 4, we write (m, A)-quasicontinuous in place of
B! ,-quasicontinuous.

Theorem 5.2. 1) Let A be an N-function satisfying the Ao condition. If
f € La, then the potential Gy, x f, m > 0, is (m, A)—quasicontinuous.
Hence every element in Ly, 4 has an (m, A)— quasicontinuous represen-
tative.
2) Let A be any N-function. Let f = Gy, % g € Ly, a, m > 0. Then
lim, o mB(f )f(y)dy = Gy, * g(z), wherever G, * |g| () < oo,
x,r

i.e., (m,A) — q.e.

Theorem 5.3. 1) Let A be any N-function. Let f1 and fo be two
(m, A)— quasicontinuous functions, m > 0. Suppose that fi(x) = fa(z)
almost everywhere. Then
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fi(z) = fa(x) (m, A)—quasieverywhere.
2) Let A be an N -function satisfying the Ay condition. Let f,g € Ly, 4,
m > 1. Then D(fg) = f(x)Dg(x) + Df(x)g(z) (m—1,A) — q.e.

We extend the last theorem for any kernel and with a less restrictive
property that the quasicontinuity; but for reflexive Orlicz space. This is the
tribute to pay!

By B(IRY) we note the family of Borelian sets in IR .

Theorem 5.4. Let k be any kernel and suppose that the N -function A is
such that A and A* satisfy the Ay condition. Let g1 and g2 be two functions
verifying the following: Ye > 0, 3X € B(IRYN) : Cra(X) < € and the
restrictions of g1 and g2 to X are continuous.

Suppose that {x : g1(z) # g2(z)} € B(IRY) and that g1(x) = go2(x) a.e.
Then

g1(z) = ga(z)(k, A) — q.e.

5.3. Operations on potentials, Other definition of capacity
and removable singularities

For reflexive Orlicz spaces, we establish that composition of Bessel potential
with a smooth operator, is a potential. This is an extension of a well known
Theorem of V.G. Maz’ya which is a substitute of the fact that the Sobolev
spaces W™P(m # 1) are not closed under contractions. An immediate
consequence is the equivalence of capacities Ny, 4 and B, 4. Note that in
the case of LP Lebesgue spaces, this two capacities are equivalent even if m
is not integer. See [21]. The correspondent case for Orlicz spaces remains
open.

On the other hand, we show that in reflexive Orlicz spaces, a compact
set K is removable for an elliptic linear operator of order m, with constant
coefficients, if and only if its Bessel capacity is null (i.e. By, a(K) = 0).
This is the first relation between the Strongly Nonlinear Potential Theory,
and Partial Differential Equations.

Theorem 5.5. Let m be an integer such that 0 < m < N and A be an
N -function such that A and A* satisfy the Ao condition. Let k be an integer
such that k > m and T € C*(IRT) verifies the following condition

sup |xi_1T(i)(x)‘ <L<oo,i=1,2 ..k

Then T o (G * f) € Ly a4, for all f € Lj, and there is a constant C,
which depends only on A, m and N, such that

1T 0 (G * Pl < CLIIGon * flllma = CL L.
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Definition 5.2. For X C IRY, we pose
Nia(X) =inf {A(|||¢ll|k,4) : ¢ € S and ¢ = 1 in a neighborhood of X'}
Ny a(X) =inf {||[¢|[|k,a : ¢ €S and p = 1 in a neighborhood of X} .
Here S = S(IRY) is the Schwartz space of rapidly decreasing functions.

If £ = Gy, we write Ny, 4 = Ng,, . A-

Definition 5.3. Let K C RY be a compact set, and let P a partial dif-
ferential operator defined in a neighborhood of K. Then K is said to be
removable for P in L 4 if any solution v of Pv = 0 in O\ K for some bounded
open neighborhood of K, such that v € L4 (O \ K), can be extended to a
function v € L4 (O) such that Py =0 in O.

Theorem 5.6. Let m be an integer such that 0 < m < N. Let K C RY
be a compact set, and let P an elliptic linear partial differential operator
of order m with constant coefficients. Let A be an N -function such that A
and A* satisfy the Ao condition. Then K is not removable for P in L if
By, a+(K) > 0, and it is removable if Ny, a+(K) = 0.

We remark the immediate inequality By, 4(X) < Ny, a(X). In view of
the last theorem, it is of considerable interest that these set functions are
in fact equivalent.

Theorem 5.7. Let m be an integer such that 0 < m < N, and A be an
N-function such that A and A* satisfy the Ao condition. Then there is a
constant C such that for all X C RN, By a(X) < Ny a(X) < CBp, a(X).

This means that a compact K C IRYN, is removable in L for an el-

liptic linear operator of order m with constant coefficients if and only if
B, a(K) =0.

The first LP version of this theorem was been proved by V.G. Maz’ya
[79, Chapter 9.3]. The LP version for general m is due to D.R. Adams and
J.C. Poking [21]. The general case when m € IR is such that 0 < m < N,
remains open.

6. Capacitary type estimates in strongly nonlinear
potential theory and applications

In this section general result on smooth truncation of Riesz and Bessel
potentials in Orlicz-Sobolev spaces is given and a capacitary type estimate
is presented. We construct also a space of quasicontinuous functions and an
alternative characterization of this space and a description of its dual are
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established. For the Riesz kernel I,,,, we get that operators of strong type
(A, A), are also of capacitaries strong and weak types (m, A). See [34].

6.1. A capacitary type estimate

Theorem 6.1. Let A be an N-function such that A and A* verify the Ao
condition, o = o (A) and m is a positive integer. Let Tjcz be a doubly
infinite sequence of C™ (IR) functions identically zero for t < 0 with TJ(
having disjoints supports in (0,00) and such that

sup tk_lTj(k)(t)‘ <L<oo,k=0,1,...,m.
>0

Then for all f € Lj, there is a constant C depending only on N, m, L
and A such that

LMD T (Sm * )llla < ClIIfI]]a,
J

where B is a multi-index such that |3| = m, and S, is either G, if m is a
positive integer, or I, if m is a positive integer such that m < N/a.

Let Sy, as above and set S}, 4 (X) = inf{|||f|l[a : f € L} and Sy, % f >
lon X}.

Theorem 6.2. Let A be an N-function such that A and A* verify the Aq
condition and m a positive integer. Then there is a constant C depending
only on N, m and A such that for all f € ng

Jo" Stnal{ : S+ f(z) = t})dt < C|| f]]]a-

6.2. A space of quasicontinuous functions

This subsection is devoted to generalize some results in [6] and in [55]
relative to the LP Lebesgue classes. From the previous Theorem, it is natural
to seek when the quantity

/ T B (e 0] > 1) dt 1)

defines a norm on a linear space of functions ¢ on IRY. The answer is not
known in general, but we establish that (1) is equivalent to a certain norm

of .
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Definition 6.1. For % a function on RY, define for m > 0, K, and
A a(¥) as

Ky ={feL}:Gnxf(z)> |¢(x)|,Vx€RN}
Am (@) = mf{[[[f][]a: f € Ky}

Theorem 6.3. 1. Let A be any N-function and m € IRY. The function
A a defines a norm on Co = Co(IRY), and

Pna®) < [ Bl faslwlo)] = ) a

for all continuous functions 1.
2. Let A be an N-function such that A and A* verify the Ay condition
and m a positive integer. Then there is a constant C' such that

) < [ Bl (o510 2 0)de < O av)
for all continuous functions 1.

We define a new Banach space, La(By, 4), as the completion of D(IRN)
in the norm A, 4.

Theorem 6.4. 1) Let A be an N-function such that A and A* verify the
Ay condition and m a positive integer. Then Ly, 4 C LA(B7/7~L7A) and any
continuous compactly supported function belongs on La (B, 4).

2) Let A be an N-function such that A and A* werify the
Ay condition and m a positive integer. If v € C is such that
S By (i |0(@)] = £})dt < 5, then 1 € La(Bl, ).

Theorem 6.5. Let A be an N-function such that A and A* verify the Aq
condition and m a positive integer. Then a function 1 on IR™ belongs to
LA(B,'n,A) if and only if it is (m, A)-quasicontinuous, and

/ T B (e 0@)] > 1)) dt < oo,

Corollary 6.1. Let A and m be as in the previous theorem. If ¢ €
La(B;, 4), and if ¢ is an (m, A)-quasicontinuous function such that [p| <
|| ae., then

¢ € La(Bl, 1), and l[ple, ) < [VlLaca -

Moreover, if Ly, a is imbedded in a Banach space B such that |.|B is
monotone in the sense that ||ul|lg < ||v||B for all u and v such that |u(z)| <
|v(z)| everywhere, then B contains La(By, 4)-
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We describe now the dual space to La(B;, 4).

Theorem 6.6. Let A be an N -function such that A verifies the Ay condi-
tion and m > 0. Then the dual space La(B,, 4)* can be identified with the
space of all p € M(IRN) such that G, * || € La-. If ¢ € La(B,, 4) and
p € La(B], 4)*, then ¢ € L (|u]), and the duality is given by

() = [ dp.

RN

*

is |G # |l |

Moreover, the norm of u in La(Bl, 4) A

6.3. Mazximal operators and capacity

Let (6;), be a sequence of convolution operators. Define the mazimal opera-

tor J by J(f) = sup; |6 * f|, where f is initially taken to be in the Schwarz

class of rapidly decreasing C°° functions on IRY denoted by S = S(IRY).
An operator H : Ly — Ly is of strong type (4, A) if

HHI[a < CllIf]|a; Vf € La,

where C is a constant dependent only on A.
For more details, see [93].

Definition 6.2. An operator H : Ly — Ly is of capacitary weak type (A,
A) if

Ve LaVt>0, R, 4, ({z: H(Ln* f)(x) > t}) < Ox 112,

where Cy4 is a constant dependent only on N, m and A.
H is of capacitary strong type (m, A) if

Vfe LAHIOOO ;n,A ({z : H(In = f)(2) > t}) dt < C||[f]]|a,

where C' is a constant dependent only on N, m and A.

Theorem 6.7. 1. Let A be an N-function such that A and A* wverify the
Ay condition, o = « (A) and m is a positive integer such that m < N/a. If
J is of strong type (A, A), then it is also of capacitary strong type (m, A).

2. Let A be any N -function. If J is of strong type (A, A) and0 < m < N,
then it is also of capacitary weak type (m, A).
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7. Maximal operators, Lebesgue points and quasicontinuity
in strongly nonlinear potential theory

We have shown that many maximal functions defined on some Orlicz spaces
L, are bounded operators on Ly if and only if they satisfy a capacitary
weak inequality. We have shown also that (m, A)-quasievery x is a Lebesgue
point for f in L4 sense and we have given an (m, A)-quasicontinuous rep-
resentative for f when L, is reflexive. See [35].

For i,j € N, let 0; ; be a complex valued function defined on IR" and
such that 6; ; € Lp for all N-functions B.

Let the sequence (6;); be such that

(1) 6, ;«f —6;*f inLg for all f €Lp
(2) 6% f, = 0;«f inLpif f, » fin Lpg.

Define the mazimal operator M
M(f) = sup, [0; = f|

and assume that M(f) is Lebesgue measurable on IR".
An operator H : Ly — Ly is of weak type (A,A) if

Vf e LoVt >0, m({a: [H(f)(@)| > 1)) € ———
)

where C'is a constant dependent only on A, and m is the Lebesgue measure
on RY. We say that H is of strong type (A,A) if

Vi eLa, [[[HN[a < CllIf]]]a

where C' is a constant dependent only on A.

Theorem 7.1. 1) Let A be an N-function and M the maximal operator
defined by (7). Suppose M is of strong type (A,A). Then

Vf €LVt >0,Cpa{z: Mk f)(z) >t}) < A(CA%).
C4 is the constant in the strong type.

If we suppose in addition that A verifies the Ao condition, then there
exists a constant C' dependent only on A, such that for all t > 0,

Cuallas Mlk» £)a) > 1)) < C'a(Wfla )
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2) Let A be an N-function satisfying the Ay condition, and let M be
the mazximal operator defined by (7). Choose k = G, with m > 0. Let C' be
a constant dependent only on A and such that for allt > 0 and all f € L 4,

Cral{z: MG % (@) > 1)) < CA(””TA)

Then M is of weak type (A, A).

If in addition we suppose that A* verifies the Ao condition, then M is
of strong type (A, A).

3) Let A be an N-function and let (k;); be a sequence of positive inte-
grable functions on RN such that

a) fki(m)da: —1,asi— 00
b) [{jajzsy Ki(x)dz — 0, as i — oo.

Then for any compact K in RN | lim;_o Ck, A(K) = A [ﬁ} .
m(K)

Theorem 7.2. Let A be an N -function such that A and A* satisfy the Ao
condition and let « = a(A). Let m be a positive number and f = G, x g €
L4, 0 < ma < N. Then (m, A)—quasievery x is a Lebesgue point for f
i La—sense, i.e.

1 ~

lim —— f)dy = f(x) exists,
r—0 |B((E, T)| B(z,r)

and

. -N
by = 1L fol L,y = 0,

where f, is defined as f.(y) = f(y) — f~(x)

Moreover, the convergence is uniform outside an open set of arbitrarily
small (m, A)—capacity, f is an (m, A)—quasicontinuous representative for
f, and

f(x) = Gm =g (m,A) —qe.

8. Wolff inequality in strongly nonlinear potential theory
and applications

In this section we establish a Wolff type inequality for the strongly nonlinear
potential theory. As applications, we give a relation between Bessel capac-
ities and Hausdorff measure, and show that Riesz and Bessel capacities
decrease under Lipschitz mapping in strongly nonlinear potential theory
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for reflexive Orlicz spaces. This generalizes the similar result in the nonlin-
ear case and a result in the strongly one when the Lipschitz mapping is an
orthogonal projection. See [39].

8.1. A Wolff type inequality

The strongly nonlinear potential associated to I,, and a positive measure
1 is defined by

Vi = Tk a* (L % ju).
The strongly nonlinear potential associated to G,,, and p is defined by

Vé‘m’A = Gy * a* (G * 1).

We define Wk (x ftm La*(tm =N p(B(x,t)))dt, and
Wi alz ftm La* ("N p(B(x, 1)) )dt.

Let IC be a posmve decreasing continuous function on ]0, 0o[. For = €
N x #0, define K(z) = K(|z|).
We suppose in addition that K satisfies K(r) < LK(2r) for some L > 0,
and all sufficiently small » > 0. This implies that L > 1.
Special cases of such I are Bessel and Riesz kernels.
The strongly nonlinear potential associated to K and p is defined by

VE 4 = Kxa*(Kxp).
1

We set also Wi ,(x) = [K@)N " a*(K()p(B(x,t)))dt, and
0

W ala) = [ K80 (OB 1)
Lemma 8.1. Let A be an N-function such that A* verifies the Ao condi-
tion. Then there is a constant C' such that for all positive measures i,
VE A(@) > CWE 4 (x),Vo € RY.

The reverse inequality is false in general, but we establish an inequal-
ity in term of integrals for Riesz and Bessel kernels. Hence we obtain the
following Wolff type inequality.

Theorem 8.1. Let A be an N -function such that A and A* satisfy the Aq
condition and let p be a positive Radon measure. Let 0 < m < N. There
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are constants C' and C’ such that
C/W#W,Adu < /‘G‘;,Adu < C’/W,‘qudu
and

O/Wﬁil,Adué /Vé‘m,Adué C’/Wﬁ‘n,Adu-

8.2. Capacity and Hausdorff measure

We have established the relation between Bessel capacities and Hausdorff
measure and also a condition in term of Hausforff measure for a Bessel
capacity of a set to be null. In this subsection we establish a converse
deeper result that generalizes a theorem by V. P. Havin and V. G. Maz’ya
[62, Theorem 7.1].

We begin by recalling some definitions about Hausforff measure.

Let h : [0, +oo[— IR be an increasing function satisfying h(0) = 0. For
a subset X C IRYN consider coverings of X by countable unions of (open or
closed) balls { B(x;,7; }i>1 with radii {r;};>1. Let s be such that 0 < s < o0,
and define a set function A;ls) by AELS) (X) =inf > h(r;), where the infimum

i<l

is taken over all such coverings with r; < s for all i > 1.
Because Agf) (X) is a decreasing function of s, the Hausdorff measure of
X with respect to the function A is defined by

An(X) = lim AP (Xx).

The Hausdorff content or the Hausdorff capacity is the set function A;loo)
and we know that A (X) = 0 if and only if A;loo)(X) =0.

Recall that if m > J(A, N), there exists a positive constant C =
C(A, N, m) such that B,, 4(X) > C for all set X such that X # ). Hence
we must avoid this case when we work with sets with null capacity.

Theorem 8.2. Let A be an N-function such that A and A* satisfy the
Ay condition and X be a subset of RYN. Let 0 < m < J(A,N), and
let h be an increasing function on [0, +oo| satisfying h(0) = 0, and fol
tm=la*(tm=Nh(t))dt < co. Then

Ap(X) =0 if B a(X) =0.
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8.3. Lipschitz mappings and capacities

We know that Bessel (and also Riesz) capacities in reflexive Orlicz spaces
are non increasing under orthogonal projection of sets. Here we generalize
this result to Lipschitz maps.

Theorem 8.3. Let A be an N -function such that A and A* satisfy the Ao
condition and let 0 < m < N. Assume that E C RN and that ® : E — RN
18 a Lipschitz mapping, i.e. there is a constant L such that ® satisfies

|®(x) — @(y)| < Lz —y|

for all x,y € E. Then there is a constant C depending only on L, m, N
and A, such that

Bm,A((I)(E)) < CBm,A(E)
and

s

9. On the A-Laplacian

We establish, for Orlicz spaces L4 (IRY) such that A satisfies the Ay con-
dition, the non resolubility of the A-Laplacian equation A u + h = 0 on
RN, and [h # 0, if RY is A-parabolic. For a large class of Orlicz spaces
including Lebesgue spaces LP (p > 1), we prove also that the same equa-
tion, with any bounded measurable function h with compact support, has
a solution with gradient in L4 (RY) if IRYN is A-hyperbolic. See [37].

Definition 9.1. Let A be an N-function and K a compact set in IR". The
A-capacity of K is defined by

L 4(K) = inf {|||Vul||, : u € C°(IRY), u=1 in a neighborhood of K } .

The space IRY is said to be A-parabolic if I'4(K) = 0 for all compact
subsets K C IRN and A-hyperbolic otherwise.

The A-Dirichlet space LY4(IRY) is the space of functions u €
Wi ioe(IRY) (ie. u is locally in W'L4(IRY)) admitting a weak gradient
such that [||Vul|| 4 < oo.

Let A be any N-function and let a be its derivative. The A-Laplacian

of a function f on IRY is defined by A f = div(“(llvvff“).Vf).

A function u € Wy ;,.(IR") is said to be a weak solution to the equation

Aqu+h=0
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if for all p € CL(RY), we have

a(|Vul) _
/< vl NVu, V) d)\—/hgpd)\.

Let D ¢ IRY be a non empty bounded domain. The Banach space
£a(D) is the space of functions u € W ,.(IR") such that
D
IVullly = [llullla,p +[[[Vulll4 < oo

We denote by £9(D) the closure of C}(IRY) in £4(D).

9.1. A non resolvability result

Theorem 9.1. Let A be an N -function satisfying the Ao condition. Sup-
pose that RY is A-parabolic and let h € Ly (IRN) be such that [ hdX\ # 0.
Then the equation

Agu+h=0 (2)
has no weak solution on LY (IRYN).
Corollary 9.1. Let LA(IRN) be a reflevive Orlicz space such that o <

. Let h € Ly (IRN) be such that [hd\ # 0. Then the equation (2) has
no weak solution on LY (IRY).

Remark 9.1. When A(t) = p~1t?, Ly = L? is the usual Lebesgue space
and af = p%l. Hence the condition a* < % is exactly the condition
N < p. Thus our result recovers the one in [58].

9.2. A resolvability result

In this subsection we resolve the equation A u + A = 0 under some as-
sumptions on the N-function A, and on the function h. We begin by the
following type Poincaré inequalities for Orlicz-Sobolev functions. See [36].

Theorem 9.2. 1) Let A be an N-function such that A and A* satisfy the
Ay condition. Let E be any measurable set in RN, such that 0 < A\(E) < oo.
Then there ezists a positive constant C such that

llu —uplllap < CllIVullls g
for all u € le’loc(RN), where up = ﬁ Jwd is the mean value of u on
E

E.
2) Let A be an N-function such that A and A* satisfy the Ag condition.
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Let E be any measurable set in RY, such that 0 < A(E) < oco. Then there
exists a positive constant C such that

/|U—UE| d\ < C|[Vulll4 & »
B

Jor all we W), (IRY).

3) Let A be an N-function such that A and A* salisfy the Ao condition.
Suppose that RN is A-hyperbolic. Let E be any non empty bounded domain
in RN . Then there ezists a positive constant C' such that for all u € EQ(E)

/|u| dx < C||[Vulll,
E

Recall that for all f € L4 such that ||[f]||, > 1, we have [ Ao fd\ >

. log | Aof dX
1F114- We set s(4) = inf {SELALR 1 F e L, £]ll, > 1}, Hence

s(A) > 0. One can consult [37] for some examples of N-functions satisfying
s(A) > 0.
Now we are ready to solve the A-Laplace equation.

Theorem 9.3. Let Ly be a reflexive Orlicz space such that s(A) > 0. Let
h € L>(IRN) have compact support. Then the equation Aau+h =0 has a
weak solution u € LY (IRN) if RN is A-hyperbolic.

Remark 9.2. 1) We have in fact solved the equation in the space £ (D) C
LL (RM).

2) When A(t) = p~ P, p > 1, Ly = LP? is the usual Lebesgue space,
we have s(A) = p— 1 > 0. Thus we recover the result in [94], when the
manifold M is RY.

Corollary 9.2. Let L4 (IRYN) be a reflexive Orlicz space such that s(A) > 0
and o < N. Suppose that h € L>®(IRYN) has compact support. Then the
equation Aau+ h =0 has a weak solution u € LY (IRN).
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Our aim in this note is to give a simplified proof of the convergence of Evans-
Rezakhanlou Stochastic Model to the evolution surfaces model of sandpile.
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1. Introduction

The stochastic model for sandpile was introduced by Evans and Rezakhan-
lou in® as a variant of physical models for sandpile. It corresponds to a

Markov process (X (t)) defined by an infinitesimal generator describ-
t>0

ing the evolution of stack of unit cubes resting on the plane when new
cubes are being added to the pile, by being placed either upon a heretofore
unoccupied square in the plane or else upon the top of a current column.

I —
i\;'? f) ) i @ § i * ‘
; v v '
! 1 /v x<14 X('S)

-k
s §

er m

At each time ¢t > 0, the configuration X (¢) needs to be stable which means
that the heights of any two adjacent columns of cubes can differ by at most
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one. So adding new cubes on existing pile, we ordain two possibilities to
each cube:

e if the configuration is stable, then the cube remains in place

e otherwise, the cube has several downhill ”staircases” along which it can
move, and the cube will randomly select among the allowable downhill
paths.

If we consider the case where the cubes can be also taken away, then a third
possibility may be ordain

e the cube has several "upward staircases” along which it can move, and
the cube will randomly select among the allowable upward paths.

Assuming that we continuously add cubes at random locations on a starting
empty stack, Evans and Rezakhanlou studies the limit when one rascals
in both space and time, so as to consider growing piles of more and more
smaller and smaller cubes ? They prove that the macroscopic limit is rather
simple and very connected Prigozhin model for sandpile (cf.® and?).

Since the work of Prigohzin (cf.® see also?), this has been well known
(see also,3® and the references therein) that the evolution of the surface of
the sandpile when the angle of stability is equal to m/4 can be described by
the following evolution problem

Opu+ 0k (u) > f
(1)

where K = {z € Wh(IR?*) N L*(R?) ; |Vz| < 1}, Ok denotes the sub-
differential operator of the indicator function (cf.*) of K and f describes a
source term . Solution w is the height of the surface that grows up (resp.
grows down) under sand addition (resp. sand removal) by a source called f.
This is a critical slope model obtained by using the continuity equation and
the gradient constraint [Vu| < 1 a.e. in IR? (see® and? for more details).
Existence, uniqueness and numerical approximation the solution are well
known by now for this model (cf.,®,2% and”). More precisely, for any f €
BVi,e(0, T; L*(IR?)), we know that that (1) has a unique solution u in the
sense that u € Wlt)’coo(O7 o0; L(IR?)), u(0) = 0 and, for any ¢t > 0, u(.,t) € K
and

/}R2 (f(t,x) — 6tu(t,x)) (u(t,x) - f(m)) >0 foranyée K. (2)
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To give the connection between the two models, let NV be a large integer.
Assume the cubes are of side length O(N ') and cubes newly and randomly
added at rate O(N ) are continuously falling downhill. For the description
of the evolving of cubes, the authors of% introduce a probabilistic lattice

model. They thus consider a Markov process for the height X (¢,), defined

i
for times ¢ > 0 and sites i € Z?. Resacaled source terms f+ (N N) and

t i
=, —) control the rate new cubes are added to the pile or removed

from it. Then, they proved that

B[ [

where u is the unique solution of (1). As shown in,® the key estimates for
the proof (3) are some kind of microscopic version of (2) (see (10)). To
prove these estimates the authors of® prove some elementary intermediate
estimates evolving various types of sets. Our aim in this note, is to improve

%X(N t, [Na:]) — u(t, a:)m —0 as N — oo, (3)

these key estimates directly by using some simple arguments.

In the next section, we recall the stochastic model of Evans and Reza-

khanlou. In Section 3, we prove the key estimates (10). Then, as in,® we

introduce the discrete evolution problem associated with (1). Then, we give
the proof of (3) by using some results of.!

2. The stochastic model for sandpile problem (cf.¢)

To describe the stochastic process for sandpile, we consider the lattice Z".
We equipped Z" with an Euclidean norm and we say that i,j € Z™ are
adjacent, written ¢ ~ j, provided

i—jl < 1.

Without loose of generality, we restrict ourself to the cases n = 2, and we
write i = (i,42) to denote a typical site in Z?. Then, we introduce the
Hilbert space

H:=1X(Z?% = {X $ 2~ R X)) =YX < oo}.

A (stable) configuration is a mapping X : Z?* — Z such that
X(0) - X@G <1 ifing

and X has bounded support.
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The state space is
S = {X c ZP—Z; Xisa conﬁguration},
and the set of stable configuration is
K = {X €H; |X(i)—X(j)| <1if Nj}.

Let f : (0,00) x Z* — Z be a function, such that f* (resp. f7) is
controlling the rate new cubes are added (resp. removed) to the pile. The
source of cubes f generates a stochastic process (X (t),t > 0) in the state
space S. It is clear that the probability that X () be situated (at time ¢) in
a given set I' of F/, under the condition that the movement of the system
up to time s (s < t) is completely known, depends only on the state of
the system at time s. In other words (X (t),t > 0) is a Markov process. To
study this process, we need to know its infinitesimal generator A, or more
precisely AF (X (t)) for any F' € B(S), the set of bounded functions. To
this aim, let us consider p*(i,4,&) the probability that a cube placed on
a given configuration £ € S at the position ¢ will end up at j after it has
fallen downward over the stack with eight £. Likewise, let p~ (i, 7,£) be the
probability that the removal of a cube from the pile at ¢ will result in a
removal at site j, after the cubes along a staircase each shifts downwards
to fill in the gap created at site 3. So, for any i, j € Z? we have

0<p*(i,4,§) <1 and Y p*(i,j.§) =1.
A

Thanks 0,8 we consider ¢* given by

0, X1 = Y pE(i, 4, X (1) fE(t4),  for any (t,5) € Z7 x [0,00).

IEZ?
(4)
The parameter ¢t (j, X, 7) (resp. ¢~ (j, X, 7)) is highly nonlocal factor and
records the rate, at time 7, new cubes come to rest at the site j after falling
downbhill (resp. the rate at which cubes are removed from the site j, at time
7). In particular, we have

Sl X t) = f(ti).

JEZ? IEZ?

Thanks again to,® the infinitesimal generator A of the Markov process
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(X(t),t > 0), is given by
AFX@®) = Y ¢ [ X OF(X () +65) — F(X(t))

JjEZN
= Y X (FX(H) = 6) - F(X(t) for any ¢ >0,
jeZN

where, for any j € Z2, 0 - Z* — N is given by

1 ifi=j
5j(i)={

0 otherwise.
In particular, we have
AF(X(t)) = (L F)(X(t))  for any (¢, F) € (0,00) x B(S),  (6)

where £; : F € B(S) — L:F € L(S,R), for any t > 0, is the time
dependent operator defined by

(LeF) (&) = > "G EDFEH)-FE)— > ¢ (& )(F(E-0;)—F(€)).

JEZN JEZLN
(M)

3. Main results

Thanks to,% we know that the connection between the stochastic model and

(1) is given through the following nonlinear dynamic in 1*(Z?) :
{ataulk(a) 5f fort>0

(8)

where I ;> denotes the sub-differential of I in [*(Z?). Since K is closed
and convex with S C K, then (cf.4) for a given f e BV(0,T;1*(Z?)), the
evolution (8) has a unique solution @ € Wloc (0, 00; H) such that 4(0) =0
and, for any ¢t > 0, 4(.,t) € K and

> (f(m) - ata(m)) (ﬁ(t, i) — é(i)) >0 forany £ € K.
‘We have

Theorem 3.1. Assume that f € BV (0,T;1%(Z?). Let @ be the solution of
(8) and (X (t),t > 0) be the stochastic process generated by f. Then, we
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have

E Z(X(t,z)—utz 1 / ij7 ds, foranyt>0. (9)

i€EZ? JEZ?

Thanks to,% recall that the proof of Theorem 3.1 is based on the following
estimates.

Lemma 3.1. Under the assumptions of Theorem 3.1, for any w € S, we

have
£ ) FUX )X () —w(i) <+ D ft D) (X (i) —w(E) VweS.
jEZ2 i€ Z?

(10)

The estimates (10) are some kind of microscopic version of (2). To prove
(10) the authors of% prove some elementary intermediate estimates evolving
various types of sets. In these notes, we use essentially the following remark
and give a direct and short proof of this result. Then, the proof of Theorem
3.1 follows more or less the same step of.® Indeed, Lemma 3.1 gives the
connection between X (¢) and (8). Then, we transform (8) into an evolution
problem in L?(IR?) governed by a sub-differential operator of the indicator
function of the set of rescaled configurations (see (14)). This transformation
allows us to give the connection between (1), (15) and the stochastic model.

Remark 1.

(1) For a given ¢ € S, if pT(i,5,£) > 0, then there exists at least one
staircase 49 =4 ~ i1 ~ ... ~ iy, = j, such that £(ip) = £(ip+1) + 1 for
any p=0,1,...,m — 1. Let us denote this staircase by C*(i,5) ; i.e

C*(i,4) = oy i1y -y im—1,7],

and, for any k € C*(i,7), we denote by k, the adjacent side to k such
that u(k) = u(k) + 1. It is clear that C(i,j) may not be unique, so
(it is not essential) to simplify the presentation, let us consider the
application:

Ct : Z* x Z* — C"(i,j)a staircase between 4 and j.
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(2) Foragiven¢ € S,if p~(i,7,£) > 0, then there exists at least one upward
staircase 49 = ¢ ~ i1 ~ ... ~ iy, = 7, such that &(ip) = &(ip4+1) + 1 for
any p=0,1,...,m — 1. Let us denote this staircase by C™ (¢, 7) ; i.e.

Ci(zaj) = [7:077;la "'7im717j]7
and, for any k € C(4, j), we denote by k, the adjacent side to k such that
u(k) = u(k) — 1. It is clear that C(¢,j) may not be unique, so (it is not
essential) to simplify the presentation, let us consider the application :

C™ : Z*?x Z* — C (i,j) a staircase between 4 and j.

Proof of Lemma 3.1: Thanks to (4), we have
Djeze (5, X, 1) (X(¢,5) —w(j))

=Y iez2 P (5, X (1) fH () (X (L 5) — w()))
=Y ez (L5, X (@) (1) (X (11) — w(i))
+ Y ieze P05, X(0) (80 ((06) = w(i) = (X (1) — X(¢,)))

=1L +1

Since Z pt(i,5,X(t)) = 1, for any (t,i) € Z* x (0,00), then it is clear
jez?
that
i€z?
Let us prove that Is < 0. Thanks to Remark 1, we have

L= Y pHaaX@) ) Y (k) -wkE)-(X k) -X (k1)

JieZ? kect(i,5)

< Y PTG Xe) e Y ((wk) - wk) - 1)
JieZ? kect(i,5)

<0

’

where we used the fact that |w(k) — w(k)| < 1 (since w € K and k ~ k).
The proof of

D (X 1) (X ()~ w( Z X(t,1) —w(@),

JEZ? €z?
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follows in the same way, we let the details to the reader. [ |

To simplify the presentation of the proof of Theorem 3.1, we divide the
proof into two steps that we present in the following Lemmas.

Lemma 3.2. Under the assumptions of Theorem 3.1, we have

(1) For anyw € S and t > 0, we have

e Y (xn-w)) € Y feNE @) uG) g Y S)

VEZ? jEeZ? je€Z?
(2) For any w € W4°(0,T; H) such that w(t) € S, for any t € [0,T), we
have
LY ez (X (1) —w(t,0))* < fy | Cieze 32069) (i, s) = X(i,5))

+ Y jeze [(5,8) (X (G 8) —w(i,8) + 5 Xjezn F(r 8) | + M)

where (/\/l (t)) is a martingale satisfying
t>0

EM(@) =0 foranyt>0.
Proof:
(1) Let us denote
1 ; )2
=3 at( ,Z (X(t,z) - w(z)) )
I€EZ?
By definition of £, we have

=3 Y X0 X (BEO@-w) - X (X )-w@)).

jez? i€ Z? i€ Z?

1= 5 3 . %0 ( @6 - XENT06) + X(6) —2u(i))

JjeZ? I€Z

_ % 37 (i, X 1) 2 X () + 1 - 2u(j))

jez?

S el X, (XG) — i) + 5 3 el Xo0)

jeZ? jem?
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Thanks to (4), we deduce that
T= 3 G, X,0) (XG) (i) + 5 32 f(t.4),

JEZ? jEZ?
and, using Lemma 3.1, the first step of the lemma follows.
(2) As in,% we use the following stochastic integral equation : for any F :
S x (0,00) — IR Lipchitz continuous in ¢t and F(X(.,0),0) = 0, we have

F(X(.,t),t) :/0 (%—]: + L F> (X(.,s)) +M(). (11)
Let F be given by

F(Et) = % 3 (5(2‘) - w(t7i))2, for any (£,t) € S x (0, 7).

1€ Z?
Then,
OF 0
e =- 3 i) (€0)—w(is)).  for any (¢.0) € Sx(0,T),

and (11) implies that, for any ¢ > 0,

1 Z w(t, i))? /Ot( 3 g—f(i,s) (w(i, s) — X (i, 5))

1€Z? i€Z?
Then, by using the first step, the result follows. [ |

Proof of Theorem 3.1: Using the fact that @ is a solution of (8) and
X(t) € K, for any t > 0, we have

S SLa )il X (o)t Y F(XG8)=ilG,9) S0 for any 20,
) Os

i€eZ? JEZ?

Then, using the second part of Lemma 3.2 with @, we deduce (9). ||

At last, let us come back to the continuous model of Prigozhin (1) and
assume that

f € BVjpe(0, 00; L?(IR?)) and there exists R > 0 such that spt(f) C B(0, R),

(12)



275

here B(0,R) denotes the a ball with center 0 and radius R. Thanks
to, we know that (1) has a unique solution u in the sense that u €
WL (0, 00; L2(IR?)), u(0) = 0 and, for any ¢ > 0, u(.,t) € K and

loc

/R2 (f(tmc) — atu(t,x)) (u(t,x) — §(m)) >0 foranyé€ € K.

For the connection with the stochastic model, we rescale the source term
t x
f(ﬁ’ N) We set
Fti) = (o) for any (1) € [0, 00) x 222
N’ N
and we consider (X (t));>o the Markov processus generated by f as ex-
plained in the previous section.

Theorem 3.2. Under the assumption (12), we have

dis

Proof: Let 4 be the solution of (8) and consider

u(t,x)—%X(Nt,[Nx])‘Q}HO as N —0.  (13)

[Nz]

un(t,z) = %Q(N t, [Na:]) and fn(t,z) = f(t, T)

for any (t,z) € [0,7) x IR?. It is not difficult to see that uy €
VVI{)COO((O, 00); L?(IR?)) and, for any t > 0, un(.,t) € Ky, where

1 1
— 2 2y . _ < _ < — 4.
Ky ={z € () ; u@) —u(y)| < 1 for o —y| < 5} (14)
In addition, for any £ € Ky, we have

S (n(t2) = Oun(t2)) (un(t2) — ()

= 3 3 (Fvt0) — da(Ne 1)) (a(Vt, i) - €G)),
where
£@)=N> [ ¢a)de and I, ={zeR*; [Nz]=i}.
I;
Now, since £ € Ky and 4 is the solution of (8), then £ € K and

/1R2 (fN(t,x) — 8tuN(t,x)) (uN(t,x) - §(m)) >0 for any £ € K.
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In other words uy is the solution of the nonlinear dynamic

Orun + 8IKN (UN) ) fN

(15)
an(0) = 0.
Thanks to,! we know that
uy —u  in C([0,T); L*(IR?)). (16)

Indeed, Ny NKn~N = K so that, letting N — oo, we have 0l i, converges
in the sense of graph to 0k in L°°(IR?). On the other hand, as N — oo,

fN - f in L%oc((ov OO)? L2(B2))

Then, by using classical perturbation result for nonlinear semigroup (cf.4),
(16) follows. At last, thanks to Theorem 3.1, we have

E {LRQ (%X(Nt, [Nx]) —unlt, x))Q dx}

E [;% ez |X(Nt, z) ~ N un(t,i)? dx}

E |3 Sieze |1X(Nti) — (Nt i) 2 de]

IN

ﬁ ONt Yicm? f(s,i) ds

IN

N s x
0 e 15 52

IN

&y Sy £ (. 51 drde
—0 as N — oco.

so, by using (16), we deduce (13).

Acknowledgements

This work was partially supported by the French A.N.R. Grant JC05-41831
and by "FLUPARTT” project (supported and funded by ” Conseil Régional
de Picardie”).



277

References

1. F. Andreu, J. M. Mazon, J. D. Rossi and J. Toledo, The limit as p — oo in
a nonlocal p—Laplacian evolution equation. A nonlocal approximation of a
model for sandpiles. To appear in Cal. Var. Partial Diff. Equ.

2. G. Aronson, L. C. Evans and Y. Wu, Fast/Slow diffusion and growing sand-
piles. J. Differential Equations, 131:304-335, 1996.

3. J. W. Barrett and L. Prigozhin, Dual formulation in Critical State Problems.
Interfaces and Free Boundaries, 8, 349-370, 2006.

4. H. Brézis, Opérateurs maximaux monotones et semigroups de contrac-
tions dans les espaces de Hilbert. (French). North-Holland Mathematics
Studies, No. 5. Notas de Matematica (50). North-Holland Publishing Co.,
Amsterdam-London; American Elsevier Publishing Co., Inc., New York,
1978.

5. S. Dumont and N. Igbida, Back on a Dual Formulation for the Growing
Sandpile Problem. To appear in Eur. Journal Appl. Math..

6. L. C. Evans and F. Rezakhanlou, A stochastic model for sandpiles and its
continum limit. Comm. Math. Phys., 197 (1998), no. 2, 325-345.

7. N. Igbida, Evolution Monge-Kantorovich equation. submitted.

8. L. Prigozhin, Variational model of sandpile growth. Furo. J. Appl. Math. ,
7, 225-236, 1996



278

On radial solutions for Navier boundary eigenvalue problem
with p-biharmonic operator

Siham El Habib* and Najib Tsoulif

University Mohamed I, Faculty of Sciences
Department of Mathematics and Computer
Ougda, Morocco
E-mails: *s-elhabib@hotmail.com, Ttsouli@hotmail.com
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1. Introduction

Let us consider the nonlinear eigenvalue problem

A2y = MNulP~2u  inQ
p 3
(Pp){u:Au:() ondf,

where 1 < p < 400, A2u := A(JAu[P"?Au) is the operator of fourth order
called p-biharmonic operator and Q = Bj is the unit ball of RN, N > 2.

The spectrum of the p-biharmonic operator was recently studied by
many authors (cf.,2,3,4° 678 and the references therein).

P. Drébeck and M.Otani? studied the spectrum of the problem (P,) in
a bounded and smooth domain Q of RY (N > 1).

In one dimensional case and = [0, 1],J. Benedikt (cf.?) gave the spectrum
of the p-biharmonic operator under Dirichlet and Neumann boundary con-
ditions.

In his thesis, M. Talbi (cf.%) studied a variety of problems with p-
biharmonic. He has included there many important techniques and tools
concerning such problems.

A. El Khalil, S. Kellati and A. Touzani (cf.?) showed that the spectrum
of the p-biharmonic operator with weight and with Dirichlet boundary con-
ditions contains at least one non-decreasing sequence of positive eigenvalues.
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Our study deals with the existence of radial solutions for the problem
(Pp). We would like to mention some works which were of main importance
to achieve this work: The first one is of F. De Thelin? where he showed that
the problem

—Ayu = Ne|*|uP~2u,u € WP (By),u > 0,u # 0, (1)

has at least one positive radial solution. The second one is of A.Anane!
where he determined all the eigenvalues associated with a radial eigenfunc-
tion for the problem (1) and some properties of the eigenfunctions.

We show similar results as those of A.Anane.! We prove that the prob-
lem (P,) has at least a sequence of eigenvalues associated with a radial
eigenfunction, any eigenvalue \,(n > 1) associated to a radial eigenfunc-
tion is given according to the first eigenvalue A1 and any radial eigenfunction
associated to A, (n > 1) has a finite number of components of the nodal set
defined by {x € Q : u(x) # 0}.

2. Preliminaries

In this section, we give some results and notations that will be used through-
out this paper:
For 0 < R < 1, we denote by:

e Bp={r e R" :|z| <R},

e Cr={ze R :R<|z| <1},

e \i i (resp. pi,g) the first eigenvalue of the problem (P) in Bp (resp.
Cr ),

e ¢r (resp ©g) the eigenfunction associated with A\ g (resp p1.r),
° )\ = /\1,1-

Definition 2.1. For any radial function u, we associate a real valued func-
tion u defined by u(z) = ¢(|z|) where |z| is the Euclidian norm of x in
RN,

The problem (P,) is equivalent to the following problem (for more details

see?)

[ Find (v, A) € (LP(Q) \ {0}) x IR% such that:
(F) {f{ (v) = Mg} (v),

where

1 1
fiv) = ];HUIIS, 91(v) = ];HAUIIS
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and

fi(v) = Np(v), gi(v) = ANp(Av))
N, design the Nemytskii operator defined by

_ [ @) o) if w(z) #0
Np(v)(z) = {0 if w(x)=0.

and A the inverse operator of —A : W2P(Q) N W, P (Q) — LP().
In the following lemma we give some properties of the operator A (cf
A):

Lemma 2.1. (i) (Continuity): There exists a constant c, > 0 such that

[Afll2.p < cpll fllo
holds for all p €]1,+00[ and f € LP(Q).
(ii) (Continuity) Given k € IN*, there exists a constant cp, > 0 such that
[Aflwerew < cp il fllwer

holds for all p €]1,+oc[ and f € WFP(Q).
i11) (Symmetry) The equality

/Au-vdx:/u-Avdx
Q Q

holds for all u € LP(Q) and v € L¥' (Q) with p €]1, +o0|.
(iv) (Regularity) Given f € L>(Q), we have Af € C1*(Q) for all o €]0,1];
moreover, there exists co, > 0 such that
[Afllore < callflloo-

(v) (Regularity and Hopf-type mazimum principle) Let f € C(Q) and f >0

_ , o () ; . : w
thenw = Af € CH*(Q), for all a €]0,1[ and w satisfies: w > 0 in Q, ¥ <
0 on 0Q.
(vi) (Order preserving property) Given f,g € LP(Q) if f < g in Q, then
Af < Ag in Q.

We recall now the following result

Proposition 2.1. Let X be a reflexive Banach space, M a weakly closed
subset of X. Suppose ¢ : M — X is weakly lower semi-continuous on M
then if ¢ is coercive on M, there exists ug € M such that

d(uo) = Jél}} P(v)



281

see.l

We close this section by the following results (for more details see?):

Proposition 2.2. If u is a nontrivial solution of problem (P,) associated
to an eigenvalue \ such that u does not change sign in ) then A = \q

Proposition 2.3. If u is a solution of the problem (P}) then u € c(Q)
Proposition 2.4. If f € C(Q) and f > 0 then w = Af € CH*(Q) for all
a € (0,1). w satisfies w > 0 in Q and ‘g—z < 0 on 09.

3. Existence of radial solutions

The main objective of this section is to show that the problem (P,) in Bg
has an eigenvalue associated with a radial eigenfunction.

Proposition 3.1. The problem (P,) when Q = Bgr admits an eigenvalue
AR associated with a radial positive eigenfunction.

Proof. Let X be the completion of the space of radial functions of ID(2)
under the norm of W22 (Q) N W, *(1).
Set

Ar = inf{[|Aul|P; u e X and/ |ulPdz =1},
Q

1 1
u) = —||Aul?, u:—/upd;v.
S (u) pH 15, g(u) pQ||
and
M:{uGX//|u|pdx:1}.
Q

We verify first that f, X and M satisfies the conditions of the Proposition
2.1 then there exists u € X , u # 0 such that Vv € X:

/ A(|AuP~2 Au)vdr = )\R/ |u|P~2uvdz. (2)
Q Q
By using Green formula, we obtain
—/ V(| AuP~2 Au)Vodr = )\R/ |u|P~2uvdx (3)
Q Q

In spherical coordinates ( » = |z|, r € [0,R] and § € S = [0,27] X
(—=Z,2))N=2) (3) becomes

272

R R
- / PN AP 2 Ap) ¢ dr = Ap / oP~2ppdr. (4)
0 0
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Where u(z) = ¢(r) and v(z) = ¢(r), Au= ¢"(r) + £=2¢/(r) and Ap(r)
is a notation to design the quantity ¢”(r) + =L/ (r).
We multiply (4 ) by & € C°°(S) and after, we integrate on S. We obtain

_ /Q V(| AulP~2Au) Vo Eda = An /Q lu[P~2uw Eda, (5)
where () = £1(0). Since u is radial then
V(|AuP72Au)Vov € = V(|Au|P2Au)V (v€).
It follows that, for all v € ID(Q)
/Q |AuP2 AuAvdr = )\R/Q |ulP~?uvda. (6)

Then by density, we conclude that Ag is an eigenvalue of the problem (P,)
in Bp associated with u which is a radial eigenfunction.

Remark 3.1.

1/ The problem (P,) is equivalent to the problem (P,) (see preliminaries
section).
2/ If u is an eigenfunction of the problem (P,) associated with Ar then

v = —Au is an eigenfunction associated with Ar eigenvalue of (Py).
3/ Ar = inf{|[v]|h;v € LP(Q); v radial and [, |[Av|P =1}

Proposition 3.2. The functionals ¢r and Y r are radial where or (resp
Yr) is an eigenfunction associated to the first eigenvalue A1 g in Bpr (resp.
pi,r i the crown Cr).

Proof. Let us show that ¢g is radial (a similarly proof is given for i g).
For this end, we prove that u does not change sign in .

Since v = —Aw is an eigenfunction of the problem (P)) associated with A
then f1(v) = Argi(v). From the p-homogeneity of f; and g; we deduce that

- = inf — .
J1(v) = Arg1(v) ueLP(Q)\l{%}wmdmfl(U) Arg1(v) (7)

Then fi1(v) — Arg1(v) =0 < fi(Jv]) — Arg1(Jv]). On the other hand, since
|[Av| < Alv| then
fi() = Argi(v) = 0 = fi(|v]) = Argr(lv]) = fi(lv]) = Argi(|v])

i.e Ny(Jv]) = A(Np(Av])). It follows then that |v| > 0, i.e., v does not
change sign on €2 and consequently u does not change sign on ).
Proposition 2.2 allows us to conclude that A\g = A1 g. However, A\ g is
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simple then there exists ¢t € IR such that ¢r = tu and Consequently ppg is
radial. O

Now, we are going to study the regularity of radial solutions. We associate
to ¢r and ¥R the real valued functions ¢ and ¥ g such that:

vr(x) = gr(r) and Yr(z) = ¢~R(T‘) where r = |z|.

Proposition 3.3. (i) gr € C1([0,R]) for some o € (0,1). Moreover,
@ (0) =0, Agr < 0 in |0, R[ and gr > 0 in [0, R].

(it) g € CH([R,1]) for some a € (0,1) and there exists ro €]R,1[ such
that @[J}(ro) = 0. Moreover, Ar(r) < 0 in |R,1].

(iii) The functionals gr and g are at least of class C* in )0, R].

Proof. (i) Since ¢ does not change sign in Br then vg = —Appg is an
eigenfunction of (lev) associated with A\ g which does not change sign in
Bpg. Suppose that vg > 0 then by Propositions 2.3 and 2.4 (cf.), we deduce
that vg € C(2) then gr € CH([0, R]) for some a € (0,1), g > 0 on [0, R[
and Aggr < 0 on |0, R]. Since ¢ is radial then <p~’R(O) =0.

(ii) Similarly to (i), we show that ¥ € C1%([R, 1]) for some « € (0,1).
Since 1r(R) = ¥r(1) = 0 then there exists 7 € |R, 1] such that w}(ro) =0.
Moreover, Az < 0 in [R, 1].

(iii) Let us show that g is at least of class C* in ]0, R[. By using the
spherical coordinates, we have

(N IAGRIPT2AGR)) = A T GRIP P GR (8)

where Aggr(r) is a notation to design gpN’é(r) + %JR(T).

Since ¢ is continuous then (JAGr|P2AgR) is of class C! on 0, R], i.e
AR is of class C% on |0, R, then we deduce that gr € C*(]0, R]). Similarly,
we prove that g € C4(]0, R]). |

4. Zeros points of eigenfunctions

First, We prove the following lemma where we state the relation between
eigenvalues and eigenfunctions of the problem (P,) in Br and those in the
unit ball Bj.

Lemma 4.1. (i) For all R €]0,1], we have A\1,r = R™*X\; and pr(z) =
R2P;N<p1(%) for all x € Bpg.
(11) pa.r is a real valued continuous function for all R €10, 1], strictly in-
creasing and lim py p = +00.
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Proof. (i) Since ¢r is an eigenfunction of the problem (P,) associated with
A1,r when () = Bp then

/ |Apr|P2AprAvdr = )\1,3/ lorP2prvdr Vv € W2’p(Q)ﬂW01’p(Q).
Q Q
9)

Let us Consider the change of variable 2’ = & and set pr(z) = ¢(2') and
v(xz) = w(a’) then
[ 18epaptuds = ani? [ Joreudr, o)
Bl Bl

then /\17RR2P is an eigenvalue of problem (P,) in B; associated with ¢.
Since ¢ is positive then A\; = A\ g R?P and \; p = R™2P ).

Let us now show that ¢r(z) = R ¢1(5). Indeed, we have
| 18errdo= [ |agipas, (11)
BR Bl

Since A; is simple then there exists ¢ > 0 such that ¢ = t¢;.
Hence

/ |AprPdz :RN_thp/ |Apy [Pda’.

BR Bl

Tt follows then that t = RPN Thus p(z) = R 1 (Z).

(ii) For the proof of this assertion, one can consult the thesis of A. Anane
1

. O

Now, we study the zero points of radial eigenfunctions.

Lemma 4.2. If ¢ is a radial eigenfunction of the problem (Pp) then
N(@) = {r € [0,1] such that ¢(r) = 0} is finite and 0 ¢ N(p) where
p(z) = @(|z]).

Proof. ¢ is an eigenfunction of (P,) in B; then ¢(x) = 0 for all x: |z| = 1.
Since ¢ is radial then 1 € N (), therefore N (@) # ().

Set r = min{N(®) \ {0}} since ¢ does not change sign in 0, 7] then 0 ¢
N(@).

Let us show that N(p) is finite. Indeed, suppose by contrary that there
exists a sequence (ry), C [0,1] such that @(r,) = 0. For a subsequence
still denoted by (ry,)n, we can assume that lim,, r,, = r for some r € [0,1] ,
rn # 71, Yn € IN then:

g(r)=0, ¢(r)=0and  ¢"(r)=0.
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Hence

N-1
¢'(r)=0

Ap(r) =" (r) + —

which is in contradiction with (i) of Proposition 3.3. O

For n > 1, we define a set Z(n) as follows :

Z(l) = {R%} = {1}7 Z(n) = {R’}L’R?’H i 'aRZ}a

() { Ry =

R =a, 1R, _|if1<i<n—1andn>2.

where

(an)n is a well defined sequence given by :
{a%p:ulafh =\
a?zp,ul,an = Mla,-1 if n>2.
We verify easily that:

O<ar<as<...<ap<...<l1,
—1 —
a?zplul,an = (Hf;l ai) 21)/\17

0<R!<...<R''=q,<R'=1,
and
{R:;:@R;Hiﬂgz‘gnq

1 n—1 Hla, 1 \—ot
RY = Tl = (Mhtamt) 3

Lemma 4.3. For any radial eigenfunction ¢ of the problem (P,) in By
associated with an eigenvalue X, we have

N(@) = Z(n) and X = (R}) %P\,
where n = card(N(@)) and p(z) = &(|x]).

Proof. We proceed by recurrence. For n = 1 we have N(¢) = {1} and ¢
does not change sign in |0, 1] then A = A\; = (R})?P ).

Hypothesis: Suppose that for any radial eigenfunction u of (P,) in By such
that card(N(@)) = n we have N(@) = Z(n) and X\ = (R})72P);.

If ¢ is a radial eigenfunction of (P,) in By which satisfy card(N(¢)) = n+1

and N(¢) ={T1,Ts,...,Tn,Th+1 = 1}, we have

fBl |AG|P2ApAvdr = )\fBl |6|P~2pvda

12
Yo € W2P(By) N WEP(By). (12)
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Then by considering the variable change ' = xT},, one obtains

/ |Aw[P2 AwAvde' = /\Tfp/ |w|P~?wvdz
Br, Br, (13)
Yo € W2P(Br,) N Wy?(Br,),

where w is the restriction of ¢ to By, and w(z') = ¢(z) then NT? is an
eigenvalue of (P,) associated to w in Br,. From the precedent hypothesis,
we get NT2P = (RL)=2P ).

Similarly, the restriction of ¢ to Cr, is an eigenfunction of constant sign
on Cf, associated with A then ui 7, = X and py 1, TP = (R})7?PA;. We
conclude that T,, = a,, Th_1 = an_1 = R*~! = a,_1R". Consequently,
N(@)={RL.1,..., R} =Z(n+1). O

5. Main result

Set @1 (|z|) = ¢1(z) and ¥, (|2]) = ¥a, (@) for all z € By.
It’s easy to see that cpl( ) # 0 and 1/)a (1) # 0. Set

{m%) if |z <R}
up(x) = n

ditha,(Girr) if R <|z| <R i<nandn>2

where §; is defined by

A0
a1vg, (a1)
e

51:61)(1_[;: (aw/ @) )ZfZ?él

Let us consider the sequence (), ), defined by \, = (RL)™2P)\;.

Theorem 5.1. (i) For alln > 1, w, is a radial eigenfunction of problem
(Pp) in B1 associated to the eigenvalue A,.

(i) If u is a radial eigenfunction of problem (P,) in By associated with
an eigenvalue \ then there exists n > 1 and t € IR such that: A = A\, and
U = tu,.

Proof. (i) If n =1 then A\, = A\; and u,, = ;. The result holds.

If n>2 Letwv be the restriction of u,, to B RL and w; the restriction of u,,
R”’l ={z € RY : Rl <|z| < RiF'}.

Firstly, since v(z) = ¢1(5r) then by lemma 4.1, v is an eigenfunction of
(P,) in Q = B associated with X\ g1 = (R;,)"2PA; = Ap.

to the crown C2n
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Secondly, since 1, is an eigenfunction of (P,) in Q = C,, = {x € R" :
a; < |xz| < 1} associated to pi q; then

/ | At [P~ A, v = iy / [P~ 24p vl
Cu, Cu, (14)

Yo € W2P(Cy,) N Wy P (Ca,).

i

Set 2/ = R x and w;(z') = 1,, (z) then we obtain

/Ri |Aw; |P~2 Aw; Avdr’ = (R;H)_me,ai/m lw; [P~ 2w;vda’
CRELH cng}rl (15)

R!
Yo e W“(ORM) nw,’ P(Cpiia)-

This shows that w; is an eigenfunction of (P,) in Cgﬁ,l associated with

(REF) 2Py o;. However, since RiT! = 1Ri = (ITi_ya;)"' Ry, then
(Ri+1)=2 = (R}Z)‘QP(H§:1aj)2p = (R})~ QPM’\l From where , we con-

clude that w; is an eigenfunction on (P,) in OR;Jrl associated with A,,.
To complete the proof, we need to study the regularity of u,, in the neigh-
borhood of the points x which verify |z| = R’ . We prove that u,, is of class
C* at x: || = R!

Set ¥(|z]) = v(x) and w;(|z|) = w;(z). Since ¥(RL) = w;(R:) = 0
V1 <i < n—1 then u, is continuous at x: |z| = R!. The function u, is of
class C! at x : |z| = RY. Indeed,

Wi(RL) = 2200, (a;) and wl_y (RL) = 224, (1) then “erfe) — i

R;1+1 R;1+1
Wiy (L) = (R, ~ ~
We can also easily verify that v} (RL) = w}(R}) . The result then is proved.
We have

) - N-1- .
Awi(Ry) = wi(Ry) + —m—wi(Ry) (16)

=0 (17)

= Awi_1 (R (18)

then w(R;,) = — 4= i) and w! | (RL) = =YL/ (RL) what im-

wi(
plies that u;;’(Ri )= wZ L(RL).
Similarly, we prove that v/ (RL) = w” | (RL). It follows then that w,, is of
class C? at x : |z| = R!
Uy, is of class C? at x : |z| =
w; and v verifies the equations:

N Aw; (r) P2 Ay (r)) = )\n/ sV [P~ 2 ds
0
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“L(AB(r) P2 AD(r)) = /\n/ sNH5|P20ds
0
then

TNl (p — 1)(Aw;) = /\n|A’lﬁi(T‘)|27p/ sV [P~ ds
0

PN Z 1) (AG) = A AG()[2P / N5 P=2ids
0

1°" case: if 1 < p < 2 then at x : [] = R}, we have (A0)'[,—p1 = 0 this
implies that

~ N-1- N—-1-
0By + Tv”(ﬁ’i) ~ gV (Ba) =0
However, v"(R!) = —2=1y/(R}) then 5®)(RL) = — 1 v'(RY) .

Since v” is continuous at R1 then () is continuous at R1 The same proof
is given for w;.

2" case: if p > 2. By Drabeck and Otani (cf.?), if u(p) is a solution
of the problem (P,) associated to the eigenvalue A(p) then A(p’) defined
by ()\(p'))ﬁ = ()\(p))% is an eigenvalue of the problem (P,/) associated
V\;ith t};e eigenfunction u(p’) defined by u(p’) = ﬁ |Au(p)|P~2Au(p) where
b =3

We have 1 < p’ < 2 then Similarly to the first case, we obtain o) (p') is
continuous at R}. Since o(p’) = )\(p) |AD[P=2 A%, we deduce that 73 (p) is
continuous at RL. Consequently, u,, is of class C* at z: |z| =

uy is of class C* at x: |x| = R!, is proved similarly as for the assertion:
uy, is of class C® 7. The proof then is completed.

(i) To prove this assertion, let u be a radial eigenfunction of (P,) in
B associated to an eigenvalue A then by the preceding results we have
A= Ai(R))™* = A, where n = card(N(a)) . The restriction v (resp. wz)

of u to Bgy (resp. C 1+1) is an eigenfunction of (P,) in Bp: (resp. CRz+1)

2

which does not change its sign in Br: (resp. C’Riﬂ).
Since A is simple and from (i) , we deduce that: A = A, and there exists
t € IR such that u = tu,,. O
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Floquet states of periodically time-dependent harmonic
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Floquet theory together with the resonating averages method (RAM) were used
to solve the Schrodinger equation of periodically-time-dependent harmonic os-
cillators. The approach gives another way of solving this equation, and lead
to identical analytical solutions to those published in the literature based on
different other methods.

Keywords: Time-dependent harmonic oscillator; Floquet operators; Floquet
states; Jump operators; Resonating averages method; Uncertainty relation.

1. Introduction

Numerous physical and mathematical studies have been devoted to the
construction of consistent formalism of explicitly time-dependent quantum
systems'-.? Among these quantum systems, the time-dependent harmonic

oscillator has attracted considerable interest in the past few decades®-,1218-

,25 not only because it is a system that can be exactly solved and is con-
sidered as a great pedagogical tool, but also because it is a very relevant
system and possessing many applications in different areas of physics: quan-
tum optics, plasma physics, quantum field theory, gravitation, cosmology,
etc.

The harmonic oscillator with a time-dependent mass and a constant fre-
quency has been the subject of many researches'6-,1921_ 25 Abdalla et al.!®
have studied this system in order to describe the electromagnetic field in-
tensities in a Fabry-Perot cavity. The harmonic oscillator with a constant
mass and a time-dependent frequency was used by Lemos et al.?® in a the-
oretical approach of the expansion of the universe and by Paul?® for the
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discovery of electromagnetic traps for charged and neutral particles (known
as Paul-traps). In previous work,?* we have introduced a direct theoretical
approach for solving the equations of motion of the time-dependent har-
monic oscillator, in Heisenberg picture, with some direct applications.

The purpose of this paper is to solve the Schrédinger evolution equation
of periodically-time-dependent harmonic oscillator. We have established a
theoretical approach based on the Floquet theory! combined with the res-
onating averages method elaborated by Lochak and Thiounn.? Hence,by
using the Floquet decomposition operators and developing the evolution
operator with the help of the resonating averages method from first order
to second ameliorated order, we have determinate the Floquet operators,
and Floquet states. Moreover, we have proposed a theoretical form of jump
operators between the instantaneous Floquet states, and verified the un-
certainty principle.

This paper is organized as follows: in the first part, we present the the-
oretical formalism of the purposed approach. In the second part, we apply
the method for the forced harmonic oscillator, the harmonic oscillator with
a time-dependent mass and a constant frequency, the harmonic oscillator
with a constant mass and a time-dependent frequency, and the harmonic
oscillator with a time-dependent mass and frequency. Some direct compar-

isons of our results with some published works are given,3,59-,1218

2. Formalism

We consider a quantum system described by a time-dependent Hamiltonian
such as

H(t) = Ho + pHy (1) 1)

where Hj is the Hamiltonian of the unperturbed oscillator, and H;(t) the
Hamiltonian of perturbation with amplitude pu.

2.1. Floquet approach

In the case of periodically time-varying Hamiltonian, the Floquet theorem
asserts the existence of an operator V(¢), a fundamental solution of the
well-known Schrédinger evolution equation, in the form!

V(t) = T(t)e *Bt/" (2)
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Where T'(t) is a periodic unitary operator of the same period as H;(t), and
R is a constant hermitian operator. The time-evolution operator can be
written as

Ult,to) = V(£)V ™~ (to) (3)
in the interaction picture it satisfies the following differential equation

ihdUI(t’tO)

7 pH (U (t,to) (4)

where
H(t) = etflot/h (5)

According to the Floquet theorem, the Floquet states, solutions of the
Schrédinger equation, are defined as

[ (t)) = T(8)[on (1)) (6)
where |¢,,(t)) are the eigenstates of R, with the eigenvalues ¢, such as
L d|Pn(t))
ih——— = R|®x(t)) (7)
and
|6a(t)) = e~/ "n) (8)

[n) are the number states of the unperturbed system.

We notice that the fundamental propriety of those Floquet states is the
fact that they form a complet set of time-dependent solutions in the Hilbert
space. So, the global state |¥(t)) of the quantum system can be written in
the form of a linear combination of the |¥,, (1)) :

) = 3 an ¥ ()

where the a,, are time-independent coefficients.

2.2. Jump operators

We introduce the operators A(t) and AT (t) which are responsible for the
instantaneous transitions between the Floquet states. Their effects on the
Floquet states are similar to those of the conventional annihilation and
creation operators. These operators must satisfy the conditions?

A®)[¢on (1)) = Vnlthn-1(t)) 9)
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AT (O (t) = Vi + Ltnia (1)) (10)

So, their expressions are defined by the relations

A(t) = 5T ()Tt (t) (11)
AT () = e T IT(#)at T (1) (12)

where Ae is the difference between two successive Floquet levels:
A =¢epp1 —En (13)

The Floquet decomposition (Eq. (2)) gives us different possibilities to solve
the evolution equation of the periodically-time-dependent harmonic oscil-
lator. However, the determination of the corresponding Floquet operators
is not unique, while the Floquet theory supposes the existence of an infi-
nite number of couples (R, T(t)), solutions of equation (2), depending on
the form of the perturbed Hamiltonian. To determine these two operators,
we used the technique of the resonating averages method elaborated by
G.Lochak,? based on the generalized Bogoliubov approximation.

2.3. Resonating averages method (RAM)

The principle of this method consists in the separation of the perturbed
Hamiltonian Hj(t), written in the interaction picture (Eq. (5)), into an
averaging part, H;(t), and an oscillating part Hy(t), such as :

Hi(t) = Tr(t) + @ (14)
with

Tr0) = S (Hpppe (15)
and k:O

Hi(t) = iuﬂ; (16)

where (Hj)y are a set of constant hermitian operators, and wy, a frequency
sequence from which one can extract a subsequence which contains the fre-
quency wgo = 0.

The RAM stipulates that if one supposes that this subsequence contains
a set of a finite number n of frequencies as {wg, w1, ..., wn—1}, the other
frequencies {wy,, W41, ...tc} are not harmonic or harmonic combinations
of the n first frequencies.
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2.3.1. First order and first order ameliorated solutions

The application of the RAM to Eq. (4), to first order of p, gives the differ-
ential equation

HdDVi(®)
dt
With the initial condition (V7 (¢9) = 1, one has

— W (0D Vi(t) (17)

(l)Ul(t) =@ Vi(t) - T(t)e*i(l)m/ﬁ (18)
The first order ameliorated solution is defined as

090, (1) = [1 - L H (6] OV 1) (19)

2.3.2. Second order and second order ameliorated solutions

The second order fundamental solution of Eq. (4) is defined by the operator

OU;(t) = [L - LHOI@) (20)
where I'(t) is an unitary operator solution of :
L dU(t — i — Zi(t
T — i) + 2o i) + Ay 1)
dt h 2
where
Sr(t) = H/H; — H{Hy (22)
 ~—dH; dH;
Zi(t) = Hi—p= = — = Hi (23)

One may define the second order ameliorated solution as
COUL(E) = [L = T H (1) + n? A2 (DID (1) (24)
where the operator As(t) is given by

(1) = (S + 20 H0, (25)

Determination of first and second order ameliorated solutions (U (t)
and 29U (t) (Eqs. (19) and (24)) enables to obtain the first and sec-
ond order couples (YR, T (1)), (2R, T(t)) and Floquet-states
|0, (1)), |2Dah,, (1)), respectively.
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3. Applications
3.1. Forced harmonic oscillator (FHO)

We have applied the above method, and compared our results to those
of other studies,?-!2 which have used other methods, to a FHO with the
following Hamiltonian

2

p 1 .
H(t,v) = 2o + §m0w§q2 + wsin(vpt)q (26)

where mg and wq are the constants describing the mass and the frequency
of the unperturbed oscillator, respectively.
By introducing the annihilation operator a

_ 1 P
where
Bo = mowo (28)

the quantized form of H(t) is

1 | h
H(t, 1/0) = hwo(a+a + 5) + 1% %(a + (lJr) Sinl/ot = Ho + /LHl(t) (29)
0
We applied the RAM to the perturbed Hamiltonian H;(t), expressed in the
interaction picture as Eq. (5), choosing a frequency sequence such as
w =0, 1o — 2wo, —(vo — 2wo) (30)

we deduced from Eq. (29) the averaging and oscillating parts of Hy(t), given
respectively by

Hi(t)=0 (31)
and
dhgt(t) = 2—20 sin vt (e~ ™0tg 4 eotqT) (32)
Then
Hi(t) = ao(t)a + ag(t)at (33)
where

-1 h ei(uofwg)t e*l‘(l’o‘l’wo)t
)= —/— 4
OZQ( ) 2 2030 ( Vg — Wo + Vo + wo ) (3 )
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3.1.1. First order calculations

The fundamental first order ameliorated solution of Eq. (4) is obtained as

Hot

0007(1) = {1 S o ()a + i ()at ) e F* (3)
where
a1 (t) = e tag(t) (36)

From Eq. (2), we deduced the Floquet operators such as

U

GOt) =1- 7 (aa(t)a + aj(t)a™) (37)
19 R = Hy (38)

The ameliorated first order operator (!*)R is simply equal to the unper-
turbed Hamiltonian Hy.

This absence of first order linear effects in is one of the characteristic
properties of the Floquet Hamiltonian. This fact follows directly from the
perturbative approach applied to the unitary operator (Eq. (19)). However,
it was shown that the phenomenon is deeper for a large class of field pulses
which are not necessarily monochromatic, and all odd perturbative correc-
tions must vanish!3- 1426

Then, the eigenstates of the Floquet operator (!¢ R are obtained as

i(la) Rt

(A0, (1)) = e |n) = et Bwot ) (39)

and the Floquet states are given by the following expression

109, (1)) = e~ 7 (ln) — Llag())v/aln 1) +af (VAT T+ 1)])
(40)
where
(A9 = hwo(n + 1) (41)

2

To determine the expectation values and the uncertainty relation of the
position and impulsion operators, one can write

q= Z—Z()(a—&-oﬁ) (42)

p= @(H—G)
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The first ameliorated order expectation values of ¢, p, ¢ and p? in the
Floquet states, given by Eq. (40), are

—psin vt

(1a) _ e rOR 43
" aq) mo(1Z — w?) (43)
(la),\ _ — [ coS Vot

(1) = =5 (44)

(19¢%) = 260{2n+1+ 2[2n(n+1)Re(a1) +((2n+1)* +2)|en ]} (45)

h

a I
((op?) = {2 +1+55 - 2n(n+1)Re(a?)+((2n+1)2+2)|a1|*]} (46)
The explicit expression of the uncertainty product is

2 1
m@g cos? vt + wg sin® vt ) }1/2
(47)

h
U (AgAp) = 5 (2n+1){1+p?
3.1.2. Second order calculations

To solve the differential equation (21), we begin by expressing the operator
Z(t) in the form

daf(t
2(t) = 2m{ao(t) 2251 (48)
Then, we deduce its averaging and oscillating parts as
= —ih
2(t) = 5—— (49)

2mo(v§ — w§)

dZ(t) ih(e%‘uot + 6721'1/016)

= 50
dt 4dmo(vg — wd) (50)
Because H; = 0 and S; = 0,Eq. (21) is reduced to
thdI'(t) w
. A0 (51)
So, we deduce
7ip2t
I(t) = T8 (52)
Then, the second order evolution operator is given by
AU () = {1 - Z(en(a+af(t)at) e H (1) (53)

h
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and the corresponding Floquet components are

1 2
@p_ to4 )b — 4
R = hwo(a™a+ 2)+ Tmg (2 — o) (54)
@) =1-— %(Oq(t)a +at(tat) =19 7() (55)
The ameliorated second order solution is
COU (1) = {1 = T Hi(t) + 12 Ao ()01 (56)
with
1~ Z(t) - H2(t)
Axft) = 5 (8(1) + T, (57)
By integrating Eq. (50), we get
. h(ezillot _ eQngt)
) =2 —° )
®) 8movo (Vg — wd) (58)
then,
. 2
Cay(t) = {1 - (o (t)a+ af(t)a™) — zu?(@gt) (59)
ta2(t)a? + a2 (t)at? + |ay|2(2ata + 1)) e Rt/R
where
—1ihsi t t
() = 1hsin vgt cos 1y (60)

2movo (Vg — wd)
The ameliorated second order Floquet-Hamiltonian has the following form

12

1
(20) p + - .k 1
R = hwo(aTa + 2)—!— o8 =) (61)
T =1~ ()0 + i) - (old) ade? g

+ai?(t)a™? + | ?(2aTa + 1))

In the same way, we determined the ameliorated second order Floquet states

|0, (1)) =9 TV, (1) (63)
where
(@, (1)) = e~ M) = e et M (64)
and the quasi-energy is
1 w2

(2a)€n = hUJ()(n + —) +

27 4mo(vE — wd) (65)
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The explicit expression of the Floquet states is

CO%, (1)) = {[1+ ¢(t) = £ (2 + Dl o) 6)
~E (v — 1) + af (Vi F Tin + 1)

( )ent
—%[a%(t}«/n(n—lﬂn—?)+a’{2 )/ (n+1)(n+2)n+2)]}

Let us notice that the expression of the ameliorated second order Floquet
operator ?*)T(t), given by Eq. (62), is comparable to the so-called coher-
ent states generator published by Breuer et al.,® and by Fox et al.,” as well
as the ameliorated second order Floquet states. The detailed comparisons
with these works accompanied with some discussions are given in section
3.1.4.

Moreover, the expression of the quasi-energy (Eq. (65)) is identical to that
given in some other works,3?-13 which supports the observations previously
made. Consequently, the corrections are absent to first order but appear,
when the approximations are pushed to second order, and are expressed by
a shift D. given by

2

1
D.=—"t
4mo(v3 — wd) (67)

which does not depend on the quantum number n, but on the strength p
and the pulsation vg of the interacting field. This means effect of the per-
turbation is as a whole spectral shift of all Floquet levels.

This Ae is giving by
AE - 6n+1 —&n (68)

The sense of displacement depends on the sign of D..If D, > 0, the levels
shift up and inversely they shift down if D, < 0.
Therefore, the frequency of a transition of the Floquet states, which corre-

sponds to an absorption or emission of the so-called ”Floquet quanta”,'4 i
equal to that of the stationary states. So, we can write
CIAe = Py (69)

and

29)yp = wo (70)
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The corresponding expectation values of the position and momentum op-
erators are given by

i 2
(#00) =\ 35 H2Im(an) + 45 (2n + D= (®Re(an) + o P Im()])

(71)
(2a) h 2 2
(Fp) = 30 h {2R€(a1) hg (2n + D)[—pt)Im(a1) + |oa["Re(aq1)]}
(72)
2 4
(@02 = o+ ) 48 ) + 25 @2 DL Lot Re(an) tm(an)
(73)
2 2
+5(2n +42n +3) Re(ay) + (2n +42n +7) Im(as)
2
_wRBQ(Oﬂ)ITnQ(Oﬂ)]}
2 4 2
(@02) = 20 o 1)+ 2 o)+ 2n 4 ) EUE a0 Re(an) m(en)
(74)
2 2
+5(2n +42n +3) Imi(aq) + (2n —|—42n +7) Red(an)
2
_wReQ(mﬂmQ(al)]}
and the explicit uncertainty product is
h ut sin? 2ugt
(2a) _
(“Y AgAp) = 5 2n+1){1+ SR — wR)? [ 22 (75)

3(2n% +2n + 1)

2(,,2 2

2 o2 2. .2
S t + vg cos” vpt
ROE =22 (w§ sin” vt + 1 vot)]}

3.1.3. Jump operators

In section 2.2, we have defined the operators A(t) and AT (t) which are
called jump operators,®'® From Egs. (11) and (12), we can write, to first
order in p

. (la)Ae

At) = 7t QOP(1)a T+ (1) (76)
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(la)Ae

AT () = et QAP)aHAOTH(Y) (77)

By substituting the expression (37) of the unitary operator M)T(t) , we
obtain the two conjugal operators such as,

i

Alay,t) =a+ fa’{(t) (78)
At(ag,t) =at — %ﬂal(t) (79)

The action of those ladder operators on the Floquet states |(1a)i, (t)) is
equivalent to the action of the annihilation and creation operators on the
stationary states. These operators are time dependent in the Schrédinger
picture. Their expressions (78) and (79) are exactly identical to those pub-
lished by Breuer et al.3

The operators A(t) and A*(t) satisfy the commutation relation
[A(t), AT ()] =1

One can also give an hermitical symmetric operator'® N(t) such as

N(t) = %(AAJF + A+ A) (80)
From the definitions
A n(t)) = Vnltbn-1(t)) (81)
AT (B[ (t)) = Vi + 1hnia () (82)
we have
AT A (1)) = nla(t)) (83)
and
AAT (1)) = (n+ Da(t)) (84)

Then, the exact action of the operator N (t) on the Floquet states is defined
as

N(O)Ren(t)) = 0+ )l (1) (85)

This operator N (t) is equivalent to the number operator of the unperturbed
harmonic oscillator.
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3.1.4. Comparisons and discussions

We have presented in the above paragraphs some analytical results of Flo-
quet operators, Floquet states, expectations values and uncertainties prod-
ucts of the position and momentum operators. To test the validity of our
approach and to confirm the accuracy of our calculations, we will give some
direct comparisons with other works given in the literature,3-'2 . In partic-
ular, Breuer et al.,® have generalized the stochastic wave-function method
to the description of open dissipative systems in strong Laser field, and
have employed the Floquet representation for quantum systems with time-
periodic Hamiltonian, among which the forced harmonic oscillator, submit-
ted to a Laser field with an Hamiltonian of the same form of Eq. (26).

Fox et al.? have presented a non perturbative method based on a quasi-
adiabatic method. This approach has been applied to an harmonic oscillator
in an electric field of the form,

Er(t) = —eEy coswt(a +a™) (86)

2m0w0

To compare our results to those of these authors, we should make some

transformations by using the trigonometric formulation cosx = sin(z +

L).Then, in all our trigonometric functions (sinus or cosines) we add a
I

phase (+1) i.e. (our results —P"5¢+3 Fox results)

i)Annihilation and position operators in the Heisenberg picture:

Breuer et al.? have calculated the expression of annihilation and position
operators, for the FHO in the Heisenberg picture, to first order in y. There-
fore, we shall use the evolution operator obtained in Eq. (35) to express
ap(t) and qm(t).So, we can write

ap(t) =19 U (#)a U (t) (87)
and
gu(t) =" UT ()¢ U (¢) (88)
we obtain
art(t) = qe—int 4 WL e (89)

2 “vg+ wo Vo — Wo
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and
(37 —ivpt
an(t) = |2 fae— 0t 1ottt +iglw T ) (9)
200 wg — 112
with

: [
M =

V2h[Bo

These expressions are identical to those, ag (¢,to) and x g (¢, %), published

by Breuer et al.? using the initial condition ¢y = 0 in the integration of the

operator @ in Eq. (32) and putting H(0) = 0 and h = 1 With those

conditions, we can obtain exact expressions of ag (t,tg) and xg(¢,t0) given

(91)

in reference.® But in our approach, we need to have general forms without
imposing any initial condition on our quantum system.

ii)Floquet operator and Floquet states

Let us notice that our ameliorated first order operator (**)T'(t) and ame-
liorated second order one ) T'(t) correspond to a first and a second order
development of the Breuer’s operator e“"(t)D(w) and the Fox’s operator
e?*(®) Dp(n), respectively (but for this latter we must take the trigonomet-
ric transformation previously indicated).

Where the so-called coherent state generator?® is defined by
D(w) = exp(wa™ — w*a) (92)

By comparing the Breuer’s variable w(t) with our variable a4 (t) of Eq. (36),
and the Fox’s one 7(t), we have the equality

w(t) = _Twof{ (t)(Eq.(116)of[3]) th—+>% the Fox's variable n(t) (Eq.(35)of[9])

(93)

as well as the phase p(t) obtained in Eq. (60) is directly comparable to the
Breuer’s one ¢p(t) (see the Eq. (120) of reference®) and exactly the same
with the Fox’s one pr(t) (see Eq. (34) of reference?).

iii) Quasi-energy
The Floquet energy given by Eq. (65) is identical to that calculated by

Breuer et al.,? Fox et al.,” Lefebvre et al.,'” Maitra et al.!'! and Samal et
al.1?
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iv)Expectation values and uncertainty products

The expectation values of the position ¢ and momentum p operators are
exactly comparable to those given to first order in pu by Fox et al.,° but
to second order, our values contain a second order correction term in g .
Finally, our uncertainty product contains a 2% order correction term in p
for the case of the ameliorated first order uncertainty relation, while in the
case of ameliorated second order one, it contains a 4**order correction term

in p.
v)Jump operators

Let us notice that the expressions of jump operators given by Egs. (78)
and (79) are identical to those published by Breuer et al.3

3.2. Pulsating Harmonic Oscillator

An other good candidate for the application of this formalism is the pul-
sating Harmonic Oscillator described by the periodically time-dependent
Hamiltonian, which is a particular form of the Caldirola-Kanai Hamilto-
nian!6-19
p? 1 2 2

H t)=——+ -mf(t 94
where wg is the constant oscillator frequency and m(t) is a periodically
time-varying mass such as'®

m(t) = moe?Hsmvt (95)

where p is the strength of the pulsation and is the mass frequency. We shall
find it convenient to introduce the canonical transformations

Q=ay/s P=p/ 2 (96)

The Hamiltonian becomes

2 1 m PQ+ QP
H(Q,P,t) = L —mowg Q* + E%

2m0 2
From the form of Eq. (1), one can deduce the quantized forms of the un-
perturbed and perturbed Hamiltonians, respectively, such as

(97)

Hy = hwo(a™a + %) (98)



H,(t) = —ihvcosvt(a® — a™?) (99)
where the annihilation operator a is defined as
1
= +iP 100
a \/m(ﬂ@@ ? ) ( )
By using Egs. (5) and (14) and Egs. (15) and (16) and choosing a frequency
sequence such as wy = 0, — 3wg, —(¥ — 3wo)
we deduce
Hr=0 (101)
dH (t , .
dIt( ) = —ihv cos 1/15(6_2“*’0%12 - eQWOta“) (102)
Integration of Eq. (102) gives
Hi(t) = ~0(t)a” + 5 (t)a ™ (103)
where
Yo(t) = —Le_mot@wo cosvt + ivsinvt) (104)
v2 — 4w

3.2.1. First order solutions

i)Floquet operators

By solving Eq. (4), using Eq. (103) and from Eq. (19), one can write

(1a)U1 (t) _ (1 _ %e—iwota+aﬁleiwota+a)e—iHot/h —(1la) T(t)e—i(la)Rt/h

(105)
and deduce the first order ameliorated Floquet components such as
U9 Rr = H, (106)
A7 (1) = 1= & (e + 71 (a*?) (107)
with
Y1 (t) = ™0ty (2) (108)

For a comparison with other works, we will calculate the position operator
in the Heisenberg picture, by using the first order ameliorated evolution
operator of Eq. (105). So one may write

Qut) =" U (1)QUYU, (t) (109)
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To first order of y we get
P(0) . duv

sinwgt + —5—=
Bo 0 4w — 1?2

. . vt vt
{ l <2 cos? — — 1) sinwgt — v sin 5 cos > cos wot]
2 vt vt vt
coswot — vsin 5 cos 5 sinwgt

with Q(0) =Q and P(0)=P. (111)

Qu(t) = Q(0) coswot + X (110)

If we take into account the initial condition H (0) = 0 in the integration of
Eq. (102), this result is rather comparable with that obtained by Abdalla
et al.'® which have employed the method of the perturbation theory. The
comparison is also verified for Py (t) and ag(t).

ii)Floquet states and uncertainty relation

From Egs. (6) and (8) and using Eqgs. (106) and (107), we have calculated
the first order Floquet states,

|(19)4p,, (£)) = e“”“m“t{lm - [ n(n — D (t)n —2)

(112)
+v/(n+ 1) (n+2)75(t)|n + 2) }
The expectation values of ¢, p, ¢? and p? are

(g)=0 (113)
(=0 (114)

(1a) 2y _ N 9
(M%) = %(2n+1){1+MF1("aV7f)+N Fy(n,v,t)} (115)

(1a), 2, _ DB 2
(%) = @G+ D{1 - pFi(n v, t) + p"Fa(n, v, 1)} (116)

where

B(t) = m(t)wo (117)
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Fi(n,v,t) = Agsinvt (118)
A
Fy(n,v,t) = (n® +n+ 5)71 (A2 sin? vt + cos? vt) (119)
with
14
A = — 12
0= oo (120)
and
412
M= 121
! wi —1 (121)

Finally, calculation of the uncertainty relation in the Floquet-states
(9|4, (1)) gives

A 2
190 (agap) = 520+ 1) (144 1o P20 (122)
AP 2 2 :o2 2 2
aayF(n,v,t) = YA +n+1 | Ajsin® vt+cos” vt | +4cos” vt p (123)
0

3.2.2. Second order solutions

i)Floquet operators

Solving the differential equation (21) and using Egs. (101) and (103) we
deduce

F(t) = e_“ﬁ)‘l% (124)
Then, the second order solution (Eq. (20)) is obtained in the following form

(Q)U(t) = <1—%€iw°t“+“ﬁjew0m+“) e~ i(1+p? A1) Hot/h _(2) T(t)e™ @ Rt/h

(125)

Consequently, the second order Floquet operators are
@R = (1 + ﬂ%) Hy (126)
OT(t) =1 - L (1 0)a® +7i(Da™?) (127)
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One observes that a p-second order correction appears in (!¢ R. Therefore,
the ameliorated second order evolution operator is

(2a)U(t) _ <1 +eiH0t/h{ < _ %)ﬁ[ —l—,u,gAg(t)}eiHDt/h) e*i(1+u2>\1)H0t/h

(128)
because
Si(t) =0 (129)
then
1 2
As(t) = _ﬁ{ fo(t)Ho + <~yo(t)a2 + (t)a+2> } (130)
where
. sin 2vt
fo(t) =ik > (131)
Then, we deduce
Cap =3 R (132)

. 2 H?2
o) = 1- % (m(t)a2+vi‘(t)a“> —% {fo(’f)HW?'Vl(’“‘”2 [hgﬁg +ﬂ
(133)

+f(0at + (0"
A second order correction term in y is also present in the operator 2% T'(t)

ii)Floquet states

The eigenstates of the operator (**) R have the following form

(2a)|¢n> — e—i(n+%)(1+u2Af)wot|n> (134)

From Eq. (6) and using Eq. (133), the construction of the ameliorated
second order Floquet states leads to

@]y} = e D ent{ ) + Cy(B)n -2
(135)
+CR()|n 4+ 2) + C"y(t)|In — 4) + CF(t)|n + 4>}

where the n-time-functions are
2

crt)y=1- 2% [(n + %) o fo(t) +2(n? +n + 1)|71(t)|2] (136)
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Cry(t) = —%“ nln = D () (137)

Cy(t) = m% (138)

Crut) = %2 \/n n—1)(n —2)(n — 3)72(t) (139)
CPr(t) = 2“; (n+1)(n+2)(n+3)(n+4)772(t) (140)

iii)Heisenberg uncertainty relation

The expectation values of ¢ , p and ¢? in the |29, (t)) states are
9 (g) =) (p) =0 (141)

h
(20) g2y — %(2n+1){1+uMl(u 1)+ p2 My (v, £) + 13 My (v, t) + i My (v, t)}
(142

)
(Ga)p?y = h—2ﬂ(2n—|—l){1—,uM1(1/, )+ p> Ma(v, t) — p Ma(v, t)+ M4 (v, 1)
)

143

where
Mi(v,t) = %Im(wl(t)) (144)
Moy (v, t) = 2(n? +n+4)% (145)

M3 (v, t) = }%{4(712 +n 4 5) | ()P Imy — (n? +n + l)hwoRe('yl)fO(t)}

(146)
2
M) = 22Oz - o+ v (200)
with
Nop(n) = %(n 424 n 45+ (1241 (148)
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The second order uncertainty product in Floquet-states (2@ |y, (¢)) is ob-
tained in the following form

(20) (AgAp) = g(2n +1) (1 + 12y, v, t) + phya(n, v, t))% (149)
where
x2(n, v, t) = % [(n2 +n+ 4)Re? ('71 (t)) —n(n+ 1)Im? ('71 (t))} (150)

(wolfo()])? , 2

xa(n,vt) = (2 1) ==0m =+

[Nm(n) +2(n*+n+4)? (|~yl (t)|2) T
(151)

3.2.3. Jump operators

From Egs. (11) and (12) we have determined the ladder operators in the
following forms

A(t) = 5t (a + %’yf(t)a*) (152)
AT (t) = e i (a+ - %’yﬂt)a) (153)

where 71 (t) is given by Eq. (108)

3.3. Harmonic oscillator with a periodical frequency

We also apply our approach to an Harmonic Oscillator with a periodically
time-varying frequency Q(t),%,1427-30 We consider the Hamiltonian of the
form

2
4 1 2 2

H(t) = — 4+ —mpQ2 154

() = 5= + 5mo*()g (154)

5 14 2527_30
) )

By choosing a Mathieu frequency, or the so-called experiment’s

14 23 2729_31
)

Paul trap frequency, *, such as

Q2(t) = wa(1 + pcos 2wt) (155)

where p and w are the amplitude and the frequency of the oscillations,
respectively. Then

2
P 1 g
H(t) = GTo + §m0w§q2 + §m0w§ cos 2wtq? (156)
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The quantized form of the perturbation is
hw
Hy(t) = TO cos 2wt(a® 4+ a™? + 2aa™ + 1) (157)

The RAM applied to the interaction picture form of Hi(t) (Eq. (5)) gives

H; =0 (158)
Hp = no(t)a® + i (t)a™? + hapa(t) <anr + %) (159)
where
m(t) = e (L C ) (160)
m(e) = 22 (161)

Let us remark that our approach is very simple and the Hamiltonian op-
erator of this case is comparable to the one published by Profilo et al.® In
fact, if we write H(t) in the standard picture we have,

Hi(t) = ni(t)a® + nf (t)a™? + hna(t) (aa+ + %) (162)
with
m(t) = m(t)e* " (163)

By differencing this operator, we have

T = e it ) (0ot 5) 6

where
. thw
mt) = —F—-—=
2 (w2 - w%)

By replacing it in the total Hamiltonian, we obtain

[w cos(2wt) + 24 Sin(2wt)] (165)

phwow

2(w2 - w%)

+ [w cos(2wt) — 2iwy sin(2wt)} a+2}

H(t) = Y (t) (a+a + %) + { [w cos(2wt) + 2iwg sin(2wt)] a?

(166)
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where
Q(t) =wo (1 + g cos 2wt> (167)

which is a first order development of Q(t) given in Eq. (155). We see that
this Hamiltonian, where 2w represents the driven frequency, resembles that
appearing in the context of electromagnetic and acoustic parametric in-
teractions, and is similar to that obtained by Profilo and al.® using the
invariant method in the framework of the Lie Group.

3.3.1. First order Floquet operators and Floquet states
From Eq. (19) and with the initial condition (V7 (¢y = 1, one has
(o), (t) = <1 . %eiHot/hﬁIeiHot/h> o—iHot/h (168)

From the decomposition of Eq. (2), we determined the first order amelio-
rated Floquet components such as

UIR = Hy (169)
Qap) =1 - %f]l(t) (170)

where Hi(t) is given by Eq. (162).

We also remark that, to first order approximation, the operator 1*) R is
equal to the simple Oscillator Hamiltonian, and that the operator (**)T'(¢)
is unitary and periodic with the same period as Hi (t).

From Egs. (6) and (8) and using Egs. (162) and (170), the first order Floquet
states are obtained as

1926, ) = e/ f |1 — o) (n-+ 3 ) 1) ()

_%“ [Vl =Dm(®)n = 2) + v/ + D+ 25 (Oln +2)] }

Then, the wave-Floquet function may be written in the form

)y (g,t) = ei<n+1/2)w0t{ {1 — ipma(t) <n + %)}pn(q) (172)

_%“ [ n(n —Dmt)en—20q) + v/ (n+1)(n+ 2)7ﬁ(t)<pn+2(q)} }
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on(q) = (%) i ﬁe_ﬁotf/%]{n (\/%Q> (173)

is the wave function of the free oscillator, and H,, is the Hermite polyno-
mials.
The expectation values of ¢, p, ¢> and p? are deduced, and one has

where

<Q>n,n = <p>n,n =0 (174)
(1a) 2y _ D 2
() n = sa-Ent D{1+p6a() + im0} (75)
<(1a)p2>n,n - @(271 + 1){1 - ,ugl (t) + ,u2€2 (Tl, t)} (176)
where
£ (t) = “’732 cos(2wt) (177)
2(w2 — w%)
2 2
&a(n,t) = 32@1:70_(#8){5<n2+n+g> sin2(2wt)—2% <n2+n+i> sin? (2wt)
(178)
2
2 7 2 1
&(n,t) = ” (w:O_ wg) {<n2+n+§) sin2(2wt)—2% <n2—|—n+1> sin?(2wt)

(179)
2
2 5 “o
+(n‘+n+ )w72—w8

The first order uncertainty relation in Floquet-states (1®)|4,, (t)) is obtained

in the form
1

(1a) (Aqu) = g(Zn +1) (1 + IuQFn(t)) : (180)
w§ 2 11 N2 . o
F,(t)= —————<9(3n*+3n+ i Z(n—i- 5) —2 ) sin (2wt) (181)
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wg 2 1+ 4sin2(2
m(n +TL+ + Sin ( (.dt))

The Heisenberg uncertainty condition AgAp > % is satisfied for all time ¢.

3.3.2. Second order Floquet operators and Floquet states

Solving the differential equation (21) and using Eqs. (22), (23, (158) and
(159), we deduce

—iu? wgHot
L(t)=e = 'ore=p (182)
Then, the second order evolution operator Eq. (20) is obtained in the form
. i P w2
@y (t) = <1 - %ﬁl(t)>e (1“‘ 716@2‘;3))%“ " (183)
The corresponding Floquet operators are
@R = (1 + 2“’73)1{ (184)
B a 16(w? —w2)/ "
@7ty =09 7(t) (185)

The determination of the ameliorated second order solution (Eq. (24)) ne-
cessitates the calculation of the operators Zr(t) and H#(t) . We get

Z1(t) = 212 [50 (t) (2a+a + 1) + 84(t)a® — &% (t)ﬂ} (186)

with
3
So(t) = ———0  gin(dwt) (187)
2w (wQ - w%)
5/2(t) _ UJ_§ woe—4iwt B woe4iwt N i 2 i e—2iwgt
2" |w(w+wo)(2w +wp) w(w—w)(2w—wy) w?—wj
(188)
and
N 1\> 3
30 = (0t -0+ (12930 + 207 ) (a0t 3 )+ 5 lado)?
(189)

o ()72 (t) (2a+a + 3)@2 + h(no (t)n2 (t)) “at? (2a+a + 3)
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The operator As(t) , given by Eq. (25), has the following form

A1) = 55 (Za(t) ~ HF)) (190)

Therefore, the ameliorated second order evolution operator has the form

. 2,2
(Qa)U(t) _ {1+e—ngt/h (—%ﬁ[—f—MzAg(t)) eiHot/h} (1"'16@272))H0t/h

(191)
One may deduce the Floquet operators such as
Cop - R (192)
() =) T(t) + 2 A (1) (193)
with
Al (t) _ e—iHot/hAz(t)engt/h (194)

Here the second order correction of has affected the operator A)T'(t). Ac-
cording to Eq. (6), the second order Floquet states are given by

[En(2)) = T(1)| @ n () (195)
where |26, (1)), the eigenstates of operator (3*) R, are such as

z(n+ )1+

p2uw2
|(2a)¢n(t)> —e 1a(w *2>)w0t|n> (196)

The construction of the ameliorated second order Floquet states gives
(2a) ¢ ()t
|4 (1)) = e~ ﬁ()%W@M%Hﬂxmn—%+Cﬁmn+%

+C™,(t)|n —4) + C¥(t)|n + 4)}

(197)
where the second order quasi-energy is given by

" 1 2(4)2
(2 )5n(w) = th <7’L+ 5) (1 + 16(527—0(418)) (198)

The n-time-dependent coefficients are such as

Co(t) = 1—ip <n+%>n2(t)+u2 [ 2 |m (¢ )|2+(2n+1)50(t)+(2n+1)25(11(;2)])

czm:7mfm§%mm+w@m+wwnmﬂ} (200)
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Cp(t) = n+ D(n+ 2){‘%’%; () + 12 = 63(8) + (2n+3)83 (1) } (201)

Oy () = V/aln — D)0n— 2)n — B)a(t) (202)
Ci(t) = p>V(n+ 1)(n+2)(n+3)(n+4)5;(t) (203)
with

a0 = (P +50)) (201
5a(t) = 8 (t)e2ot (205)
Bs(t) = — g (D 1) (206)

—n2(t
84(t) = ;7;; ) (207)

The expectation values of ¢, p, ¢> and p? in the |24, (t)) states are such
as

C(q)m =P (phpn =0 (208)

(P = 2—7;0 (2n + 1){1 T+ P 3 () + w3 (8) + pt fRy (t)}

(209)
(2 = "0+ D1 W0+ 20+ 0+ 0]
(210)

where
jo - ARetin) oy

2 1 2
fa = (2n*+2n+7) |’22| + <n + 5) ns +2(2n + 1)26; F 4Re(d2) (212)

)
£4(n? + 1+ 3)Re(d) F S (n” +n + LneIm(iny)

47

- (n® +n+5)Im(nidy) (213)

Fi(8) = (2n+ 1)%np (16 F 2Re(id) ) +
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1 2
:l:g(n2 +n+ 3)Re(imdy) + EO(%LQ + 2n + 3)Re(in103)
4 2 3| .
F7 {(Zn +1)%61 — 572 Re(in)

+4(n® +n+1) (50 Im(him) + i <1m2(52) - Im(d;;)))

n 9 2_6|m[?
fie(t) = 4—h4(|771|2) $%Re((n2+n+3)53—5g) +2(n? +n+5)|02) %+

(214)

3|771|2
B2

No(n)|832+(2n+1)2 (—6§i4Re(6053)— 51145136((n2+n+3)53—52)
+(2n + 1)%%) —20(2n* + 2n + 3)Re(020%) + (4n? + n + 1)6oIm(203 — 52)

F16(n? +n + 3)Re(620}) + Ni(n, 6)|64]* £ 2Ny (n, 4) Re(536%)

where
No(n) = 32n(n + 1) + 2(4n? + 4n + 5)(n* + n +9) (215)
Ny, k) :!4)! t T4)! + 202 +n +3) (216)

Then, the second order uncertainty relation in Floquet-states (@) |¢),,(t))

has the form
1

h 3
) (AqAP)n = 5 (2n+1) (L2 (v, O+ (v, O+ (1, 1)) T (217)

where
16
B2

(Re(im (t))?
(218)

2
+5 (20 +2n47)m (1)

X5 (v, t) = (2n+1)? {451(25) LB 2@)] 2

8i

5 (n? +n +5)Im(n}(t)da(t))+ (219)

Xa (v, t) = 2i(2n 4 1)%n2(t)do(t) +

4—7:?(2712 + 2n + 3)Re(in (t)05(t)) + %Re(im(t)){llRe(ég(t))

—4(n* 4+ n + 3)Re(d3(t)) + %(n2 +n+ Dne(t) Im(im (t))}
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1 2
X4 (v, t) = (2n + 1)2{17§ [ 36 (2n +1)n <3n +3n + 2) |Zé|+ (220)

%Im(m)]i’e (n2 +n+ 3)53 - 52)} 262 — %Im(nl)Re(do)Re(ég)}

2 2Re? 167
e e {0 41| 2 - ZE] S bl

- %Re(m)ng] Re((n2+n+3)63—52)+R62(§2)+%Im(m) [Re(éo)fm(ég—%g)

—|—Im(50)1m(52)} } o (n? +n —3)2(|m[*)? — 4(n® + n + 5)Im>(dy)

+ {ZNo(n) —16(n* 4+ n+ 3)2] Re?(83) — 2NoIm?(03) + 2N1(n, 6)]d4]?

16iIm(n1)

—40(2n? + 2n + 3)Im(53) Im(52) + 5

{S(n2 +n+3) [Re(ég)Re((54)
+Im(52)lm(54)] } — Ni(n,4) |:R6(53)R6(54) - Im(ég)lm((h)} }
—24(2n%* 4+ 2n + 1) |:R€(53)R€(52) + %Im(m)[m(éo)fm(ég)]

3.4. Harmonic Oscillator with time-dependent mass and
frequency

The last system considered in this study is the time-dependent Harmonic
Oscillator described by the periodically time-varying Hamiltonian such as

H(t) = P + Lz (221)
2m(t) 2

where Q(t) and m(t) are the time-varying frequency and mass respectively,

given by
Q2(t) = W2(1)(1 + pf (1)) (222)

m(t) = moe® (223)
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where p is the strength of variation of Q(t) and m(t)
The equations 7n(t) and f(t) are two periodically time-varying functions
satisfying

n(t+T) = n(t) (224)

fE+T) = f(t)

we introduce the canonical transformations

un(t) —un(t)
2 2

=e q P=e D (225)
The Hamiltonian becomes
V| . PQ+QP
HQP.T) = 5 — + ot @? + () g - + B f(0)Q° (220)

we introduce the annihilation and creation operators a and a™ such as

where
Bo = mowo (228)

By writing the Hamiltonian (Eq. (226)) in the quantized form of Eq. (1),
one can deduce the unperturbed and perturbed Hamiltonians respectively
as

1
Hoy = hwo(a™a + 5) (229)
hw ih
Hi(t) = TO F)(@® + a*? + 2aa™ +1) — %r’](t)(aQ —a*?)  (230)
choosing the functions

n(t) = 2sinvt (231)

f(t) = cos 2wt

In the interaction picture form of H;(t), and using the RAM technique, one
may deduce the averaging and oscillating parts respectively as

Hr=0 (232)

Hy = po(t)a® + pi(t)a*™? + hp(t) (aa* + %) (233)



where
2 (t) _ —hv eiut B eivt 3 ZFLUJ() eint 3 e—Ziwt e—2iwgt
2 v—2wy V2w 16 \w—wyp w+uwp
(234)
wo sin 2wt
t)= —— 2
n2(t) dw (235)

3.4.1. First order solutions
From Eq. (19), with the initial condition (V7 (ty = 1, we have
(1a)U(t) _ <1 _ %e—iwgta+aﬁle—iwota+a) eiHot/h _(1la) T(t)e—i (a9 Rt /n

(236)
The first order ameliorated Floquet operators are given by

(19 R = Hy (237)

070 =1 =i + i 00 (0 (0a +5)) @39

where

pr(t) = 2o 220 (239)

We notice that, to first order approximation, the operator ) R is equal
to the unperturbed Hamiltonian, and the (1“)T(t) operator is unitary and
periodic with the same period of H;(t). From Egs. (6) and (8) and using
Egs. (237) and (238), the first order Floquet states are such as

093u(a)) = e D0 1 i (0)(n-+ 5 ) bin) =i VAT (01— 2)
(240)

/(T D)+ 2)pi(t |n+2}}

The expectation values of Q, P, Q2 and P? are deduced and one gets

<Q>n,n = <P>n,n =0 (241)
(0@ = g+ {1+ 060 +i6s )] C2)
0P =" )1 g+ ) 0)
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where

&1(t) = 4ilm (1)) (244)

2
Eas(t) = (n+1) (1) 20% T 5)|pa (1) P £2(n% 4+ Dypa(8) Re(pr (1))

2
(245)
The first order uncertainty relation in Floquet-states ('®)|1,, (t)) is obtained
in the following form

1
2

(19 (AgAp)p.n = g(zn 1) (1 + U2 Fia(n, t)) (246)

Fra(n.t) = 2(n+1) PR ()+4(n> 414 5)Re (o (£)—A(n 1) T (o (1)

2
(247)
The Heisenberg uncertainty condition AgAp > % is satisfied for all time ¢.

3.4.2. Second order solutions

As Hf(t) =0 and S;(t) = 0, the differential equation (21) may be written
in the following form

ih% = %71(75)1“(75) (248)
where
T(t) = e~ Ana it (249)
and
4v? wd

Ame = (250)

v? — 4w * 16(w? — wd)

Then, the second order evolution operator (Eq. (20)) is obtained in the
following form

@y (t) = (1 - %eﬂ‘% ffleiHr?t>ei<1+“2Mﬂ>Hr?t (251)
The corresponding Floquet operators are

@R = (1+ 1Ana) Ho (252)

Aty =19 7(¢) (253)
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Determination of the ameliorated second order solution (Eq. (24)) necessi-
tates the calculation of the operators Z(t), H#(t) such as

Zi(t) = 12| o(0) (20" a + 1) + @h(t)a® — oy (B)at? (254)
with
2v sin 2uvt w? sin 4wt v
t) = —ih? g
#o(t) ! wo{ V2 —dwg  w(w? —wf) 4% - 4wd)(w? — wp) -
(255)
(v = 2w)(vw + 2w§) cos(v + 2w)t (¥ 4 2w)(vw — 2w§) cos(v — 2w)t
v+ 2w v—2w
SO/ (t) _ h2(4)0 672iw0t wo w0674i”t B wO64iut N )
2 8w 8 |(w+wo)(2w+wy) (w—wo)(2w—wo) w?—uw?
(256)
i (V + 2(w _ wo))ei(ufau)t B (V _ 2(w + wo))ei(u+2w)t
(v —2wo)(v — 2(w +wp)) (¥ —2wg) (¥ + 2(w — wp))
(V + 2(w + wo))e—i(u—Qw)t B (V _ 2(w _ wo))e—i(u+2w)t
v+ 2wo)(v —2(w —wp)) (¥4 2wo)(v + 2(w + wo))
and
B2 = p3(t)a* + g2 (Ot + oo () (a2a™® +a*2a?)  (257)

The operator As(t) given by Eq. (25) becomes

1 /~ ~
Aa(t) = 5 (Zu(t) — HF W) (258)
So, the ameliorated second order evolution operator is given by

. H,

200 () = {1re (<L ptar(n ) fe 0 5 (250)

One may deduce the following Floquet operators

2R =2 R (260)
COT(t) =3 T(t) + p® Ay (t) (261)
with
_Hpt . Hgt

Ay(t) = e Ay(t)el (262)
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then
2

1
CaPEt)y=1—ip [p1a2 + pia® + o (a*a + 5)] + % X (263)

2 1 1\* 3
{%(a+a+§) —2|p1|2{<a+a+§> 4} +pa’—piat?— p%a4—p’{2a+4}

where

W (p
pa(t) = et 22 ) (264)
According to Eq. (6), the second order Floquet states are
|29 () =B T (1) % (1)) (265)

(2a)

where |29, (t)) , the eigenstates of operator R , have the following

form
20) g, (1)) = e HDIT Aot ) (266)

By substituting Eq. (263) into Eq. (265), the construction of the ameliorated
second order Floquet states gives

2045, (1)) = e =H{ DR (B)[n) + Dy()|n — 2) + DED)|n +2)
+D24(t)[n — > + Di(t)ln+4)}

(267)

Dit) =1—ip (n+ %) 772(t)+u2{ —(n*4n+1)|p1(t)>+(2n+1) @2; (268)

D", (t) = /n(n — 1){ —iup(t) + 12 ”22(’5) } (269)
D) = Vi D+ 2 —amei) -2 20Y )
DI,4(t) = —=v/n(n—1)(n = 2)(n = 3)p3 (1) (271)
Di(t) = v/ + D(n+2)(n +3)(n + (1) (272)

The expectation values of ¢ , p, ¢ and p? in the |(29)4), (t) states are such
as

(2a) <Q>n n :(2a) <p>n,n =0 (273)

s
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(Cag?y, = —6(2n+1){1+ug?(t)+u29§+(t)+u39§+(t)+ﬂ4gif+(t)} (274)

(052, = 22 (on 1) (1 g (1) %5 (04105 (0 i ai(1)) (275)
where

B(t) = wom(?) (276)

g1 (t) = 4ilm(p1(2)) (277)

1
S )1 F 2Re(p2) £ 2(n® + 1+ 1) Re(pr) (278)

g32(0) = 8lpr* + (n+ 5

g (t) = i(2n+ 1?00 4 2i(n? 41 +5) [Im(pi p2) £ 20m(m) I [2] (279)

polRe(p1) . 772Im(902))

+2i(n? 1(
i(n“+n+1) o 5

1\ 0|2 [ N1(n, 6 n2+n+5
() = (g L) Wl INim6) g2y TEDED) e
2 R 4 2
(280)

<P01m(<P2)

2
F 1
(n"4+n-+1)

+2(3n% 4 3n + 7)Re(p2) Re?(p1)

+2(n? +n + 5)Re(p2)Im?*(p1) F 8(n? + n + 3)Im(p2)Re(p1)Im(p1)

and

Ni(n, k) = (n ;;4)! + 0 ﬁ!4)! +2(n? +n 4+ 3) (281)

Then, the second order uncertainty relation in Floquet-states (@) |¢),,(t))
has the following form

1

h 2
) (AqAD)n = 5 (@n+1) (123 (0, )+ T3 (v )+ T () (282)
where

JP (v, t) = (2n+1)2”22 1+ 16Re%(p1 (1)) (283)

I3 (v,t) = = (2n + 1)* 2 + 4i(n® + 1 + 5)Re(p1) Im(p2) (284)

‘
h
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—4i(n? + 1+ 1)Im(p1)[Re(ps) + 4naRe(py)]

2 1\ 24
TP (v, t) = (2n 4+ 1)? {% +4lp1*n3 + <n+ 5) %2] + (n?® +n + 5)|pa|?
(285)

N-
+<w +2n?+n+1)2+ 64) Re*(p1) — 4Re*(p2)

+<w +2(n* +n+1)? =320 +n+ 3))1m4(ﬂl)

—(V1(1,6) — 4(n® + n + 1)(n® + n — T))Re> (o) Im? (p1)

2p9Re(p1)Im(p1)
h2

+8(n* +n + 1){ +n21m(p1)fm(902)}

—4(n® 40+ 1)[(n +n + L3 Re2(p1) + 2naRe(p1) Re(i2)]

4. Conclusion

When the time variation of the hamiltonian of a quantum system is peri-
odic, the Floquet theory is one of the most useful approaches which permits
resolution of the Schrédinger equation. Therefore, in this paper, we have
treated the Floquet decomposition, solution of the evolution equation, by
using the resonating averages method from the first order in p to the second
ameliorated order. The approach was applied to the forced harmonic oscilla-
tor, to the harmonic oscillator with a time-dependent mass and a constant
frequency, to the harmonic oscillator with a constant mass and a time-
dependent frequency and to the harmonic oscillator with time-dependent
mass and frequency. We have determined the approached forms of the evolu-
tion operator up to second ameliorated order in i . Then, we have calculated
the Floquet operators, Floquet states and verified that the uncertainty prin-
ciple of Heisenberg is satisfied. Comparisons of our results, corresponding
to each case of the above mentioned quantum systems, showed that they
are identical to the results published by other authors which have used dif-
ferent methods,?,°9-,1218 This perfect concordance showed the efficiency of
our approach and the validity of the method.
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Renormalized solutions of nonlinear degenerated parabolic
problems: Existence and uniqueness

Y. Akdim, J. Bennouna, M. Mekkour, and M. Rhoudaf

Département de Mathématiques Faculté des Sciences Dhar-Mahraz Fés, Morocco

In this paper, we study the existence and uniqueness of renormalized solutions
for the nonlinear degenerated parabolic problem

0

812 —div(a(z,t,Du)) = f in Qx[0,T],

u(z,0) =up in Q
u=0 in 002 x [0,T]

where a : @ x [0, T] x RN — R¥ is a Carathéodory function satisfying the coer-
civity condition, the general growth condition and only the large monotonicity.
The second term f belongs to L1(Q) and up € L'(R).

Keywords: Weighted Sobolev spaces; Truncations; Renormalized solutions.

1. Introduction

Let Q be a bounded open set of RY, p be a real number such that 2 <
p<oo,@=0Qx][0,T] and w = {w;(x), 0 <i < N} be a vector of weight
functions (i.e., every component w;(x) is a measurable function which is
positive a.e. in ) satisfying some integrability conditions. The objective of
this paper is to study the following problem, in the weighted Sobolev space,

%A—Auzf in Q x [0,T],
u=0 on dNx]0,T], (1)
u(xz,0) =ug on
where A = —div(a(x,t,Du)) and a : Q x [0,7] x RV — RN is a

Carathéodory function, satisfying the coercivity condition

N
a(z,t,€).6 > azwi|§i|pa
=1

1=
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the general growth condition

N

Jai(,1,6)| < Bul’P (@)[k(z,t) + 3wl (@)|& 1P,

j=1
and only the large monotonicity,
[a(z,t,&) —a(z,t,n)](E —n) >0 forall (£,7) € RY xRV,

f belongs to L1(Q).

The difficulties that arise in problem 1 are due to the following facts:
the data f belongs to L'(Q) and a is monotone (but not necessarily strictly
monotone).

In the classical Sobolev space, existence of a weak solution has been
established by L. Boccardo and T. Gallouet,? and by D.Blanchard® when a
is strictly monotone. We consider here renormalized solutions, for reason,
this definition allows us to prove the uniqueness of a renormalized solution
for problem 1, in contrast to the framework of weak solution where this
question is still open. The notion of renormalized solution was introduced
by J. Diperna and P.L. Lions® for the study of the Boltzmann equation.

For the parabolic equation (1) the existence and uniqueness of a renor-
malized solution has been proved by D. Blanchard and F. Murat* in the
classical Sobolev space, they only supposed the large monotonicity. By L.
Aharouch et al in' in the weighted Sobolev space with f belongs to the
dual space and «a is strictly monotone.

It is our purpose in this paper to generalize the result of* and prove
the existence and uniqueness of renormalized solution for the problem (1.1)
in the setting of the weighted Sobolev spaces. The proof uses techniques
different from that given in [,34].

2. Preliminaries and basic assumptions

Let Q be a bounded open set of RY | p be a real number such that 2 < p < oo
and w = {w;(z), 0 <4 < N} be a vector of weight functions. Further, we
suppose in all our considerations that , there exit
_T0
7o > max(N, p) such that w,° " € L{,.(?), (2)
__1
wl™" € Lib.(Q), forany 0<i<N. (3)

WLP(Q, w) is the space of all real-valued functions u € LP(£2,wp) such that
the derivatives in the sense of distributions g—;‘i € LP(Q,w;).
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Which is a Banach space under the norm

s = [ [ Ju@)Punte dx+2 [ Pprawa] "

The condition (3) implies that C§°(Q) is a space of Wl’p(Q7 w) and conse-
quently, we can introduce the subspace V = W, *(Q, w) of Wh?(, w) as
the closure of C§°(€2) with respect to the norm (4). Moreover, condition (3)
implies that W17 (€, w) as well as W, ?(Q,w) are reflexive Banach spaces.

Assumption (H1)

For 2 < p < o0, we assume that the expression

llullv = Z [ g rteya) ®)

is a norm defined on V which equivalent to the norm (4), and there exist a
weight function o on € such that,

o€ L'Q) and o7 € L}(Q).

We assume also the Hardy inequality,

(/Q|u(x)|qadx)l "< Z/ |‘9“ w@d) ")

holds for every u € V' with a constant ¢ > 0 independent of u, and moreover,
the imbedding

Wb P(Q,w) —— LP(Q,0), (7)

expressed by the inequality (6) is compact. Note that (V,|||.|||v) is a uni-
formly convex (and thus reflexive) Banach space.

Assumption (H2)

N
@i, 1, )] < Bl @)[k(t,2) + > wl” @)|& [P for 1<i<N, (8)

J=1

la(z,t,€) —a(a,t,)](E —n) >0 for all (&,7) e RY xRN, (9)

N
a(x,t,€).£ > @) wil&l?, (10)

a(z,t,0) =0 (11)
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where k(x,t) is a positive function in Lp/(Q), and «, 8 are strictly positive
constants. We recall that, for £ > 1 and s in R, the truncation T} is defined

as,
s ifs<k
Ti(s) = -
k(s) {ki if |s] > k.

Is]

And we define the function that will be used later ¢y (r) = for Tk (s)ds.

3. Main results
Consider the problem
€ LNQ), feLNQ)

i div(a(z,t,Du)) = f inQ

u=0 ondNx]0,T],

u(z,0) =up on .

(12)

Definition 3.1. Let f € L'(Q) and uy € L(2). A real-valued function u
defined on Q x [0,7T] is a renormalized solution of problem (12) if:

ue O([0,T]; L'(Q); (13)

Ti(u) € LP(0,T; Wy P(Q,w)) for all (k> 0); (14)

V>0, Trye(u)—Ti(u)—0 strongly in LP(0,T; Wy P(Q,w)) as k—+oo
(15)

856—(:) —div (S (u)a(z, t, Du)) + 8" (u)a(z, t, Du)Du = £S5’ (u) in D'(Q)

(16
for all functions S € C°°(R) such that S’ has a compact support in R (i.e
S’ e D(R)),

u(t =0) = up. (17)

Remark 1. Equation (16) is formally obtained by pointwise multiplication
of equation (12) by S’(u). Nevertheless, this process cannot be justified in
general, so that weak solutions are not always renormalized solutions. In
order terms, equation (16) is nothing but

_/QS(U)%_?+/QS’(u)a(Du)D<p+/QS”(u)a(Du)DwP:/Qfsl(u)%
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for all ¢ € C§°(Q) and all S € C*(R) with §" € C§°(R). This formally
corresponds to using in problem (12) the test function ¢S(u), but once
again, this is only formal.

Indeed, if M is such that suppS’ C [—M, M], the following identifications
are made in (16):

o S(u) belongs to L*°(Q) since S is a bounded function.

o S'(wa(z,t,Du) identifies with S’(u)a(x,t, DTy (u)) a.e in Q. Since
Ty(u) < M aein @ and S'(u) € L*(Q), we obtain from (8) and (14)
that

N
S'(u)a(z,t, DTy (u) € [ L7 (Q, w;)
1=1

o S"(u)a(zx,t, Du)Du identifies with S” (u)a(DTar(uw))DTar(u)

and S”(u)a(DTh (u)) DT (u) € LHQ).

e S'(u)f belongs to LY(Q) .

The above considerations show that equation (16) holds in D’(Q) and %(tu)
belongs to L¥' (0, T; W1 2 (Q, w¥)) + L'(Q). It follows that u belongs to

C%(0,T; L'(€2)) so that the initial condition (17) makes sense.

Theorem 3.1. Let f € LY(Q) and ug € L*(Q). Assume that (H1) and
(H2), there exists a unique renormalized solution u of problem (12) .

Proof of the existence result
Step 1: The approximate problem
Consider the approximate problem:

up € LP(0,T5 Wy (2, w))
_— = diV(CL(I,t, Dun)) = fn in D/(Q)v (18)

ot
un(t = 0) = UQn,

with (f,) be a sequence of smooth functions such that f,, = T,(f) and
fo— f in LY(Q), and (ugy,) be a sequence such that ug, = Ty (ug) and
uon — uo in LY(Q). fn and ug, belong, respectively to L°°(Q) and
L>(Q).

Let X = LP(0,T; Wy P(Q,w)), X* = LF(0,T; W4 (Quw*)), H =
L*(Q,0) and W) (0,T,V,H) ={ve X : v € X*}.

The operator A is bounded, demicontinuous, pseudomonone with respect
to D(L) where D(L) = {v € X;v' € X*, v(0) =0} and strongly coercive.
So all conditions of theorem 5 in® are met. Therefore, there exists a solution
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un, € D(L) of the evolution equation (18) for any f,, € X* . By the definition
of D(L) and see,!,'° we obtain
D(L) C W, (0,T,V,H) C C([0,T], H).

Which implies that u,, € C([0,T], H).
Step 2: Some estimations about the truncated sequence of solu-
tions.
Using in (18) the test function Ty (un)X(0,r), We get, for every 7 € [0,T]
(Since |k (r)| < k|r]).

ouy,

S Tun)ds = [ puun(r)de = Kol 0

Q Q

Then we deduce that,

Jo er(un(m))dx + [ [ a(@,t, Dup) DTy (uy)dadt
< k(HuOnHLl(Q) + ”anLl(Q)) < ck.

Thanks to (10) and by the fact that ¢ (u, (7)) > 0, we deduce that,

N P
an ;wi(x) }MQ—SJ") dzdt

<ck, Vk>1.

(19)

Then, Ty (uy) is bounded in LP(0,T; Wy *(Q,w)), and Ty (u,) — v in
LP(0,T; Wy (9, w)). Using the compact imbedding (3.3) we get,

T (uy) — vg strongly in LP(Q,0) and a.e in Q.
Let £ > 0 large enough and Bpg be a ball of (), we have,
T
k meas({lun| >k} N Br x [0,T]) = 5 [¢u.15kyn5, [Tk(un)| dudt
T
< Jo Jp, | Te(un)| dodt

<TCR</Z ‘aTk un) |”

So, we have

kgrfm(meas({\un| > k}NBgr x[0,7])) =0.

Consider now a function non decreasing gr € C?(R) such that gi(s) =
s for |s| <% andgi(s)=Fk for |s|>k
Multiplying the approximate equation by g} (u,), we get

09k (un)
ot

— div(a(z,t, Dun)g; (un)) + a(z,t, Dun)gl/c/(un) = fngfc (wn)
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in the sense of distributions. This implies, thanks to the fact g;, has compact
support, that gg(uy) is bounded in X, while it’s time derivative %
bounded in X* + L}(Q).

Hence see Lemma 3.8 in! allows us to conclude that gx(u,) is compact in
L7 (Q,0). Thus, for a subsequence, it also converges in measure and almost
every where in ) (since we have, for every A > 0, )

is

meas({|un — um| > A} N Br x [0,T]) < meas({|u,| >k} N Br x [0,T])

+meas({|um| >k} N Br x [0,T]) + meas({|gr(un) — gr(um)| > A})
Let € > 0, then, there exist k(¢) > 0 such that,
meas({{un — um| > AN Br x [0,T]) <e for all n,m > ng(k(e),\, R).

This proves that (u,) is a Cauchy sequence in measure in B x [0, 7], thus
converges almost everywhere to some measurable function uw. Then for a
subsequence denoted again w,, we can deduce from (19) that,

Tio(un) = Ti(u) weakly in LP(0,T; Wy P(Q,w)) (20)
and then, the compact imbedding (3.3) gives,
T (un) — Tx(uw) strongly in LP(Q,0) and a.e in Q.
Which implies, by using (8), for all & > 0 that there exists a function
hy € ﬁl LP (Q, w?), such that

N
a(z,t, DT (uy)) — hr weakly in HL”/(Q,w;‘) (21)
i=1

We now establish that u belongs to L>(0,T; L'(€2)). Using (19), (20) and
passing to the limit-inf as n tends to +00 and we obtain

/Q or () Oz < k{10 + ol 1 o)

By the definition of ¢, we deduce from the above inequality that

3k2
k / jula, )] do < “-meas(@) + kIl 1 q) + ol 1 o]

for almost any t in (0,T), which gives that u belong to L>(0,T; L*(Q)) .
Step 3: In this step we identify the weak hi in (21) and we prove the
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weak-L! convergence of the "truncated” energy a(x,t, DTy (uy)) DTy (uy)
asn tends to 4+ oo. We can prove easily the limits

lim lim sup/ a(Duy,)Duy,dzdt = 0. (22)
{m<|un|<m+1}

Mm—+00 n_,1oo
We define for all g > 0 and all (z,t) € Q,

v, = u/ 0(x, s) exp(u(s —t))ds where v(x,s) = v(z,s)x0,1)(8)-

oo

See proposition 3.1-3.3 in.!

Lemma 3.1. Let k > 0 be fized. Let (T (u)), the mollification of Tj(u).
Let S be an increasing C*°(R)-function such that S(r) =r for |r| <k
and supp S’ is compact. Then,

lim  lim O50Wn) (s (un) — (Ti(w)),) ) dtds > 0, (23)
NS =

p——+00 n—+o00
where (o) denotes the duality pairing between
LYQ) + WL (Qw*) and L>®(Q) N Wy P(Q,w).

Proof of Lemma 3.1. Let & > 0 be fixed. Let us first recall that since
supp S’ is compact, we have

8S (un)
ot

Moreover, since S is increasing and S(r) =r for |r| <k,
Ti(S(un)) = Tk(un) and Tp(S(w)) =Tk(uw) ae. in Q.

As a consequence, (Tx(S(v))), = (Tx(u)), a.e. in Q for any p > 0. It
follows that under the notation v, = S(u,) and v = S(u), we have

/ / <88 ). (7 ()~ (Tk(u))u)>dtds
/ / < (Ti(vn) - (Tk<v>>u>>dtds

— /OT /Ot <3(Un - éfk(v))u) (vn — (Tk(v))u)> s
<

/Ot / AT, — (Ty(0)),0) e,

S(un) € XNL*®(Q), Su)e XNL®Q) and

( e LY Q)+ X"
)
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/ [ 10 = @, P ot =5 [ w0 = (D) ¢ = 0o

2 9 _ N
_5/0 /Q|vn—(Tk(vn))| dxdt+§/0|(vn—(Tk(vn)))| (t = 0)d

tf : [ 2 i, — (1) s,

since [ (s — Ti(s))ds = 5 |r — Tr(r)]?.

To pass to the limit in (24) as n tends to +oo, we first observe that since S
is bounded, the definition of v,, and v together with convergence of u,, a.e
in @ imply that

(24)

vp — v strongly in L*(Q) and in L™ weak — *.
Moreover, the initial condition for u,, gives
Up(t =0) = S(un)(t =0) = S(uno) a.e in Q,
so that the strong convergence of wug,, to ug in L!(Q) implies that
vn(t = 0) — S(ug) in L*(R).

Passing to the limit as n tends to +o0 in (24) is an easy task and leads to

P / / <5S (@ n>—<Tk<u>>u>>dtds
5[/ |<v—<Tk<v>>M>|2dxdt—§ [ 65t00) — o ¢ = 0
- l/T/ Iv—(Tk(v))lgdmdwgfgw(uo)—Tk(S(uo))Fdx

/ //a = (T(v)) ) dadtds,

for any p > 0.
In order to pass to the limit-inf as p tends to infinity in (25), we now use
the definition of (T%(u)), , in terms of Ty (v), rewrite as

Tk (v)
ot

(25)

+ 1((Ti(v))u — Tk(v)) = 0 in D'(Q), (26)
(T (v))u(t = 0) = v in €, (27)

(Ti(v))p = Ti(v) in L*(Q) (28)
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(Ti(v))u(t = 0) — Ti(S(uo)) in L*(Q) (29)

as p tends to +oo, since again Ty (S(ug)) = Tk(ug) a.e in Q.
In view of (26), (28), (29) passing to the limit-inf as p tends to +o0 in (25)
leads to

liminf lim / / <85 Uin) Tk(un)—(Tk(u))M)>dtds

p—+00 n—+00

(30)
= hmlnfu/ /0 /Q(Tk(v) — (Tk(v)p) (v — (Tk(v)) ) dadtds.

p——+00

The proof of lemma 3.1 then reduces to show that the right-hand side of
(30) is nonnegative. To this end we just remark that

(Th(v) = (Te()) (0 = (Tr(v)y) 2 0 ae in Q.

We prove the following lemma, which is the key point in the monotonicity
arguments that will be developed in undo lemma .

Lemma 3.2. The subsequence of u,, satisfies for any k > 0

T [t T gt
limsup/ / /a(DTk(un))DTk(un)dxdtds§/ / /h;.CDTk(u)olacdtds7
n—-+oo JQ 0 JQ 0 0 JQ (

31)
where hy is defined in (21).

In the following we adapt the above-mentioned method to problem (12)
and we first introduce a sequence of increasing C*°(R)-functions S, such
that

Sm(r)=r if |r| <m,
suppSy, C [=(m +1),m +1],

1Sl <1, for any m > 1.

Pointwise multiplication of equation (18) by S, (uy) (which is licit) leads
to

8ulun) _ diny (S, (un)a(x, t, Duy))

—|—S” (un)a(x,t, Dup)Duy = frS'(uyn) in D'(Q) (32)

which is nothing but the renormalized of formulation (16) for w, with
S = S,,. Remark that (32) implies that 2= € L1(Q) + X*.
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The use of the test function W = Ty(un) — (Tk(u))y, k > 0 in
equation.(32) we obtain upon integration over (0,t) and then over (0,T):

/T/t<M,Wg> dtds+/T/t/ St (un)a(Du,) W
/ / / SI (n)a( D) Dty W dadtds = / / / Fu St ()W,

(33)
We pass to the limit in (33) as n tends to +o00, p tends to 400 and then m
tends to 400, the real number k > 0 being fixed. In order to perform this
task we prove below the following results for fixed k£ > 0 :

T
liminf lim / /<8SmTM,W£>dtds>0, for any m >k, (34)
0

p—+00 n—+oo J t

T t
/ //le(un)a(Dun)DunWﬁdxdtds =0, m>1
0 0 JQ
(35)

lim limsup lim sup
m—+00 | 400 n—+4oo

T
lim  lim / / /fnS;l(un)Wﬁdxdtds:O for any m>1 (36)
0 Jo

p—+00 n—-+o00 0

Proof of (34). The function S, belongs to C*°(R) and is increasing. We
have for m > k, Sy, (r) =7 for |r| <k while suppS), is compact.

In view of the definition of W}, lemma 3.1 applies with .S = S, for fixed
m > k. As a consequence (34) holds true.

Proof of (35) In order to avoid repetitions in the proofs of (36), let us
summarize the properties of W'. For fixed > 0

Wy — Ti(u) — (Ti(u)), weakly in LP(0,T} Wy P(Q,w)), as n — +oo

HWLL <2k, for any n>0 and for any pu>0

||L°°(Q)
we deduce that for fixed pu > 0
Wy — Tg(u) = (Tk(u)y a.e in Q and in L™ (Q)weak —*, as n — +00

one has suppS!! C [—(m + 1),—m] U [m,m + 1] for any m > 1. As a
consequence
‘fo fo Jo S (un)a a(Duy) Du, W}
ST S (un) |l oo ||W HLoo f{m§|un\§m+l} a(Duy)Dur,
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forany m > 1, any p>0 and any n>1
it possible to obtain

T ot
/ / / Sy (wn)a(Duy,) Du, W dzdtds
o Jo Ja

lim sup lim sup
p—-+o0 n—-4oo

< Climsup / a(Duy,) Duydzdt,
{m<|un|<m+1}

n—-+o0o
for any m > 1, where C' is a constant independent of m. Appealing now to
(22) it possible to pass the limit as m tends to +oo to establish (35).
Proof of (36) Lebesque’s convergence theorem implies that for any u > 0
and any m > 1
lim [ f5 [ faSh, (un)Widadtds

n—-+o0o
T (t

= Jo Jo Jo ISmu)(Ti(u) = (Ti(u),))dxdtds
Now, for fixed m > 1, using! makes it possible to pass to the limit as
i — oo in the above equality to obtain (36).
We now turn back to the proof of lemma 3.2. Due to (34), (35) and (36),
we are in a position to pass the limit-sup when n tends to 400, then to the
limit-sup when p tends +oo and then to the limit as m tends to +oco in
(33). Using the definition of W} we obtain that for any k > 0

lim limsup lim sup fOT fot Jo S (un)a(Duy,)

m—+00 p—+00 n—-+o0o
(DT (upn) — D(Tk(u))y)dxdtds < 0.
Since for k < n and k < m, the above inequality implies that for k < m

T
1imsup/ / /a(Dun)DTk(un)da:dtds
o Jo Ja

n—-+o00

T ot
< lim limsuplimsup/ / /S;n(un)a(Dun)D(Tk(u))ud;vdtds
7n_’+°°u~>+oo n—+4o0o Jo 0 Q
(37)

The right-hand side of (37) is computed as follows. We have for n > m+1:

S! (un)a(Duy) = S, (up)a(DTpmi1(uy)) a.e in Q.
Due to the weak convergence of a(DTy,4+1(uy,)) it follows that for fixed
m>1
N
81, (un)a(Ditn) = S'm(un)hmss weakly in [] L7 (Q,w])

=1
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when n tends to +o0o. The strong convergence of (T(u)), to Tk(u) in
LP(0,T; Wy *(Q, w)) as p tends to 400, then we have

i [ [ [ aDu) o,

/ //S Un ) g1 DT (u),

as soon as k <m, S'm(r) =1 for |r| <m. Now for k¥ < m we have,

(38)

a(DTerl(un))X{\unKk} = a(DTy(un))X{jun <k} a-€ in Q,
which implies that, passing to the limit as n — o0,
1 X {Jun) <k} = PEX{Jun)<k} @€ in Q —{|u| =k} for k<m. (39)
As a consequence of (39) we have for k < m,
himt1 DT (u) = hpy DTk (u) a.e in Q. (40)

Using (37), (38), (40) we obtain (31) and the proof of lemma 3.2 is complete.
Let k > 0 be fixed. Using (9) we have

T
hrf / / / [a(DTy(un)) — a(DTk(w))][DTk (un) — DTy (uw)]dzdtds > 0.
n—-—+0oo 0
(41)
By lemma 3.2, weak convergence of Ty (uy,) and a(DTy(uy)) we pass to the
limit-sup as n — 400 in (41) and obtain the result :

T
nEToo/O /0 /Q[a(DT;.C (un)) — a(DTy(w))][DTx (uy) — DTy (u)]dzdtds ZL;))

Lemma 3.3. For fized k > 0, we have

hi = a(DTg(u)) a.e in Q, (43)

a(DTy(upn)) DT (uy) — a(DTy(u))DTy(u) weakly in LY(Q).  (44)

Proof of Lemma 3.3. The proof is standard, from weak convergence of
(Tx(uyn)) and a(DTg(un)), (42) and (9) we deduce the result.
Step 4: Convergence of (u,) in C([0,T7],L'(£2))

Proposition 3.1. The sequence (uy) is a Cauchy sequence in
C([0,T7, L*(%)).
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Moreover, u € C([0,T],L*(Q)) and wu, converges to u in
C([0, 7], LH().

The proof is similar of Proposition 7.3.1 in.?
Step 5: In this step we prove that u satisfies (15). Using in (18) the
admissible test function Tgyc(un) — Tk(uy) leads to

/E¢MmUMJaU—-WMUnX7ﬂd$+:/fﬂDunﬂDTkaun)—lU%Umﬂdﬂﬁ
Q Q

=/ﬁﬂhwm—ﬂwmwﬁ+/mem—mme%
Q Q

(45)
In (45) and in what follows the (¢,2) dependence on a(z,t,d) is dropped
for convenience. Since the function ygic(r) — @i (r) is positive, using the
convergence of f, to f in L'(Q), the convergence of ug, to ug in L*(Q),
the fact that |Ti4.(r) — Tx(r)| < C, the linear growth of ¢y, at infinity, and
(3.1), we deduce from (45)that:

lim sup/ a(Dup)[DTgtc(un) — DTy (uy,)|dzdt

(46)
/fnﬂ —(HMﬁﬁ@wdw—wmwx

Since DTgyc(un) — DTi(un) = 0 when (¢,2) does not belong to the set

{(t,z); k <|un(t,x)| <k + c}, we have almost pointwise in @
a(Dup)[DTk+c(un) — DT (un)] (47)
= a(DTtc(un) = DT(un))[DTktc(un) — DT (un)]

Since, by (20), Tktc(tn) — Tk (un) weakly converge to Tkc(u) — Ti(u)
in X as n tends to co, we obtain

alim sup/ T ) Te(w) ‘P w;(x)dxdt
/fnﬂ —(Hwﬁﬁ@mdw—wmwm

When k tends to infinity, the right-hand side (48) tends to zero: indeed
Titc(u) — T(u) is dominated by C and tends almost everywhere to zero,
while

<C |uo(z)| de.
{luo(@)[>k}

/wﬂwm—wwm
Q
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This proves that u satisfies (15).

Step 6: Passing to the limits. We now return to the proof of the
existence result of theorem (3.1). We notice that the function u defined in
Lemma 20 meets the regularity requirements (15), (13) and (16) of Defi-
nition 3.1. The initial condition is easily recovered by passing to the limit
in

Un (t = 0) = uon,

and using (3.1). It thus only remains to prove that u satisfies equa-
tion (16). Since u, belongs to L?(0,T; Wy *(Q,w)) with %Lt" in
LP'(0,T; W12 (Q,w*)) , we have for any S € C®(R) with &’ € C5°(R)

OS(un) % ’
T S’ (uy) 5 " D'(Q).
Using this fact in equation (18) leads to:
35’5;,1) — div[S' (un)a(Duy)] + S” (un)a(Duy) Duy, = £S5 (uy,) in D'(Q).

(49)
To pass to the limit in (49) as n tends to +oo, let M be such that supp S’ C
[—M, M], so that

S (un)a(Duy) = S (un)a(DTh (uy)).

The pointwise convergence of u,, to u as n tends to +o0c and the bounded
character of S’ permit us to conclude that

N
S (un)a(Duy,) — S"(uw)a(DTp (u)) in HLP/(Q,w;“). (50)
i=1

as n tends to +00. S’ (u)a(DTh(u)) has been denoted by S’(u)a(Du) in
equation (16).
As far as the ’energy’ term

S" (un)a(Dugy ) Duy, = S (un)a(DTas (un)) DTas ()

is concerned, remark that

nEI—&I-loo Q[a(DTM (un)) — a(DTar (u)][DTas(un) — DTas(u)]dzdt = 0.

Due to the monotonicity (9), the above equality shows that

[a(DTyr(un)) —a(DTas(w))][DTas () — DTar(u)] — 0 strongly in L'(Q)
(51)
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as n tends to +oco0. Again using (51), (20) and (44) then implies that
a(DTas (wn))DTar(un) — a(DTar(u))DTas(u) weakly in LY(Q) (52)

as n tends to +00. Appealing now to the pointwise convergence of S” (u,)
to S”(u) and since S” is bounded, a straightforward application of Egoroff’s
theorem leads to

S" (wn)a(DT s (un))DTar (un) — S” (w)a(DTas(w)) DTas (w)
weakly in L*(Q), (53)

as n tends to 4-oo.
Finally, the pointwise convergence (3.1) and the L!(Q)—strong convergence
of f,, to f yield

S (up) frn — S'(u)f strongly in L'(Q), (54)

as n tends to +o0o. The L>°—weak* convergence of S(u,) to S(u) together
with (49), (50), (53) and (54) proves that (16) is satisfied in the sense of
distributions. This completes the proof of the existence result of Theorem
3.1.

Proof of uniqueness result
We now turn to the proof of the uniqueness result of Theorem 3.1. In fact,
we will prove a comparison result for renormalised solutions.

Lemma 3.4. Assume that ug1 and uoz lie in L'(Q), that fi and fy lie in
LY(Q) and that they satisfy:

o1 < Uo2, (55)

fi < fo (56)

Then if u; and us are two renormalised solutions of problem (18) respec-
tively for the data (f1,ue1) and (fa,u02), we have

up < wug almost everywhere in Q. (57)

Remark 2. Uniqueness of a solution of (13)-(16) is a direct application of
Lemma 3.4.
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In this paper we prove the existence of solutions for quasilinear degenerated
elliptic operators A(u) + g(z,u, Vu) = f, where A is a Leray-Lions operator
from Wol’p(Q,w) into its dual, while g(z, s,&) is a nonlinear term which has
a growth condition with respect to £ and no growth with respect to s, but it

satisfies a sign condition on s. The right hand side f is assumed to belong to
LY(Q).

Keywords: Quasilinear degenerate elliptic operator; Existence result.

1. Introduction

In this paper, we shall be concerned with the existence of solutions for
quasilinear degenerated elliptic equations of the type

P Au+ g(z,u, Vu) = f in D'(Q),
(P) {u e Wy P(Q,w), g(z,u,Vu) e L}(Q),

where
Au = —div(a(z,u, Vu))

is a weighted Leray-Lions operator from the weighted Sobolev space X =
WP (€, w) into X* = W12 (Q, w*) and where g is a nonlinear lower order

N

term having natural growth (|g(z, s,&)| < b(|s|)(c(z) + Zwi|§i|p)) which
i=1

satisfies the sign condition g(x,s,£)s > 0. We also assume that g(z,s,§)

having an "exact natural growth” i.e., |g(z,s,&)| > pZL w;|&[P. The
right hand side f is assumed to belong to L'(Q). It will turn out that for
any solution u, g(z,u, Vu) € L'(Q), but for a general v € X, g(z,v, Vov)
can be more singular.
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Drabek and Nicolosi in® proved the existence of bounded solution for the
degenerated problem (P) where g(z,u, Vu) = —co|u|P~2u, more precisely
for the problem,

Au — colulP?u = f(z,u, Vu)

with some more general degeneracy, but under some other assumptions on
f and a(z, s,§). The existence result for the problem (P) (respectively, uni-
lateral problem) where f lies in the dual space W~ (Q, w*) is studied in'
(respectively,? ). Our aim in this paper is to prove the existence results of
the problem (P) by using the approach based on the strong convergence of
the positive part ul (resp. u_ ) of u., where u, is a solution of the approx-
imate problem. Note that, the same result is proved in® by using another
approach based on the strong convergence of the truncations. On the other
hand, in the non weighted case Boccardo Gallouét® have proved the exis-
tence of at least one solution for the problem (P). Let us point out that
another work in this direction can be found in.*% Our results theorem gen-
eralizes those obtained in® and,® in the weighted case.

The present paper is organized as follows: In section 2, we give some prelim-
inaries and some technical lemmas. In section 3, we give and prove our main
general result. The fourth part is devoted to an example which illustrates
our abstract hypothesis.

2. Preliminaries

Let © be a bounded open subset of RY (N > 1), let 1 < p < oo, and
let w = {w;(x)}, 0 < i < N be a vector of weight functions; i.e. every
component w;(z) is a measurable function which is strictly positive a.e. in
Q. Further, we suppose in all our considerations that for 0 <i < N,

w; € Li,.(2) (1)

w; 7€ Lioe(9) - (2)

We define the weighted space with weight v on 2 as
LP(Q,7) = {u=u(z), wy"/? € LP(Q)} .

In this space, we define the norm

/p
= ([ fut@)ate) )"
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We denote by W1P(Q,w) the space of all real-valued functions u €
LP(, wp) such that the derivatives in the sense of distributions satisfy

ou
ox;

This set of functions forms a Banach space under the norm

€ LP(Qw;) foralli=1,...,N.

Ou(x 1/p
[l p.w = / |u(@) [Pwo(z) dz + Z/ | )dx) NE)
To deal with the Dirichlet problem, we use the space
X = WyP(Q,w)

defined as the closure of C§°(€2) with respect to the norm (3). Note that,
C5°(Q) is dense in W, P (2, w) and (X, ||.]|1.p.) is a reflexive Banach space.
We recall that the dual space of the weighted Sobolev spaces WO1 P(Q,w) is

equivalent to W12 (€, w*), where w* = {w; =w P} i=0,... N, and
p’ is the conjugate of p i.e. p’ . For more details, we refer the reader
to.®

Now, we state the following assumption.

(H1) The expression

Il = Z e @

is a norm defined on X and is equivalent to the norm (3).

Note that (X,]||-|||x) is a uniformly convex (and thus reflexive) Banach
space. There exist a weight function o on 2 and a parameter ¢, 1 < g < oo,
such that

o177 € LL (Q), (5)

with ¢’ = q_il and such that the Hardy inequality,

1/q N ou(x 1/p
(/Q|u(x)|qadx) <c(;/ﬂ|%|pwi(x)d$) , (6)

holds for every uw € X with a constant ¢ > 0 independent of u. Moreover,
the imbedding
X — LY(Q,0), (7)

determined by the inequality (6) is compact.
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Remark 2.1. If we assume that wo(z) = 1 and that there exists v €
]%,oo[ﬁ[ﬁ,oo[ such that w; ¥ € L1(Q) for all 4 = 1,..., N, (which is an

integrability condition, stronger than (2)), then

il = (ifg |8;$) Pw, () da:)l/p

is a norm defined on W, ?(Q,w) and equivalent to (3). Also we have that

Wo P (92, w) — L9(Q)

for 1 < g <pj,pvr < N(v+1), and ¢ > 1 is arbitrary for pv > N(v + 1)
where p1 = ;B5. Where pj = ]\va_p;l = N(V]X’f)”_pu is the Sobolev conjugate
of p1 (see®). Thus the hypotheses (H1) is verified (for o = 1).

Now, we recall the following technical lemmas which are needed later. Note
that this lemmas are proved in.!

Lemma 2.1. ? Let g € L"(0,v) and let g, € L"(,7), with ||gnllr~ < ¢,
1<r<oo. If gn(z) — g(x) a.e. in Q, then g, — g in L"(Q,~), where —
denotes weak convergence and vy is a weight function on €.

Lemma 2.2. 7 Assume that (H1) holds. Let F : IR — IR be uniformly
Lipschitzian, with F(0) = 0. Let u € Wy *(Q,w). Then F(u) € Wy (Q, w).
Moreover, if the set D of discontinuity points of F' is finite, then
I(Fou) F'(u)g—;‘i a.e. in {x € Q:ulx) ¢ D}

dzi )0 a.e. in {x € Q:u(x) € D}.
Lemma 2.3. ' Assume that (H1) holds. Let u € Wy (0, w), and let Ty, (u),

k € R", be the usual truncation then Ty (u) € Wy (Q,w). Moreover, we
have

Ti(u) — u strongly in Wy P (Q,w).

Lemma 2.4. ! Assume that (H1) holds. Let u € WyP(Q,w), then ut =

max(u,0) and u~ = max(—u,0) lie in Wy (Q,w). Moreover, we have
A(u™) _ g—;‘i,ifu>0
6xi 0, ZfU <0
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Lemma 2.5. ! Assume that (H1) holds. Let (u,) be a sequence of
WP (2, w) such that u, — u weakly in Wy P (Q,w). Then, uf — ut weakly
in Wy (Q,w) and u;, — u~ weakly in Wy *(Q,w).

3. Main result

Let A be the nonlinear operator from VVO1 P(Q,w) into the dual
W12 (Q, w*) defined as

Au = —div(a(z,u, Vu)),

where a : Q x R x RN — IRY is a Carathéodory vector-function satisfying
the following assumptions:

(H2) Fori=1,...,N,

N
jas(z,5,€)| < Bui (@) [k(w) + o7 |5 + > wi/P (@)Y (8)

j=1

[a(x,s,&) —a(z,s,m)](§—n) >0forall #ne RN (9)

N
a(r,5,6).& > ay wl&lP, (10)

=1

where k(z) is a positive function in L¥' (Q) and «, 3 are positive con-

stants.
(H3) g(z,s,£) is a Carathéodory function satisfying
9(x,5,§)s 20, (11)
N
l9(@,5,€) <b(Is)(Y_ wil&l? + ¢(x)), (12)
i=1

There exists p; > 0 and py > 0 such that, for |s| > p1,
9,5, ) > p2 iLy wil&al?-
where b : Rt — IR is a continuous increasing function and c(z) is
positive function which lies in L(2).

(13)

Finally, we assume that
ferLy(Q). (14)
Consider the nonlinear problem with Dirichlet boundary conditions

P Au+ g(z,u,Vu) = f in D'(Q),
(P) {u e Wy P(Q,w), g(z,u,Vu) € LY(Q).
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We state our main result as follows.

Theorem 3.1. Under assumptions (H1)-(H3) and (14), there exists at
least one solution of the problem (P).

Remark 3.1. The statement of Theorem 3.1 generalizes in the weighted

case the one in.>°

Remark 3.2. In the case f € W57 (Q,w), it is true that g(z,u, Vu)u €
LY(Q), which in contrast is in general false if we assume that f € L'(£2)
(cf. Remark 3°).

Remark 3.3. In the case f > 0, the solution of the problem (P) is positive
it sufficient to take v = —Tx(u™) k > 0.

In order to prove Theorem 3.1, we needed the following lemma. Which is
proved in'

Lemma 3.1. ! Assume that (H1) and (H2) are satisfied, and let (u,) be
a sequence in Wy P(Q,w) such that u, — u weakly in Wy *(Q,w) and

/Q[a(ac7un, V) — a(z, un, Vu)]V(uy —u) de — 0. (15)

Then, u, — u in Wol’p(Q7 w).

Proof of Theorem 3.1

Step (1) The approximate problem and a priori estimate

Let f. be a sequence of smooth functions which strongly converges to f in
LY(Q) and || f2|| 11 (o) < 1 for some constants c;.

Now, consider the following approximate problem

A(U‘E) +g(xvu€7vua) = fa
(P) {u(S € Wol’p(Q,w).

Which has a solution by the Theorem 3.1 in.* Multiplying (P.) by Tk (uc) €
X and since [, g(x, uc, Vue)Ti(ue) > 0, we obtain

/ (s e, VT (1)) VT (1) < / LT (u2) < ke
Q Q

In view of (10), we have

N
T (ue

S :/wi|ak7(u)|p dr < Ecl

~ Ja o0x; «a
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i.e.,
1 Th (ue) I < 2. (16)
On the other hand, we have,
[ Vel < [T de <k, 07)
{Juec|>k} Q
which implies
Oug
|5 IUh._ — | fel da. (18)
/{u5|>k} Z I {us|>k}

Then, by (13), (16) and (17) with k& > p1, we obtain

N
ou 8Tk (u
=5 [ g e 3 [
i=1 Ug >

1
S - |g(x,u5,Vu5)|—|-63—|—CQ§c4,
{luc|>k}
where ¢; i =1,2,..., are various positive constants. Then
[[luelllx < ¢

where c¢ is some positive constant. Hence, we can extract a subsequence still
denoted by u. such that,

ue — u in WyP(Q,w) and a.e. in Q. (19)

Step (2) Convergence of the positive part of u..
Our objective in this step is to prove that

+

ut — ut strongly in Wy P(Q, w). (20)

Assertion (i) We prove that:

liH(l) [a(x,ue, Vul) — a(z,ue, Vu)]V(ul —ut)T dz = 0. (21)
E— Q

Let k be a positive constant greater than p;. We use v. = Tg(ul — u™)™
as a test function in (P.), this is an admissible test function which due by
Lemmas 2.3 and 2.4. Multiplying (P:) by ve = Tx(uf — ut)*, we obtain

(Aue, ve) —|—/ g(x, ue, Vue v de = (fe, ve).
Q

If v.(z) > 0, we have u.(x) > 0 and from (11) g(z,ue, Vue) > 0, then
(Aue,ve) < (fe,ve) i€,

/ a(x, ue, Vue ) Ve de < (fe, ve).
Q
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Since u. = u} in {x € Q,ul (z) > ut(z)}, then
/Qa(;v e, Vul )\ VT (ul —ut)de < (fo, Ti(ul —u™)),
which implies
shi% Q[a(x, ue, Vul) — a(z, ue, Vu)| VT (ul —u™)t dr = 0. (22)

On the other hand, since again that ul(z) = wu.(z) in the set {z €
Q,uf(z) —u™(x) > 0}, then by using (8) and Young’s inequality, we obtain

/ [a(x,ue, Vul) — a(z,ue, Vu)|V(ul —ut)" do
—ut>k
a(x,ue, Vul) — a(z,ue, Vu)]V(ul —ut) do
< c(/ d:v+/ |ue|?o dx
u5>k ue>k

+ fu5>k Zl 1 |8U€ |pw1 dx + f >k Zl 1 | |p’LUz dx)

thanks to (18), we deduce

/ [a(x,ue, Vul) — a(z,ue, V)]V (uf —ut)" do
T_ut>k

< c(fu€>k kP () do + Juosp luclfode + [, o |fel da
+fu >k Z’L 1 | |pw1 dCE)

If k tends to infinity the right hand side of (23) converges to zero with
respect to €.

Combining (22) and (23), we conclude (21).

Assertion (ii) We claim that

(23)

lirr(lJ [a(x,ue, Vul) — a(z,ue, Vu)]V(uf —ut)” dz = 0. (24)
E— Q

Indeed, take z. = ul — Tk (u™), we shall use the test function v. = py(27)
with ¢y (s) = se = in (P.). If vo(x) # 0, we have 0 < uZ(z) < k, hence
27 € L™(Q) and since zZ € Wy P(Q,w), hence by Lemma 2.2, we have
v. € Wy (Q, w). Multiplying (P.) by v., we obtain

/ (s e, Vue) Ve ) (25) da+ / 92, e, V) (5) d = (for o2 (20))-
Q Q (25)
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Firstly, we study the term of the right hand side, since @y (2. ) # 0 where
0 < uf(z) < k, then py(z7) is bounded in L>(Q2), then by Lebesgue
dominated convergence theorem, we obtain

lim / fepr () d = / foru — Tu(uwt))™) da.

On the other hand, we study the term of left hand side as in the proof of
assertion (4.6) in.! Consequently, we conclude that

—1imsup/g[a(x,u5,Vuj)—a(z,us,VTk(u)+)]V(u:—Tk(u)+)_ < 0. (26)

e—0

Finally, we deduce the assertion (24) as in the proof of (21) in.?
Combining (21) and (24), we obtain

lir% [a(x,ue, Vul) — a(x,ue, Vu™)V(ut —u)dz = 0. (27)
E— Q

Which and using Lemma 3.1, we conclude (20).

Step(3) Convergence of the negative part of u..

The proof of this step is similar to the step (2), it is sufficient to take
ve = T (uz —u™ )" and ve = o\ (uz —u~)~ as test function in (P.). Then,
we can prove that

uZ — u” strongly in W, ?(Q,w). (28)

Step(4) Strong convergence of u. and passing to the limit.
From (20) and (28), we conclude that for a subsequence,

ue — u strongly in W, (€, w) and a.e. in Q. (29)
Consequently, we deduce that

Vu. — Vu  in TIY, LP(Q, w;) and a.e. in Q.
Reasoning as in the proof of Theorem 3.2 in,® we can prove that

g(x,ue, Vue) — g(x,u, Vu) strongly in L' (). (30)
Finally, thanks to (29) and (30), it is easy to pass to the limit in

/a(x,uE,VuE)Vvdac—&—/g(x,uE,VuE)vd;E:/fgvd;v
Q Q Q

for all v € Wy P(Q,w) N L=(Q).
Then, we obtain

/a(;v,mVu)Vvdm—i—/g(x,u,Vu)vdm:/fvdac
Q Q Q

for all v € Wy P(Q,w) N L=(Q).
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3.1. Example

Some ideas of this example come from.” Let Q be a bounded domain
of RN (N > 1), satisfying the cone condition. Let us consider the
Carathéodory functions:

ai(x,5,6) = w;|&|P sgn(&)  fori=1,..,N

N
g($787£) :ps|s|rzwi|€i|pa p>07 r>0
i=1
where w;(z) (i =0,1,...,N) are a given weight functions strictly positive
almost everywhere in 2. We shall assume that the weight functions satisfy,
wi(z) = w(x), x € Q, foralli = 0,...,N. Then, we can consider the
Hardy inequality (6) in the form,

([ lirata) dx)i’ ([ |Vu<x>|pw);

It is easy to show that the a;(z, s, &) are Carathéodory functions satisfying
the growth condition (8) and the coercivity (10). Also the Carathéodory
function g(x,s,&) satisfies the conditions (11), (12) and (13) with |s| >
p1 = 1 and ps = p > 0. On the other hand, the monotonicity condition is
verified, in fact,

N

3 (aile 5.6 —aila5,8) (6 - &)

i=1
= w(@) 2, (167 sng — &P~ sgnés) (& &) >0

for almost all z € £ and for all 575 € RN with & # é, since w > 0 a.e. in .
In particular, let us use the special weight functions w and o expressed in
terms of the distance to the boundary 9. Denote d(x) = dist(z,0Q) and
set

w(z) = dMx), o(z) = d"(z).
In this case, the Hardy inequality reads

(/Q lu()[? d" (x) da;f <¢ (/Q V(@) d @) da:)% .

The corresponding imbedding is compact if:
i) For, 1 < p < ¢ < o0,

1 N

N N
A<p—1, ——41>0,
¢ p q

A N
— 4+ ———+1>0. (31)
P P
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ii) For, 1 < g < p < o0,
A1 1
A<p—1, E_Z24-_ 41 (32)
a p 4qg p

Remark 3.4. Condition (31) or (32) are sufficient for the compact imbed-
ding (7) to hold (see for example” Example 1,8 Example 1.5, p.34 and!®
theorem 19.17 and 19.22).

Finally, the hypotheses of theorem 3.1 are satisfied, therefore the problem
(P) has at least one solution.
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In this study, we present an adaptive combined fuzzy sliding mode controller
for a class of nonlinear systems with unknown nonlinear dynamics. The pro-
posed control strategy is based on the fuzzy logic and sliding mode control
technique (SMC). The adaptive fuzzy logic system type Takagi-Sugeno (T-S)
is used to approximate the unknown dynamics of system. In order to assure
the robustness on stability and tracking performance, the sliding mode control
term is added in the control law. The latter consists to suppress the influence of
external disturbances and attenuate fuzzy approximation error. Simulation re-
sults illustrate the good performances of the system when the proposed control
technique is applied.

Keywords: Fuzzy logic; Sliding mode control; Takagi-Sugeno-type system.

1. Introduction

Fuzzy logic, as one of the most useful approaches for utilizing expert knowl-
edge, has been an active filed of research during the past decade,!® Fuzzy
logic control has found promising applications for a wide based on the uni-
versal approximation theorem,’ stable variety of systems specifically ap-
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plicable to plants that are mathematically poorly modeled.” Based on the
universal approximation capability, many effective adaptive fuzzy control
schemes have been developed to incorporate with human expert knowledge
information in a systematic way, which can also guarantee stability and
performance criteria.? The SMC method is proposed to provide robust con-
troller systems,?,'9!! However, this approach needs a nominal mathematical
model for the control law. Fuzzy control technique has been successfully ap-
plied to many industrial systems where no accurate mathematical models of
the systems under control are available and human experts are available to
provide linguistic fuzzy control rules or linguistic fuzzy descriptions about
the systems,”® The apparent similarities between sliding mode control and
fuzzy control motivate considerable research efforts in combining the two
approaches for achieving more superior performances such as overcoming
some limitations of the traditional sliding mode control,®® In this paper,
adaptive fuzzy controller is proposed for a class of nonlinear systems with
unknown nonlinear dynamics. The adaptive fuzzy model type T-S is used
to approximate the unknown dynamics systems. The adjustable fuzzy pa-
rameters are updated on line by the adaptive algorithm. The stability and
convergence analysis is ensured from the Lyapunov approach. The added
term control based on SMC approach is designed to attenuate the influence
of external disturbances and to remove the fuzzy approximation error. This
paper is organized as follows: The problem formulation is presented in sec-
tion 2. In section 3, the fuzzy SMC design is proposed for nonlinear systems
with unknown dynamics. In Section 4, simulations example is proposed to
shown the effectiveness of the proposed method.

2. Problem formulation
Consider a nonlinear system described by:

T1 = T2
3.3‘2:333

;icn = f(z,t) + bu+d(2t)
y=n

or equivalently

2™ = f(x,t) + bu+ d(t) with RO @)
Yy=x dtm
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z=[z,2,..., 20"V = [21,20,...,2,]7 € IR" is the state vector of the
systems which is assumed to be available for measurements, u € IR and y €
IR are respectively the input and the output of the system. f(z,t) is un-
known and nonlinear function, and b is positive constant. d(t) is unknown
external disturbances. The control problem is to obtain the state x for
tracking a desired y,. Define the tracking error e = y — y,. . It is desired
that the output error of the system follow: e 4k e .. 4 koe =0
to ensure a good tracking. With k; , 7 =1,2,...,n — 1 are selected so that
the associated characteristic equation has roots in the open left-half com-
plex. When the system (1) is well known without disturbances and b # 0,
the control law is designed to guarantee that lime = 0 as follows:

t—o0

u= 3 () 4y = 3 hiel®) 3)

However, in practice, this objective can not be achieved the dynamic of sys-
tem f(z,t) is unknown and the design of the control law (3) is confronted
with many problems due to environment changes, modelling errors and un-
modelled dynamics. To solve this problem, we propose a fuzzy system to
approximate the unknown dynamic and using the SMC technique and Lya-
punov approach to guarantee the stability and the tracking performance.

3. Fuzzy sliding mode control design

In this section, the adaptive fuzzy control is designed for a class of nonlinear
system with unknown nonlinear dynamics and disturbances. The strategy
of control is based on fuzzy logic and SMC approach to ensure stability
and good tracking. The dynamics system f(z,¢) is approximated by the
adaptive fuzzy model type T-S. The fuzzy parameters can be tuned on
line by adaptive law based on Lyapunov approach. To ensure stability and
tracking performance, the auxiliary control action is incorporated in the
control law (3) to attenuate the external disturbances and remove fuzzy
approximation error. The design of this compensation control is derived
from SMC and the Lyapunov approach. The basic configuration of a fuzzy
logic system consists of a fuzzifier, a fuzzy rule base, a fuzzy inference engine
and a defuzzifier. The fuzzy inference engine uses the fuzzy IF-THEN rules
to perform a mapping from an input vector z = [r1,72,...,7,]|T to an
output scalar f . The fuzzy rule base consists of a collection of fuzzy IF-
THEN rules in the following form:

R7 . ifxy is Fljand... and x,, 18 F,{, thenfis 0;j=1,...,M (4)
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where Flj , @ = 1,...,n are fuzzy variables characterized by membership
functions jip;(z;) and 6; is the corresponding value of the output fuzzy
singleton. '

The output of the fuzzy system with singleton fuzzification, product infer-
ence and center average defuzzification can be expressed as:”

' S 0 (T s ()
z,0) = : =0"¢(z 5
fed Sty (s sy () ‘@ )

M is the total number of the fuzzy rules, 8 = [01,0s, ..., O] is adjustable
parameter vector,&(z) = [£1(z), &(z), ..., Epm(z)]T is the vector of the
tuzzy basis functions [7]:

&) = [T, mrte) /X, AT ez ) 0

Define the optimal parameters vectors and fuzzy approximation error as:

fe0) - fzo)) @

]T

0" = arg min ( sup
0€Qs \zecR"

Qp ={0 € R" ||§]] < My} is the convex compact sets which contain feasi-
ble parameter sets for 6 , with M is given constants. Define a time varying
sliding surface s(z,t) = 0, in the state space IR™ by the scalar equation:

s, t) = eV + kn1ey P + -+ kieg (8)
Assumptions:

i) There exist a positive constant fimax such that |f(z,t) — f(g7 )| <
fmax'

ii) The positive constant k; is chosen so that the following condition: ks >
Sfmax + dmax is satisfied with dpnax is a positive upper bound of the
external disturbances.

The proposed control law is given by:
u=1u(z,d) + us (9)

The primary control is represented as follows:

a(z, ) = %(—f(L ) +yM -

The auxiliary control is given as:

us = —kg tanh (2) (11)

n—1 .
L kie) (10)



359

with tanh (g) is the hyperbolic tangent of 2 and ¢ is a small positive con-
stant. The adjustable fuzzy parameters of f (z,6) are tuned on line using
the Lyapunov approach. In order to guarantee that the parameters are
bounded, we introduce the projection algorithm [9] to restrict them in the
closed set Q.

—vs€(x) if (|0] < M or (1] = M and ys£7€(x) > 0))

0= —s§(z) + s GEQ( o) (12)

v is a positive constant.

Theorem 3.1. Consider the nonlinear system (1), satisfying the assump-
tions i) and ). The fuzzy SMC law is chosen as (9) with The closed-loop
system s stable in sense that all the signals are bounded and the tracking
performance is achieved.

Proof:
Consider the following Lyapunov function:

1 1
V==s+_—-03T® 1
28 —|—27__ (13)

With ® = ¢ — 0" . The time derivative of V equals:

.
S((f(
= s((fet) = " 00) + (F(@2) ~ F0.0) + dlt) + u,) + ~27d
S(@7E(@) + (70 2) — Fla. 1) +d(t) +us) + %@T@

(0,
=207 (@ +ysé(e) + s((f*(8,z) — f(z, 1) +d(t) +us)
V< VQT(Q‘F'VSH ))+| ‘(fmax+dmaX)+3us

[l

1
v
z,

B — f(6,2)) + ()w)ﬁf@

(14)
where & = ; v < %QT(Q‘F ’755(&)) + ‘5‘ (frnax + dmaX) + s Us.

The adjustable fuzzy parameters of f(z,8) is chosen as follows: § =
—v s&(z) Then we have:

V < 18] (fmax + dmax) + 5 Us (15)

if |s| > e, tanh(Z) = sgn(s) , then us = —kssgn(s) we obtain vV <
|5| (fmax+dmaX)_k5|5| ) )
By choosing the positive constant ks > finax + dmax we obtain V' <0 .
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However, in a small e—vicinity of the origin, the so called boundary
layer (|s| < ¢), is a smooth continuous function ( tanh (2) # sgn(s) ). The
system trajectories are confined to a boundary layer of the sliding manifold
s =0 [10].

4. Simulation results

In order to test the proposed controller algorithm, we consider the regula-
tion problem of a nonlinear servomechanism,* which is described in space
state as:

3.3‘1 = T2
g = f(z,t) + u(t) + d(t)
y =1

or equivalently

2@ = f(z,t) +bu(t) +d(t)
{2
where f(r,t) = —x2 — 0.4sin(x1) , y» = Fco0s(0.025¢) and d(t) =
0.01rand (to,tf) with to = 0 and ¢ty = 100s .

The control objective is to maintain the system to track the desired angle
trajectory v,

The sliding surface is defined as: o(z,t) = kieo(t) + kaéo(t) with ky =5
and ko = 1.

In the first step, we need to define some fuzzy sets to cover the state space.
The choice of the number of fuzzy set and the constant M is related to
knowledge of expert on the system. For simplicity, we consider M = 6 and
the fuzzy membership functions figure (1) are chosen as: Then there are 9
rules to approximate the primary control law . The fuzzy rules are defined
by the following linguistics description:

R': If 2y is Fll and x3 is FQI then fl is 6;.

By using the singleton fuzzification, product inference and COG method
defuzzification, the primary control is given by :

2
A 00 11 pip
fla,0) = S———— =0"¢()
> H H
1=11i=1

The auxiliary gain control is chosen as: k5 = 4.

9
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Fig. 1. Membership functions of z; and xa.

It can be seen on figure 3 that a good tracking is obtained in presence
of nonlinearity and disturbances. The corresponding fuzzy control signal is
given on figure 2.

5. Conclusion

In this paper, fuzzy SMC algorithm has been proposed for a class of un-
known nonlinear systems. We introduced the fuzzy system to approximate
the dynamics systems. Moreover, the fuzzy parameters can be tuned on-
line by the adaptive law based on Lyapunov synthesis. The added control
term is incorporated in the control for ensuring stability, tracking in the
presence of extern disturbances and removes the fuzzy approximation er-
ror. The simulation results shown that the proposed control methodology
is effective.
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